
ISSN 2075-9827 e-ISSN 2313-0210 https://journals.pnu.edu.ua/index.php/cmp

Carpathian Math. Publ. 2025, 17 (2), 483–515 Карпатськi матем. публ. 2025, Т.17, №2, С.483–515

doi:10.15330/cmp.17.2.483-515

Symmetric polynomials on Cartesian products of Banach
spaces of Lebesgue integrable functions

Ponomarov R.V., Vasylyshyn T.V.

The work is devoted to the study of complex-valued continuous symmetric polynomials on

Cartesian products of complex Banach spaces of Lebesgue integrable functions. Let Lp, where

p ∈ [1;+∞), be the complex Banach space of all complex-valued functions on [0; 1], the pth

powers of absolute values of which are Lebesgue integrable. Let Ξ[0;1] be the set of all bijections

σ : [0; 1] → [0; 1] such that both σ and σ−1 are measurable and preserve Lebesgue measure,

i.e. µ(σ(E)) = µ(σ−1(E)) = µ(E) for every Lebesgue measurable set E ⊂ [0; 1], where µ is Lebesgue

measure. A function f on the Cartesian product Lp1 × · · · × Lpn , where p1, . . . , pn ∈ [1;+∞), is

called symmetric if f ((x1 ◦ σ, . . . , xn ◦ σ)) = f ((x1, . . . , xn)) for every σ ∈ Ξ[0;1] and (x1, . . . , xn) ∈

Lp1 × · · · × Lpn . We construct an algebraic basis of the algebra of all complex-valued continuous

symmetric polynomials on Lp1 × · · · × Lpn . Also we construct some isomorphisms of Fréchet alge-

bras of complex-valued entire symmetric functions of bounded type on Lp1 × · · · × Lpn .
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Introduction

Symmetric functions on infinite dimensional spaces were introduced in [17] as an impor-

tant tool in the theory of uniform approximation of continuous functions on separable Hilbert

spaces by smooth functions and, in particular, by polynomials. In general, if a vector space

has some symmetric structure, it is natural to consider the set of operators that preserve this

structure and to define a symmetric function on this space as a function that is invariant un-

der the action on its argument of the above-mentioned operators [2]. Important examples

of such spaces are rearrangement-invariant function spaces (see [15, Definition 2.a.1, p. 117]),

e.g., spaces Lp (see definition below). As mentioned in [9], sequence spaces with symmetric

Schauder basis (see [14, Definition 3.a.1, p. 113]), such as spaces ℓp of absolutely summable

in a power p sequences, can be considered as rearrangement-invariant function spaces on N.

Symmetric continuous polynomials on real separable rearrangement-invariant function spaces

were applied to the investigation of the problem of the existence of separating polynomials

on these spaces in [9]. Also in [9] there were constructed not more than countable algebraic

bases (see definition below) of algebras of symmetric continuous polynomials on these spaces.

Analogical results for the case of complex spaces implies the fact that corresponding topolog-
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ical algebras of analytic symmetric functions on these spaces are finitely or countably gener-

ated, which is, in particular, useful for description of spectra (sets of all nontrivial complex-

valued linear multiplicative functionals, also called characters) of these algebras. The terms of

Taylor series expansions of such functions are algebraic combinations (see definition below) of

elements of an algebraic basis of the corresponding algebra of symmetric polynomials. Con-

sequently, every character on such an algebra of analytic symmetric functions is completely

defined by its values on elements of the algebraic basis. This approach was firstly introduced

in [1] for the study of spectra of algebras of analytic symmetric functions on ℓ1. The complete

description of the spectrum of the Fréchet algebra of entire symmetric functions of bounded

type on ℓ1 was obtained in [6] (see also [4, 5]). In the continuous case the above-mentioned

approach was used in [7] to describe the spectrum of the Fréchet algebra of entire symmet-

ric functions of bounded type on L∞, which made it possible to represent this algebra as the

algebra of entire functions on its spectrum [8]. Some general results on spectra of countably

generated algebras of entire functions on Banach spaces were established in [10, 18].

Similar to algebras of continuous symmetric polynomials on the above-mentioned spaces,

algebras of continuous symmetric polynomials on Cartesian products of these spaces have

not more than countable algebraic bases (see, e.g., [3, 11, 13] for the case of sequence spaces

and [19–21,26] for the case of function spaces). Note that natural groups of symmetry on these

Cartesian products of spaces induce some groups of symmetry on the spaces themselves that

are proper subgroups of the respective natural groups of symmetry on these spaces (see, e.g.,

[25]). Functions that are symmetric with respect to such groups are called block-symmetric.

Since the condition of block-symmetry is, in general, weaker than the condition of symmetry,

it follows that algebras of block-symmetric polynomials and analytic functions contain the

respective algebras of symmetric polynomials and analytic functions as proper subalgebras.

Thus, the technique developed for algebras of symmetric functions in the classical sense can

be extended to broader classes of algebras of functions. The limiting cases of such algebras are

the algebras of weakly symmetric functions (see, e.g., [27]).

In the work, we construct an algebraic basis of the algebra of all complex-valued continuous

symmetric polynomials on the Cartesian product Lp1 × · · · × Lpn , where p1, . . . , pn ∈ [1;+∞).

Also we construct some isomorphism between Fréchet algebras of complex-valued entire sym-

metric functions of bounded type on this Cartesian product.

1 Preliminaries

We denote by N the set of all positive integers and by Z+ the set of all nonnegative integers.

For every k = (k1, . . . , kn) ∈ Zn
+ \ {(0, . . . , 0)} we define |k| as |k| = k1 + · · ·+ kn.

Polynomials. A mapping P : X → Y, where X and Y are Banach spaces with norms ‖ · ‖X

and ‖ · ‖Y, respectively, is called an N-homogeneous polynomial, where N ∈ N, if there exists

an N-linear mapping AP : XN → Y such that P(x) = AP

(
x, . . . , x
︸ ︷︷ ︸

N

)
for every x ∈ X.

A mapping P : X → Y is called a polynomial of degree at most N if it can be represented

in the form

P = P0 + P1 + · · ·+ PN , (1)

where P0 ∈ Y and Pj : X → Y is a j-homogeneous polynomial for every j ∈ {1, . . . , N}.
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It is known that a polynomial P : X → Y is continuous if and only if ‖P‖ < +∞, where

‖P‖ = sup
‖x‖X≤1

‖P(x)‖Y .

Consequently, for a continuous N-homogeneous polynomial P : X → Y, we have

‖P(x)‖Y ≤ ‖P‖‖x‖N
X

for every x ∈ X.

Algebraic basis. Let A be a unital commutative algebra over the field C. For every polynomial

Q : Cn → C of the form

Q(z1, . . . , zn) = ∑
(k1,...,kn)∈Ω

α(k1,...,kn)z
k1
1 · . . . · zkn

n ,

where α(k1,...,kn) ∈ C and Ω is some nonempty finite subset of Z
n
+, let us define the mapping

QA : An → A by

QA(a1, . . . , an) = ∑
(k1,...,kn)∈Ω

α(k1,...,kn)a
k1
1 · . . . · akn

n , (2)

where a1, . . . , an ∈ A (we consider the zeroth power a0
j of an element aj to be the unit element

of A).

Definition 1. Let a, a1, . . . , an ∈ A. The element a is called an algebraic combination of a1, . . . , an,

if there exists a polynomial Q : Cn → C such that a = QA(a1, . . . , an).

Definition 2. A nonempty set B ⊂ A is called a generating system of A if every element of A

can be represented as an algebraic combination of some elements of B.

Definition 3. A nonempty set B ⊂ A is called an algebraic basis of A if every element of A can

be uniquely represented as an algebraic combination of some elements of B.

Definition 4. A finite nonempty set {a1, . . . , an} ⊂ A is called algebraically independent if the

equality QA(a1, . . . , an) = 0 is possible only if the polynomial Q is identically equal to 0. An

infinite set A0 ⊂ A is called algebraically independent if every its finite nonempty subset is

algebraically independent.

Evidently, every algebraic basis is algebraically independent. Furthermore, every alge-

braically independent generating system is an algebraic basis.

The algebra Hb(X). Let X be a complex Banach space. Let Hb(X) be the Fréchet algebra of all

entire functions f : X → C, which are bounded on bounded sets endowed with the topology

of uniform convergence on bounded sets. Let ‖ f‖r = sup‖x‖≤r | f (x)| for f ∈ Hb(X) and r > 0.

The topology of Hb(X) can be generated by an arbitrary set of norms {‖ · ‖r : r ∈ Γ}, where Γ

is any unbounded subset of (0,+∞).

Symmetric mappings. Let A, B be arbitrary nonempty sets. Let S be an arbitrary fixed set

of mappings that act from A to itself. A mapping f : A → B is called S-symmetric if

f (s(a)) = f (a) for every a ∈ A and s ∈ S.
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The algebras Hb,S(X) and PS(X). Let X be a complex Banach space. Let S be a set of operators

on X. Let Hb,S(X) be the subalgebra of all S-symmetric elements of Hb(X). By [22, Lemma 3],

Hb,S(X) is closed in Hb(X). So, Hb,S(X) is a Fréchet algebra. Let PS(X) be the subalgebra of

Hb,S(X) that consists of all S-symmetric continuous polynomials on X.

Isomorphisms of Fréchet algebras of entire symmetric functions. We will use the following

result [28, Theorem 2] for the item a) and [24, Theorem 4] for the items b) and c).

Theorem 1. Let X and Y be complex Banach spaces. Let S1 and S2 be semigroups of operators

on X and Y, respectively. Let ιX,Y : X → Y be an isomorphism such that

1) for every x ∈ X and s1 ∈ S1 there exists s2 ∈ S2 such that ιX,Y(s1(x)) = s2(ιX,Y(x));

2) for every y ∈ Y and s2 ∈ S2 there exists s1 ∈ S1 such that ι−1
X,Y(s2(y)) = s1(ι

−1
X,Y(y)).

Then

a) the mapping I : f ∈ Hb,S2
(Y) 7→ f ◦ ιX,Y ∈ Hb,S1

(X) is an isomorphism, i.e. I is a

continuous linear multiplicative bijection;

b) the restriction of I to PS2
(Y) is an isomorphism between algebras PS2

(Y) and PS1
(X);

c) if PS2
(Y) has some algebraic basis B, then I(B) is an algebraic basis in PS1

(X).

Spaces of Lebesgue measurable functions. Let Lp, where p ∈ [1;+∞), be the Banach space of

measurable functions x : [0; 1] → C for which the pth power of the absolute value is Lebesgue

integrable, i.e. there exists finite integral
∫ 1

0 |x(t)|p dt, with norm

‖x‖Lp =

( ∫ 1

0
|x(t)|p dt

) 1
p

.

Let L∞ be the complex Banach space of all Lebesgue measurable essentially bounded func-

tions x : [0, 1] → C with norm

‖x‖L∞
= ess sup

t∈[0,1]

|x(t)|.

We define a norm on the Cartesian product Lp1 × · · · × Lpn , where p1, . . . , pn ∈ [1;+∞], as

‖x‖Lp1
×···×Lpn

= max
i∈{1,...,n}

‖xi‖Li
(3)

for every x = (x1, . . . , xn) ∈ Lp1 × · · · × Lpn .

Symmetric functions on Lp1 × · · · × Lpn . Let p1, . . . , pn ∈ [1;+∞]. Let Ξ[0;1] be the set of all

bijections σ : [0; 1] → [0; 1] such that both σ and σ−1 are measurable and preserve Lebesgue

measure, i.e.

µ(σ(E)) = µ(σ−1(E)) = µ(E)

for every Lebesgue measurable set E ⊂ [0; 1], where µ is Lebesgue measure. For σ ∈ Ξ[0;1] and

x = (x1, . . . , xn) ∈ Lp1 × · · · × Lpn , let

x ◦ σ = (x1 ◦ σ, . . . , xn ◦ σ).
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For σ ∈ Ξ[0;1], let the operator gσ be defined by

gσ : x ∈ Lp1 × · · · × Lpn 7→ x ◦ σ ∈ Lp1 × · · · × Lpn . (4)

Let

Gp1,...,pn =
{

gσ : σ ∈ Ξ[0;1]

}
. (5)

It can be verified that Gp1,...,pn is a group of operators on Lp1 × · · · × Lpn .

In what follows, let us refer to a Gp1,...,pn-symmetric function f : Lp1 × · · · × Lpn → C as

symmetric, i.e. a function f : Lp1 × · · · × Lpn → C is called symmetric if f (x) = f (x ◦ σ) for

every x ∈ Lp1 × · · · × Lpn and σ ∈ Ξ[0;1].

Algebras of symmetric polynomials on Lp1 × · · · × Lpn . Let p1, . . . , pn ∈ [1;+∞). For every

α = (k1, . . . , kn) ∈ Zn
+ \ {(0, . . . , 0)} we define the corresponding sum S

(Lp1
×···×Lpn)

α by

S
(Lp1

×···×Lpn)
α =

n

∑
i=1

ki

pi
. (6)

In cases where the space Lp1 × · · · × Lpn is clear from the context, we will denote S
(Lp1

×···×Lpn)
α

simply as Sα. Let

ℵLp1
×···×Lpn

=
{

α ∈ Z
n
+ \ {(0, . . . , 0)} : Sα ≤ 1

}
. (7)

For every α = (k1, . . . , kn) ∈ ℵLp1
×···×Lpn

, let R
(Lp1

×···×Lpn)
α : Lp1 × · · · × Lpn → C be defined by

R
(Lp1

×···×Lpn)
α ((x1, . . . , xn)) =

∫ 1

0
xk1

1 (t) · . . . · xkn
n (t) dt, (8)

where xi ∈ Lpi
for i ∈ {1, . . . , n}. In the case ki = 0 and xi ≡ 0 we will consider xki

i to

be equal to 1. Note that R
(Lp1

×···×Lpn)
α is a (k1 + . . . + kn)-homogeneous polynomial. It was

already shown in [19, Theorem 2.10] that such polynomials in the case p1 = . . . = pn are

well defined if and only if Sα ≤ 1. In Theorem 3, we will generalize this result on arbitrary

p1, . . . , pn ∈ [1;+∞). In Theorem 5, it will be shown that for every β ∈ Zn
+ \ {(0, . . . , 0)} such

that β /∈ ℵLp1
×···×Lpn

the corresponding polynomial R
(Lp1

×···×Lpn)

β is not well defined.

In [19, Theorem 2.10], it was established the structure of symmetric continuous polynomials

on the space Ln
p := Lp × · · · × Lp, endowed with the norm

‖x‖p,n =

( n

∑
i=1

‖xi‖
p
Lp

) 1
p

, (9)

where x = (x1, . . . , xn) ∈ Ln
p. By definitions (3) and (9), we get

‖x‖Ln
p
≤ ‖x‖p,n ≤ n

1
p ‖x‖Ln

p
.

Thus, norms (3) and (9) are equivalent on the space Ln
p. Therefore from [19, Theorem 2.10] the

following theorem follows.
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Theorem 2. For p ∈ [1;+∞), every m-homogeneous symmetric continuous polynomial

P : Ln
p → C, where Ln

p is endowed with the norm (3), can be uniquely represented as an

algebraic combination of elements of the set
{

R
(Ln

p)
α : α ∈ Z

n
+ such that 1 ≤ |α| ≤ min(m, ⌊p⌋)

}

.

We will use the following results.

Lemma 1 ([12, Lemma 11]). Let m ∈ N, G ⊂ Cm and χ : G → Cm−1 be an orthogonal

projection χ((x1, x2, . . . , xm)) = (x2, x3, . . . , xm). Let G1 = χ(G), int G1 6= ∅ and for every

open set U ⊂ G1, the set χ−1(U) is unbounded. If a complex-valued polynomial Q(x1, . . . , xm)

is bounded on G, then Q does not depend on x1.

Lemma 2 ([23, Theorem 3]). Let n ∈ N. There exists Kn > 0 such that for every mapping

c : Zn
+ \ {(0, . . . , 0)} → C such that

sup
k∈Zn

+\{(0,...,0)}

|c(k)|
1
|k| < ∞,

there exists xc = (x1, . . . , xn) ∈ Ln
∞ such that

∫ 1

0
xk1

1 (t)xk2
2 (t) · . . . · xkn

n (t) dt = c(k)

for every k ∈ Zn
+ \ {(0, . . . , 0)} and

‖xc‖Ln
∞
≤ Kn sup

k∈Zn
+\{(0,...,0)}

|c(k)|
1
|k| .

2 Symmetric polynomials on Lp1 × · · · × Lpn

In the current section, we consider p1, . . . , pn ∈ [1;+∞) to be fixed numbers and

Lp1 × · · · × Lpn to be the Cartesian product of spaces Lp1 , . . . , Lpn endowed with the norm

(3). We begin with proving couple of relatively simple general assertions. Firstly, let us prove

the following lemmas.

Lemma 3. Let a > 1 and a > b > 0. Then there exists λ ∈ (0; 1) such that λa > 1 > λb.

Proof. Let 0 < ε < min ( a−1
a ; a−b

ab ). Let λ = 1
a + ε. Let us check that λ satisfies all conditions

of the lemma. Firstly, λ <
1
a +

a−1
a = 1 and λ >

1
a > 0. Therefore λ ∈ (0; 1). Secondly,

λa = 1 + aε > 1. Therefore λa > 1. Thirdly, λb = b
a + bε <

b
a +

a−b
a = 1. Therefore 1 > λb.

Consequently, λa > 1 > λb. This completes the proof.

Lemma 4. The set Ln
∞ is dense in Lp1 × · · · × Lpn with respect to the norm (3).

Proof. Let x = (x1, . . . , xn) ∈ Lp1 × · · · × Lpn . Since xi ∈ Lpi
and Lpi

⊂ L1 for every pi ≥ 1,

we can conclude that xi ∈ L1. Consequently, xi is Lebesgue integrable on [0; 1] for every

i ∈ {1, . . . , n}. Therefore, for every i ∈ {1, . . . , n} and ε > 0, there exists a measurable function

yi : [0; 1] → C such that yi([0; 1]) is not more than countable and |xi(t)− yi(t)| < ε for every

t ∈ [0; 1]. Let us show that yi ∈ Lpi
. Since pi ≥ 1, we obtain

|yi(t)|
pi ≤

(
|xi(t)|+ |xi(t)− yi(t)|

)pi ≤ max
(
(2|xi(t)|)

pi , (2|xi(t)− yi(t)|)
pi
)

≤ 2pi
(
|xi(t)|

pi + |xi(t)− yi(t)|
pi
)
≤ 2pi |xi(t)|

pi + 2pi ε.
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Since xi ∈ Lpi
, the right-hand side of the latter inequality is Lebesgue integrable. Consequently,

|yi(t)|
pi is Lebesgue integrable. So, yi ∈ Lpi

.

Let y = (y1, . . . , yn). Then we have

‖x − y‖Lp1
×···×Lpn

= max
i∈{1,...,n}

‖xi − yi‖Lpi

= max
i∈{1,...,n}

( ∫ 1

0
|xi(t)− yi(t)|

pi dt

) 1
pi
< max

i∈{1,...,n}

( ∫ 1

0
εpi dt

) 1
pi
= ε.

(10)

Since yi ∈ Lpi
and yi([0; 1]) is not more than countable, there exists a measurable function with

finite number of values y
(0)
i : [0; 1] → C such that ‖y

(0)
i − yi‖Lpi

< ε. Let y(0) =
(
y
(0)
1 , . . . , y

(0)
n

)
.

Then we get
∥
∥y(0) − y

∥
∥

Lp1
×···×Lpn

= max
i∈{1,...,n}

∥
∥y

(0)
i − yi

∥
∥

Lpi
< ε. (11)

Note that y
(0)
i ∈ L∞ for every i ∈ {1, . . . , n}. Thus, y(0) ∈ Ln

∞. Consequently, by (10) and (11),

we obtain
∥
∥x − y(0)

∥
∥

Lp1
×···×Lpn

< 2ε. (12)

So, for every x ∈ Lp1 × · · · × Lpn and ε > 0 there exists y(0) ∈ Ln
∞ such that (12) holds. Therefore

Ln
∞ is dense in Lp1 × · · · × Lpn .

Lemma 5. Let n ∈ N. There exists Kn > 0 such that for every map c : Z
n
+ \ {(0, . . . , 0)} → C,

such that

sup
k∈Zn

+\{(0,...,0)}

|c(k)|
1
|k| < ∞,

there exists xc = (x1;c, . . . , xn;c) ∈ Ln
∞, such that

(i)
∫ 1

0 xk1
1;c(t)xk2

2;c(t) · . . . · xkn
n;c(t) dt = c(k) for every k ∈ Z

n
+ \ {(0, . . . , 0)};

(ii) xi;c(t) = 0 for every t ∈ [0; 1
2) and i ∈ {1, . . . , n};

(iii) ‖xc‖Ln
∞
≤ 2Kn supk∈Zn

+\{(0,...,0)} |c(k)|
1
|k| .

Proof. Let Kn be given by Lemma 2. Let c′ : Zn
+ \ {(0, . . . , 0)} → C be the mapping de-

fined by c′(k) = 2c(k) for k ∈ Zn
+ \ {(0, . . . , 0)}. Firstly, according to Lemma 2, there exists

uc′ = (u1;c′ , . . . , un;c′) ∈ Ln
∞ such that

∫ 1

0
uk1

1;c′(t)u
k2
2;c′(t) · . . . · ukn

n;c′(t) dt = c′(k)

for every k = (k1, . . . , kn) ∈ Zn
+ \ {(0, . . . , 0)} and

‖uc′‖Ln
∞
≤ Kn sup

k∈Zn
+\{(0,...,0)}

|c′(k)|
1
|k| . (13)

Let

xi;c(t) =

{

ui,c′(2t − 1), if t ∈ [1
2 ; 1],

0, if t ∈ [0; 1
2)

(14)
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for i ∈ {1, . . . , n}. Let xc = (x1;c, . . . , xn;c). Note that xc ∈ Ln
∞ and

‖xc‖Ln
∞
≤ ‖uc′‖Ln

∞
. (15)

Let us prove Condition (i). By (14), for every (k1, . . . , kn) ∈ Z
n
+ \ {(0, . . . , 0)}, we have

∫ 1

0
xk1

1;c(t)xk2
2;c(t) · . . . · xkn

n;c(t) dt =
∫ 1

1
2

uk1
1;c(2t − 1)uk2

2;c(2t − 1) · . . . · ukn
n;c(2t − 1) dt. (16)

Let s = 2t − 1. Then, by (13), we obtain

∫ 1

1
2

uk1
1;c(2t − 1)uk2

2;c(2t − 1) · . . . · ukn
n;c(2t − 1) dt

=
1

2

∫ 1

0
uk1

1;c(s)u
k2
2;c(s) · . . . · ukn

n;c(s) ds =
1

2
c′(k) = c(k).

(17)

By (16) and (17), we get
∫ 1

0
xk1

1;c(t)xk2
2;c(t) · . . . · x

kn(t)
n;c dt = c(k)

for every k ∈ Zn
+ \ {(0, . . . , 0)}. Thus, Condition (i) is proven.

Condition (ii) is an immediate consequence of (14).

Let us prove Condition (iii). By (15) and (13), taking into account the equality c′(k) = 2c(k)

and the inequality |k| ≥ 1, we can conclude

‖xc‖Ln
∞
≤ ‖uc′‖Ln

∞
≤ Kn sup

k∈Zn
+\{(0,...,0)}

|c′(k)|
1
|k| ≤ 2Kn sup

k∈Zn
+\{(0,...,0)}

|c(k)|
1
|k| .

Thus, Condition (iii) is proven. Therefore all conditions of the lemma are proven.

Theorem 3. Let α ∈ ℵLp1
×···×Lpn

, where the set ℵLp1
×···×Lpn

is defined by (7). The polynomial

R
(Lp1

×···×Lpn)
α is well defined by (8), continuous and

∥
∥R

(Lp1
×···×Lpn)

α

∥
∥

Lp1
×···×Lpn

= 1.

Proof. Let α = (k1, . . . , kn), x = (x1, . . . , xn) ∈ Lp1× · · · × Lpn . Let us show that R
(Lp1

×···×Lpn)
α (x)

exists. By (7), we have ∑
n
i=1

ki
pi
≤ 1. So,

k1 p2 p3 . . . pn + k2 p1 p3 . . . pn + . . . + kn p1 p2 . . . pn−1 ≤
n

∏
i=1

pi.

Then s ≥ 0, where

s =
n

∏
i=1

pi − (k1 p2 p3 . . . pn + k2 p1 p3 . . . pn + . . . + kn p1 p2 . . . pn−1). (18)

The weighted inequality of arithmetic and geometric means states that for every natu-

ral number r, nonnegative numbers a1, . . . , ar and nonnegative weights w1, . . . , wr such that

w = w1 + . . . + wr > 0, the following inequality holds

(aw1
1 · . . . · awr

r )
1
w ≤

a1w1 + . . . + arwr

w
.
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Here the convention 00 = 1 is used. Let us use this inequality for r = n + 1 and numbers

a1 = |x1(t)|
p1 , a2 = |x2(t)|

p2 , . . . , an = |xn(t)|
pn , an+1 = 1,

where t ∈ [0; 1], with weights

w1 = k1 p2 p3 . . . pn, w2 = k2 p1 p3 . . . pn, . . . , wn = kn p1 p2 . . . pn−1, wn+1 = s,

where s is defined by (18). This gives the following inequality

( n

∏
i=1

|xi(t)|
ki ∏

n
i=1 pi

) 1

∏n
i=1

pi ≤
k1 p2 p3 . . . pn|x1(t)|

p1 + . . . + kn p1 p2 . . . pn−1|xn(t)|pn + s

∏
n
i=1 pi

for every t ∈ [0; 1]. Therefore

n

∏
i=1

|xi(t)|
ki ≤

n

∑
i=1

ki

pi
|xi(t)|

pi +
s

∏
n
i=1 pi

(19)

for every t ∈ [0; 1]. Since xi ∈ Lpi
, the right-hand side of the above inequality is integrable.

Thus, the left-hand side of (19) is Lebesgue integrable. Consequently, taking into account (8),

we obtain that R
(Lp1

×···×Lpn)
α is well defined. Moreover, if ‖xi‖Lpi

≤ 1 for every i ∈ {1, . . . , n},

then
∫ 1

0 |xi(t)|
pi dt ≤ 1 and, by (19) and (18), we obtain

R
(Lp1

×···×Lpn)
α (x) ≤

n

∑
i=1

ki

pi
+

s

∏
n
i=1 pi

= 1.

Thus,

‖R
(Lp1

×···×Lpn)
α ‖Lp1

×···×Lpn
≤ 1. (20)

So, R
(Lp1

×···×Lpn)
α is bounded, and therefore it is continuous.

Let us show that

‖R
(Lp1

×···×Lpn)
α ‖Lp1

×···×Lpn
= 1.

Let yi(t) = 1 for every i ∈ {1, . . . , n} and every t ∈ [0; 1]. Let y = (y1, . . . , yn). Then

y ∈ Lp1 × · · · × Lpn and ‖y‖Lp1
×···×Lpn

= 1. Note that R
(Lp1

×···×Lpn)
α (y) = 1. Consequently,

‖R
(Lp1

×···×Lpn)
α ‖Lp1

×···×Lpn
≥ 1. (21)

By (20) and (21), we obtain

‖R
(Lp1

×···×Lpn)
α ‖Lp1

×···×Lpn
= 1.

This completes the proof.
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Theorem 4. Let α ∈ ℵLp1
×···×Lpn

, where the set ℵLp1
×···×Lpn

is defined by (7). The polynomial

R
(Lp1

×···×Lpn)
α , defined by (8), is symmetric.

Proof. Let α = (k1, . . . , kn). Let us show that for every σ ∈ Ξ[0;1] and x ∈ Lp1 × · · · × Lpn , we

have

R
(Lp1

×···×Lpn)
α (x) = R

(Lp1
×···×Lpn)

α (x ◦ σ).

Let us assume that there is σ0 ∈ Ξ[0;1] and x = (x1, . . . , xn) ∈ Lp1 × · · · × Lpn , such that

R
(Lp1

×···×Lpn)
α (x) 6= R

(Lp1
×···×Lpn)

α (x ◦ σ0).

Let us choose an arbitrary ε such that

0 < ε <
1

2

∣
∣
∣R

(Lp1
×···×Lpn)

α (x)− R
(Lp1

×···×Lpn)
α (x ◦ σ0)

∣
∣
∣.

By Theorem 3, R
(Lp1

×···×Lpn)
α is well defined. Therefore, by (8), we obtain that the function

t ∈ [0; 1] 7→ xk1
1 (t) · . . . · xkn

n (t) is Lebesgue integrable. Consequently, there exists a measurable

function u : [0; 1] → C such that u([0; 1]) is not more than countable and

|xk1
1 (t) · . . . · xkn

n (t)− u(t)| < ε (22)

for every t ∈ [0; 1]. Consequently,

∣
∣
∣
∣
R
(Lp1

×···×Lpn)
α (x)−

∫ 1

0
u(t) dt

∣
∣
∣
∣
< ε. (23)

By (22), we have
∣
∣xk1

1 (σ0(t)) · . . . · xkn
n (σ0(t))− u(σ0(t))

∣
∣ < ε

for every t ∈ [0; 1]. Consequently,

∣
∣
∣
∣
R
(Lp1

×···×Lpn)
α (x ◦ σ0)−

∫ 1

0
u(σ0(t)) dt

∣
∣
∣
∣
< ε. (24)

Let us show that
∫ 1

0
u(σ0(t)) dt =

∫ 1

0
u(t) dt. (25)

Since u is a measurable function, such that u([0; 1]) is not more than countable, there exist a se-

quence of complex numbers {aj}
∞
j=1 and a sequence of disjoint sets {Ej}

∞
j=1 that are measurable

subsets of [0; 1] such that

u(t) =
∞

∑
j=1

aj1Ej
(t)

for t ∈ [0; 1], where 1E1
, 1E2

, . . . are indicator functions. Let vr(t) = ∑
r
j=1 aj1Ej

(t). Since {vr}∞
r=1

and {vr ◦ σ0}
∞
r=1 converge pointwise to u and u ◦ σ0, respectively, by Dominated convergence

theorem, we get

lim
r→∞

∫ 1

0
vr(t) dt =

∫ 1

0
u(t) dt and lim

r→∞

∫ 1

0
vr(σ0(t)) dt =

∫ 1

0
u(σ0(t)) dt. (26)
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Let us show that
∫ 1

0
vj(σ0(t)) dt =

∫ 1

0
vj(t) dt (27)

for every j ∈ N. It is enough to prove that

∫ 1

0
1Ej

(t) dt =
∫ 1

0
1Ej

(σ(t)) dt

for every j ∈ N. Since 1Ej
is an indicator function and σ0 ∈ Ξ[0;1], we obtain

∫ 1

0
1Ej

(t) dt = µ(Ej) = µ(σ0(Ej)) =
∫ 1

0
1Ej

(σ0(t)) dt.

Thus, (27) is proven. By (26) and (27), (25) is correct. By (23), (24) and (25), we get

∣
∣
∣R

(Lp1
×···×Lpn)

α (x)− R
(Lp1

×···×Lpn)
α (x ◦ σ0)

∣
∣
∣ < 2ε.

This directly contradicts the choice of ε. Consequently, for every σ ∈ Ξ[0;1] and every

x ∈ Lp1 × · · · × Lpn , we obtain

R
(Lp1

×···×Lpn)
α (x) = R

(Lp1
×···×Lpn)

α (x ◦ σ).

So, R
(Lp1

×···×Lpn)
α is symmetric. This completes the proof.

Theorem 5. For every β = (q1, . . . , qn) ∈ Z
n
+ \ {(0, . . . , 0)} such that β /∈ ℵLp1

×···×Lpn
, where

ℵLp1
×···×Lpn

is defined by (7), there exists x = (x1, . . . , xn) ∈ Lp1 × · · · × Lpn such that

∫ 1

0
x

q1
1 (t) · . . . · x

qn
n (t) dt = ∞.

Proof. By (6), Sβ = ∑
n
i=1

qi
pi

. Since β /∈ ℵLp1
×···×Lpn

, it follows that Sβ > 1. Let

xi(t) = t
− 1

pi
+

Sβ−1

n(qi+1) (28)

for every i ∈ {1, . . . , n}, where t ∈ [0; 1]. Then

|xi(t)|
pi = t

−1+
pi(Sβ−1)

n(qi+1)

for every t ∈ [0; 1]. Note that

−1 +
pi(Sβ − 1)

n(qi + 1)
> −1.

Therefore xi ∈ Lpi
for every i ∈ {1, . . . , n}. So, x = (x1, . . . , xn) ∈ Lp1 × · · · × Lpn .

By (28), we have

∫ 1

0
x

q1
1 (t) · . . . · x

qn
n (t) dt =

∫ 1

0
t
−∑

n
i=1

qi
pi
+∑

n
i=1

qi(Sβ−1)

n(qi+1) dt >
∫ 1

0
t
−∑

n
i=1

qi
pi
+∑

n
i=1

(qi+1)(Sβ−1)

n(qi+1) dt

=
∫ 1

0
t
−∑

n
i=1

qi
pi
+∑

n
i=1

(Sβ−1)

n dt =
∫ 1

0
t−Sβ+Sβ−1 dt =

∫ 1

0
t−1 dt = ∞.

This completes the proof.
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3 Algebraic basis of the algebra of all continuous symmetric complex-

valued polynomials on Lp1
× Lp2

×· · · × Lpn , where p1 ≥ p2 ≥ · · · ≥ pn

In the current section we will assume that

p1 ≥ p2 ≥ · · · ≥ pn. (29)

Let

L = Lp1 × Lp2 × · · · × Lpn . (30)

For any q1, q2 such that 1 ≤ q1 ≤ q2 ≤ ∞, it is well known that

Lq2 ⊂ Lq1 and ‖x‖Lq1
≤ ‖x‖Lq2

for every x ∈ Lq2 . (31)

Consequently,

Ln
∞ ⊂ Ln

p1
⊂ L (32)

and

‖x‖Ln
p1
≥ ‖x‖L, x ∈ Ln

p1
. (33)

Lemma 6. The restriction to Ln
p1

of any m-homogeneous symmetric continuous polynomial

P : L → C is also an m-homogeneous symmetric continuous polynomial.

Proof. It can be checked that this restriction is a symmetric m-homogeneous polynomial. Let

us prove its continuity. Consider any sequence {xj}
∞
j=1 ⊂ Ln

p1
that converges to some x ∈ Ln

p1
.

By (32), xj ∈ L and x ∈ L. Let us prove that {xj}
∞
j=1 converges to x in L. Suppose {xj}

∞
j=1 does

not converge to x in L. Then there exists δ > 0 such that ‖x − xj‖L > δ for infinitely many j.

By (33), we have ‖x − xj‖Ln
p1

≥ ‖x − xj‖L > δ and therefore the sequence {xj}
∞
j=1 does not

converge to x in the space Ln
p1

. This contradicts our assumption. So, {xj}
∞
j=1 converges to x in

the space L. Consequently, by the continuity of P, {P(xj)}
∞
j=1 converges to P(x). Therefore the

restriction of P to Ln
p1

is continuous. This completes the proof.

For m ∈ N, let

ℵ
(m)
L =

{
α ∈ Z

n
+ \ {(0, . . . , 0)} : 1 ≤ |α| ≤ min(m, ⌊p1⌋)

}
. (34)

Lemma 7. The restriction of a symmetric continuous m-homogeneous polynomial P : L → C

to the space Ln
p1

can be uniquely represented as an algebraic combination of elements of the set

{
R
(Ln

p1
)

α : α ∈ ℵ
(m)
L

}
, (35)

where R
(Ln

p1
)

α is defined by (8) and ℵ
(m)
L is defined by (34).

Proof. Let P1 be the restriction of P to Ln
p1

. By Lemma 6, P1 is an m-homogeneous symmetric

continuous polynomial. By Theorem 2, P1 can be uniquely represented as an algebraic combi-

nation of elements of the set

{

R
(Ln

p1
)

α : α ∈ Z
n
+ such that 1 ≤ |α| ≤ min(m, ⌊p1⌋)

}

.

By (34), this set is exactly the set (35). This completes the proof.
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Note that ℵ
(m)
L is a finite set. For every α = (k1, . . . , kn) ∈ ℵ

(m)
L and i ∈ {1, . . . , n}, we get

m ≥ ki. (36)

For multi-indices β = (kβ;1, . . . , kβ;n), α = (kα;1, . . . , kα;n) ∈ ℵ
(m)
L , let

β > α (37)

if one of the following conditions holds true:

1) Sβ > Sα, where Sβ and Sα are defined by (6);

2) Sβ = Sα and there exists t ∈ {1, . . . , n} such that for any l ∈ {1, . . . , t − 1}, kβ;l = kα;l and

kβ;t < kα,t, i.e. β precedes α in lexicographic order.

Let us provide an example of inequality between multi-indices.

Example 1. Let m = 7, n = 2, p1 = 6, p2 = 4, α = (3, 2), β = (6, 0); γ = (5, 0). By (34), we

have α, β, γ ∈ ℵ
(7)
L6×L4

. Note that Sα = 1, Sβ = 1, Sγ = 5
6 . By Condition 2), we get α > β. By

Condition 1), we obtain β > γ.

Lemma 8. The relation (37) is a strict linear order on ℵ
(m)
L .

Proof. Let α = (kα;1, . . . , kα;n), β = (kβ;1, . . . , kβ;n), γ = (kγ;1, . . . , kγ;n) ∈ ℵ
(m)
L .

Let us prove irreflexivity. Assume α > α. Then one of the two conditions, Condition 1) or

Condition 2), must hold. If Condition 1) is satisfied, then Sα > Sα, which is clearly contradic-

tory. If Condition 2) is satisfied, then there exists t ∈ {1, . . . , n} such that kα;t < kα;t, which is

clearly contradictory. Thus, our initial assumption is false. Therefore, the relation is irreflexive.

Let us prove asymmetry. Assume β > α and α > β, then one of the two conditions, Condi-

tion 1) or Condition 2), must hold for both inequalities. Thus, Sβ ≥ Sα and Sα ≥ Sβ. Therefore,

Sα = Sβ. Consequently, the condition that is satisfied for both inequalities is Condition 2). So,

since β > α, there exists t ∈ {1, . . . , n} such that for any l ∈ {1, . . . , t − 1}, kβ;l = kα;l and

kβ;t < kα;t. So, there does not exist any t1 ∈ {1, . . . , n} such that for any l1 ∈ {1, . . . , t1 − 1},

kβ;l1 = kα;l1 and kβ;t1
> kα,t1 . Thus, for α > β Condition 2) is not satisfied. So, our initial

assumption is false. Therefore, the relation is asymmetric.

Let us prove that the relation is transitive. Let α > β and β > γ. Then, Sα ≥ Sβ ≥ Sγ. There

are two cases: Sα > Sγ and Sα = Sβ = Sγ. Consider the case Sα > Sγ. In this case, α > γ

by Condition 1). Consider the case Sα = Sβ = Sγ. In this case, there exists t1 ∈ {1, . . . , n},

such that for any l1 ∈ {1, . . . , t1 − 1}, kα;l1 = kβ;l1 and kα;t1 < kβ,t1
. Moreover, there exists

t2 ∈ {1, . . . , n} such that for any l2 ∈ {1, . . . , t2 − 1}, kβ;l2 = kγ;l2 and kβ;t2
< kγ,t2 . Let

t = min(t1; t2). Then for any l ∈ {1, . . . , t − 1}, kγ;l = kβ;l = kα;l and kγ;t > kα,t. Thus,

Condition 2) is satisfied, so, α > γ. Hense, the relation is transitive.

Let us prove that the relation is connected. Let α, β be such that α 6= β. Let us show that

either α > β or β > α. There are three cases: Sα > Sβ, Sα < Sβ and Sα = Sβ. In the first case,

α > β by Condition 1). In the second case, α < β by Condition 1). Consider the case Sα = Sβ.

Since α 6= β, there exists j ∈ {1, . . . , n} such that kα;j 6= kβ;j. Let

t = min
{

j ∈ {1, . . . , n} : kα;j 6= kβ;j

}
.

Therefore, for every l ∈ {1, . . . , t − 1}, kβ;l = kα;l and kβ;t 6= kα;t. If kβ;t > kα;t, then α > β by

Condition 2). If kβ;t < kα;t, then α < β by Condition 2). Thus, the relation is connected.

Hence, the relation is a strict linear order.
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Let q be the cardinality of the set ℵ
(m)
L , i.e.

q = |ℵ
(m)
L |. (38)

Let us enumerate elements of ℵ
(m)
L in the descending order with respect to the relation (37)

that is a strict linear order by Lemma 8, namely

α1 > α2 > · · · > αq. (39)

By (37), we have

Sαk
≤ Sαl

for every k, l ∈ {1, . . . , q} such that k ≥ l. (40)

Lemma 9. The lowest element αq in ℵ
(m)
L is equal to (1, 0, . . . , 0).

Proof. Let us show that every element β = (kβ;1, . . . , kβ;n) ∈ ℵ
(m)
L such that β 6= (1, 0, . . . , 0) is

greater than (1, 0, . . . , 0). There are two cases:

(i) there is j ∈ {2, . . . , n} such that kβ;j 6= 0;

(ii) for every j ∈ {2, . . . , n}, kβ;j = 0.

Consider the Case (ii). By (6), we have

Sβ =
kβ;1

p1
, (41)

since kβ;j = 0 for every j ∈ {2, . . . , n}, i.e. β = (kβ;1, 0, . . . , 0). Let us show that kβ;1 > 1.

By (34), we can conclude that β 6= (0, . . . , 0). Consequently, kβ;1 6= 0. By the assumption,

β 6= (1, 0, . . . , 0). Consequently, kβ;1 6= 1. Thus, kβ;1 > 1. Therefore, by (41), Sβ >
1
p1

. By (6), we

have S(1,...,0) =
1
p1

. Consequently, Sβ > S(1,...,0). Therefore β > (1, 0, . . . , 0) by Condition 1).

Consider the Case (i). Since there exists j ∈ {2, . . . , n} such that kβ;j 6= 0, it follows that
kβ;j

pj
≥ 1

pj
. By (6), we have Sβ ≥

kβ;j

pj
and 1

p1
= S(1,0,...,0). By (29), we get 1

pj
≥ 1

p1
. Therefore we can

conclude that

Sβ ≥
kβ;j

pj
≥

1

pj
≥

1

p1
= S(1,0,...,0).

Then this case can be divided into two subcases: Sβ > S(1,0,...,0) and Sβ = S(1,0,...,0).

Consider the subcase Sβ > S(1,0,...,0). We have β > (1, 0, . . . , 0) by Condition 1). Consider

the subcase Sβ = S(1,0,...,0). We obtain

Sβ =
kβ;j

pj
=

1

pj
=

1

p1
= S(1,0,...,0)

by the equality Sβ =
kβ;j

pj
and by (6), taking into account that j ≥ 2, kβ;1 = 0. Consequently, kβ,1

is less than the first component of the multi-index (1, 0, . . . , 0). Therefore β > (1, 0, . . . , 0) by

Condition 2).
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Let η : Ln
p1
→ Cq be defined by

η(x) =
(

R
(Ln

p1
)

α1
(x), . . . , R

(Ln
p1
)

αq (x)
)

(42)

for x ∈ Ln
p1

, where q, αj and R
(Ln

p1
)

αj
are defined by (38), (39) and (8), respectively.

Lemma 10. Let P : L → C be an m-homogeneous symmetric continuous polynomial. Let

P1 be the restriction of P to the space Ln
p1

. There exists a polynomial Q : Cq → C such that

Q(η(x)) = P1(x) for every x ∈ Ln
p1

, where η is defined by (42).

Proof. According to Lemma 7, taking into account (39), P1 is an algebraic combination of

R
(Ln

p1
)

α1
, . . . , R

(Ln
p1
)

αq . Therefore, by the definition of algebraic combination, there exists a poly-

nomial Q : Cq → C such that

Q
(

R
(Ln

p1
)

α1
(x), . . . , R

(Ln
p1
)

αq (x)
)

= P1(x)

for every x ∈ Ln
p1

. Consequently, taking into account (42), we obtain Q(η(x)) = P1(x) for every

x ∈ Ln
p1

.

Our goal is to prove that Q, given by Lemma 10, does not depend on the several first vari-

ables, for which the respective sums Sαj
are greater than 1. Now let us prove this in three

steps.

Lemma 11. Let m ∈ N. Let r ∈ Z+ be such that r < q, where q is defined by (38). Let

αj = (kαj ;1, . . . , kαj;n) ∈ ℵ
(m)
L , j ∈ {1, . . . , q}, (43)

be defined by (39). Suppose Sαr+1 > 1, where Sα is defined by (6). Then there exists C1 > 0

such that for every C2 > 0 there exists (u1, u2, . . . , un) ∈ Ln
p1

such that the following conditions

are satisfied:

a) ui(t) = 0 for every t ∈ [1
2 ; 1] and i ∈ {1, 2, . . . , n};

b) ‖ui‖Lpi
< C1 for every i ∈ {1, 2, . . . , n};

c)
∣
∣
∣R

(Ln
p1
)

αj
((u1, . . . , un))

∣
∣
∣ < C1 for every j ∈ {r + 2, r + 3, . . . , q};

d)
∣
∣
∣R

(Ln
p1
)

αr+1
((u1, . . . , un))

∣
∣
∣ > C2.

Proof. Let

l = min
{

j ∈ {1, . . . , q − r − 1} : Sαr+1 > Sαr+j+1

}
.

Such l exists since Sαq = 1
p1

< 1 by Lemma 9 and (6) while Sαr+1 > 1 by assumptions of the

Lemma. Consequently,

Sαr+1 = Sαr+j
, j ∈ {1, . . . , l}, (44)

and Sαr+1 > Sαr+l+1
. By (6), we have Sαr+l+1

> 0. Then, by Lemma 3, there exists λ, 0 < λ < 1,

such that

λSαr+1 > 1 > λSαr+l+1
. (45)
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Let

xi(t) =







t
− λ

pi
+δi, if t 6= 0,

0, if t = 0,
(46)

where i ∈ {1, 2, . . . , n}, δi > 0 and t ∈ [0; 1].

Let us show that xi ∈ Lpi
. Note that

‖xi‖Lpi
=

(∫ 1

0

(

t
− λ

pi
+δi

)pi

dt

) 1
pi

=

(∫ 1

0
t−λ+δipi dt

) 1
pi
< ∞

since −λ + δi pi > −1. Therefore

xi ∈ Lpi
. (47)

Note that

x
kαj;1

1 (t) · . . . · x
kαj;n

n (t) = t
−

λkαj;1

p1
+δ1kαj;1 · . . . · t

−
λkαj;n

pn
+δnkαj;n = t

−λSαj
+∑

n
i=1 δikαj;i (48)

for every j ∈ {1, . . . , q}, where (kαj ;1, . . . , kαj;n) is defined by (43) and t ∈ (0; 1].

Let f ∈ N be such that

r + l + 1 ≤ r + f ≤ q.

Let us show that for arbitrary δ1 > 0, . . . , δn > 0 we get

∫ 1

0
x

kαr+ f ;1

1 (t) · . . . · x
kαr+ f ;n

n (t) dt < ∞, (49)

where (kαr+ f ;1, . . . , kαr+ f ;n) = αr+ f . By (48), we have

∫ 1

0
x

kαr+ f ;1

1 (t) · . . . · x
kαr+ f ;n

n (t) dt =
∫ 1

0
t
−λSαr+ f

+∑
n
i=1 δikαr+ f ;i dt. (50)

By (40), Sαr+ f
≤ Sαr+l+1

since r + l + 1 ≤ r + f . Therefore, taking into account that λ > 0, we

obtain −λSαr+ f
≥ −λSαr+l+1

. Consequently,

−λSαr+ f
+

n

∑
i=1

δikαr+ f ;i ≥ −λSαr+l+1
+

n

∑
i=1

δikαr+ f ;i. (51)

By (45), we get λSαr+l+1
< 1. Therefore −λSαr+l+1

> −1. For every i ∈ {1, . . . , n} we have δi > 0

and kαr+ f ;i ≥ 0, therefore
n

∑
i=1

δikαr+ f ;i ≥ 0.

By the latter two inequalities, we obtain

−λSαr+l+1
+

n

∑
i=1

δikαr+ f ;i > −1. (52)

By (51) and (52), we can conclude

−λSαr+ f
+

n

∑
i=1

δikαr+ f ;i > −1.
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Consequently, the integral (50) is finite.

Let us show that there exist δ1 > 0, . . . , δn > 0 such that following n conditions are satisfied:

1)
n

∑
i=1

δikαr+1;i = λSαr+1 − 1;

2) δ1 > m
n

∑
i=2

δi;

3) δ2 > m
n

∑
i=3

δi;

· · ·

n) δn−1 > mδn.

(53)

Let us arbitrarily define φn > 0. Assume that we have already defined every φj,

j ∈ {s + 1, . . . , n} for some s ∈ {1, . . . , n − 1}. Let us choose an arbitrary φs such that

φs > m
n

∑
i=s+1

φi. (54)

So, we have defined φj for j ∈ {s, . . . , n}. Therefore we can define φ1, . . . , φn such that for every

s ∈ {1, . . . , n − 1} condition (54) is satisfied.

Set δi = γφi for i ∈ {1, . . . , n}, where

γ =
λSαr+1 − 1

∑
n
i=1 φikαr+1;i

.

Then
n

∑
i=1

δikαr+1;i = γ
n

∑
i=1

φikαr+1;i = λSαr+1 − 1,

i.e. Condition 1) of (53) is satisfied. By (54), Condition j) of (53) for every j ∈ {2, . . . , n} is

satisfied, indeed

δj−1 = γφj−1 > γm
n

∑
i=j

φi = m
n

∑
i=j

γφi = m
n

∑
i=j

δi.

Fix δ1 > 0, . . . , δn > 0 that satisfy (53). By (48), taking into account Condition 1) of (53), we

obtain

x
kαr+1;1

1 (t) · . . . · x
kαr+1;n

n (t) = t−1 (55)

for t ∈ (0; 1].

Let f ∈ N be such that

r + 1 < r + f < r + l + 1.

Let us show that
∫ 1

0
x

kαr+ f ;1

1 (t) · . . . · x
kαr+ f ;n

n (t) dt < ∞, (56)

where (kαr+ f ;1, . . . , kαr+ f ;n) = αr+ f . By (48), taking into account (44), we obtain

∫ 1

0
x

kαr+ f ;1

1 (t) · . . . · x
kαr+ f ;n

n (t) dt =
∫ 1

0
t
−λSαr+ f

+∑
n
i=1 δikαr+ f ;i dt =

∫ 1

0
t
−λSαr+1

+∑
n
i=1 δikαr+ f ;i dt.
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So, it is enough to prove that

−λSαr+1 +
n

∑
i=1

δikαr+ f ;i > −1.

By Condition 1) of (53), the latter inequality is equivalent to

n

∑
i=1

δikαr+1;i <

n

∑
i=1

δikαr+ f ;i. (57)

Let us prove (57). First let us prove some auxiliary result.

Let us show that there exists j ∈ {1, . . . , n − 1} such that

kαr+1;j < kαr+ f ;j (58)

and

kαr+1;j1 = kαr+ f ;j1 (59)

for every j1 ∈ N such that j1 < j. By (39), we have αr+1 > αr+ f since r + 1 < r + f . By (44), we

get Sαr+1 = Sαr+ f
since r + f < r + l + 1.

Therefore, by Condition 2) of (53), there exists j ∈ {1, . . . , n} such that (58) and (59) hold for

every j1 ∈ N such that j1 < j. Let us show that j < n. Suppose j = n. Then kαr+1;i = kαr+ f ;i for

every i ∈ {1, . . . , n − 1} and kαr+1;n 6= kαr+ f ;n. Therefore, by (6), Sαr+1 6= Sαr+ f
, which contradicts

the fact that Sαr+1 = Sαr+ f
. Consequently, j ∈ {1, . . . , n − 1}.

By (59), the inequality (57) is equivalent to

n

∑
i=j

δikαr+1;i <

n

∑
i=j

δikαr+ f ;i,

which is equivalent to the inequality

n

∑
i=j+1

δikαr+1;i <

n

∑
i=j

δikαr+ f ;i − δjkαr+1;j. (60)

Since, in particular, δi > 0 and kαr+ f ;i
≥ 0 for i ∈ {j + 1, . . . , n}, it follows that

n

∑
i=j+1

δikαr+ f ;i ≥ 0.

Consequently,
n

∑
i=j

δikαr+ f ;i = δjkαr+ f ;j +
n

∑
i=j+1

δikαr+ f ;i ≥ δjkαr+ f ;j.

Therefore
n

∑
i=j

δikαr+ f ;i − δjkαr+1;j ≥ δjkαr+ f ;j − δjkαr+1;j = (kαr+ f ;j − kαr+1;j)δj. (61)

By (58), kαr+ f ;j − kαr+1;j > 0. Therefore, since kαr+ f ;j − kαr+1;j is integer, it follows that

kαr+ f ;j − kαr+1;j ≥ 1. Consequently,

(kαr+ f ;j − kαr+1;j)δj ≥ δj. (62)

By Condition j + 1) of (53), taking into account (36), for every i ∈ {1, . . . , n} we have

δj > m
n

∑
i=j+1

δi =
n

∑
i=j+1

δim ≥
n

∑
i=j+1

δikαr+1;i. (63)
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By (61), (62) and (63), the inequality (60) is proven and, since it is equivalent to (57), it follows

that (57) is proven. Consequently, the integral (56) is finite.

Combining (49) and (56) we can conclude that

∫ 1

0
x

kαr+ f ;1

1 (t) · . . . · x
kαr+ f ;n

n (t) dt < ∞ (64)

for every f ∈ N such that r + 1 < r + f ≤ q.

Let

C1 = 1 + max

(

max
j∈{1,...,n}

‖xj‖Lpj
, max

f∈{2,...,q−r}

∣
∣
∣

∫ 1

0
x

kαr+ f ;1

1 (t) · . . . · x
kαr+ f ;n

n (t) dt
∣
∣
∣

)

. (65)

By (47) and (64), such C1 exists.

Let

ui(t) =

{

xi(t), if t ∈ [ξ; 1
2),

0, if t ∈ [0; ξ) ∪ [1
2 ; 1],

(66)

where i ∈ {1, . . . , n}, 0 < ξ <
1
2 and t ∈ [0; 1]. Note that

‖uj‖Lj
≤ ‖xj‖Lj

(67)

for every j ∈ {1, . . . , n}. Let us show that uj ∈ Lp1 for every ξ ∈ (0; 1
2) and j ∈ {1, . . . , n}. By

(46) and (66), we get

∫ 1

0
|uj(t)|

p1 dt =
∫ 1

2

ξ
(xj(t))

p1 dt =
∫ 1

2

ξ
t
−

λp1
pj

+p1δj
dt < ∞

for every ξ ∈ (0; 1
2) and j ∈ {1, . . . , n}. So, uj ∈ Lp1 .

Elements u1, . . . , un satisfy Condition a) of the Lemma for every ξ ∈ (0; 1
2).

Let us check Condition b). By (65) and (67), we have

C1 > ‖xj‖Lpj
≥ ‖uj‖Lpj

.

So, C1 and u1, . . . , un satisfy Condition b) of the Lemma for every ξ ∈ (0; 1
2).

Let us check Condition c). By (8) and (66), we obtain

R
(Ln

p1
)

αj
((u1, . . . , un)) =

∫ 1

0
u

kαj;1

1 (t) · . . . · u
kαj;n

n (t) dt =
∫ 1

2

ξ
x

kαj;1

1 (t) · . . . · x
kαj;n

n (t) dt (68)

for every j ∈ {1, . . . , q}. By (65) and (68), we get

C1 >

∣
∣
∣
∣

∫ 1

0
x

kαr+ f ;1

1 (t) · . . . · x
kαr+ f ;n

n (t) dt

∣
∣
∣
∣
≥

∣
∣
∣
∣

∫ 1
2

ξ
x

kαr+ f ;1

1 (t) · . . . · x
kαr+ f ;n

n (t) dt

∣
∣
∣
∣

=
∣
∣R

(Ln
p1
)

αr+ f
((u1, . . . , un))

∣
∣

for f ∈ N such that r + 1 < r + f ≤ q. So, C1 and u1, . . . , un satisfy Condition c) of the Lemma

for every ξ ∈ (0; 1
2).

Let us check Condition d) of the Lemma. Let C2 > 0. By (68) and (55), we have

R
(Ln

p1
)

αr+1
((u1, . . . , un)) =

∫ 1
2

ξ
t−1 dt. (69)
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Now let us fix ξ ∈ (0; 1
2) such that

∫ 1
2

ξ
t−1 dt > C2. (70)

Then, by (69) and (70), u1, . . . , un satisfy Condition d) of the Lemma by guaranteeing

R
(Ln

p1
)

αr+1
((u1, . . . , un)) > C2. Therefore C1 and u1, . . . , un satisfy all conditions of the Lemma.

This completes the proof.

Theorem 6. Let L be defined by (30). Let P : L → C be a symmetric continuous m-homoge-

neous polynomial. Let P1 be the restriction of P to the space Ln
p1

. Let Q : Cq → C

be the polynomial given by Lemma 10, where q is defined by (38). Suppose there exists

r ∈ {0, . . . , q − 1} such that following conditions are satisfied:

1) there exists h ∈ {r + 1, r + 2, . . . , q} such that Sαh
> 1, where αh is defined by (39) and

Sαh
is defined by (6);

2) if r > 0, then Q does not depend on its first r variables.

Then Q does not depend on its (r + 1)th variable.

Proof. Let N be the difference between the cardinality of ℵ
(m)
L and r, i.e. N = q − r. Note that

Sαq =
1
p1

< 1 by Lemma 9 and (6) while Sαh
> 1 by Condition 1) of the Theorem. Thus, h 6= q.

Therefore, since both h and q belong to the set {r + 1, . . . , r + N} we can conclude that the

cardinality of this set in not less than 2 and, consequently, N ≥ 2.

Let τ : Cr+N → CN be the projection defined by

τ((a1, . . . , ar+N)) = (ar+1, . . . , ar+N)

for (a1, . . . , ar+N) ∈ C
r+N. Let us define Qτ : C

N → C as

Qτ((ar+1, . . . , ar+N)) = Q((0, . . . , 0, ar+1, . . . , ar+N)).

By Condition 2), Q does not depend on its first r variables, therefore

Q(a) = Qτ(τ(a)) (71)

for every a ∈ Cr+N.

Let us prove that Qτ does not depend on its first variable. We will use Lemma 1, where we

set N instead of m. Let χ : C
N → C

N−1 be the projection defined by

χ((a1, a2, . . . , aN)) = (a2, . . . , aN).

Let C > 1 and

M = 2KnC, (72)

where Kn is given by Lemma 5. Define some auxiliary sets. Let

A1 =
{

u = (u1, . . . , un) ∈ Ln
p1

: ‖ui‖Lpi
< M for every i ∈ {1, . . . , n}

}

(73)

and

A2 =
{

u ∈ Ln
p1

:
∣
∣R

(Ln
p1
)

αr+j
(u)

∣
∣ < C for every j ∈ {2, . . . , N}

}

. (74)
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Now define the set

G =
{(

R
(Ln

p1
)

αr+1
(u), . . . , R

(Ln
p1
)

αr+N
(u)

)
: u ∈ A1 ∩ A2

}

. (75)

Note that G ⊂ CN . Let us check conditions of Lemma 1 for the set G, the polynomial Qτ and

the projection χ.

Firstly, χ(G) is not an empty set since G is not an empty set (for example, (0, . . . , 0) ∈ G).

Let us show that Qτ(G) is bounded. By (73), the set A1 is bounded in L. Thus, A1 ∩ A2 is

bounded in L. Therefore P is bounded on A1 ∩ A2 since P is continuous on L, i.e.

sup
u∈A1∩A2

|P(u)| < ∞.

Consequently, taking into account that A1, A2 ⊂ Ln
p1

, we obtain

sup
u∈A1∩A2

|P1(u)| = sup
u∈A1∩A2

|P(u)| < ∞, (76)

where P1 is the restriction of P to the space Ln
p1

. By Condition 2) of the Theorem, Q does not

depend on its first r variables. Thus, taking into account (71), we get

Q
((

R
(Ln

p1
)

α1
(u), . . . , R

(Ln
p1
)

αr+N
(u)

))

= Q
((

0, . . . , 0, R
(Ln

p1
)

αr+1
(u), . . . , R

(Ln
p1
)

αr+N
(u)

))

= Qτ

((

R
(Ln

p1
)

αr+1
(u), . . . , R

(Ln
p1
)

αr+N
(u)

)) (77)

for every u ∈ Ln
p1

. By the definition of Q from Lemma 10 and by (77), we obtain

P1(u) = Qτ

((

R
(Ln

p1
)

αr+1
(u), . . . , R

(Ln
p1
)

αr+N
(u)

))

for every u ∈ Ln
p1

. Therefore, taking into account (75), we get

sup
u∈A1∩A2

|P1(u)| = sup
g∈G

|Qτ(g)|. (78)

By (78) and (76), we can conclude that Qτ is bounded on G.

Let us prove that χ−1(U) is unbounded for any open set U ⊂ χ(G). It is enough to prove

this fact for every open ball U with respect to the metric

ρ(x, y) = ‖x − y‖∞ (79)

on CN−1, defined by the norm ‖(a2, . . . , aN)‖∞ = maxj∈{2,...,N} |aj|. Let U ⊂ χ(G) be the open

ball with respect to (79). Let ε > 0 be the radius of U. Since U ⊂ χ(G), taking into account

(75), there exists

v ∈ A1 ∩ A2 (80)

such that
(

R
(Ln

p1
)

αr+2
(v), . . . , R

(Ln
p1
)

αr+N
(v)

)

is the centre of the ball U. Since v ∈ A1 ∩ A2, by (74), we

have
∣
∣
∣R

(Ln
p1
)

αr+j
(v)

∣
∣
∣ < C (81)
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for every j ∈ {2, . . . , N}. Let cU : Zn
+ \ {(0, . . . , 0)} → C be defined by

cU(k) =







R
(Ln

p1
)

αr+j
(v), if k = αr+j for some j ∈ {2, . . . , N},

0, otherwise
(82)

for every k ∈ Zn
+ \ {(0, . . . , 0)}. By (81) and (82), we have

|cU(k)| < C

for every k ∈ {αr+2, . . . , αr+N}. Therefore, by (82), taking into account that C > 1, we obtain

sup
k∈Zn

+\{(0,...,0)}

|cU(k)|
1
|k| = max

k∈{αr+2,...,αr+N}
|cU(k)|

1
|k| < C. (83)

Consequently, by Lemma 5, there exists

y = (y1, . . . , yn) ∈ Ln
∞ (84)

such that
∫ 1

0
yk1

1 (t)yk2
2 (t) · . . . · ykn

n (t) dt = cU(k) (85)

for every k ∈ Zn
+ \ {(0, . . . , 0)} and

‖y‖Ln
∞
≤ 2Kn sup

k∈Zn
+\{(0,...,0)}

|cU(k)|
1
|k| (86)

while

yi(t) = 0 for every i ∈ {1, . . . , n} and t ∈
[
0; 1

2

)
. (87)

By (86), (83) and (72), we obtain

‖y‖Ln
∞
< M. (88)

By Condition 1) of the Theorem, Sαr+j
> 1 for some j ∈ {1, . . . , N}. Consequently, we can

conclude that Sαr+1 > 1 since, by (40), Sαr+1 ≥ Sαr+j
. Therefore, by Lemma 11, there exists

C1 > 0 such that for every C2 > 0 there exists x(C2) =
(
x
(C2)
1 , . . . , x

(C2)
n

)
∈ Ln

p1
such that the

following conditions are satisfied:

(a) x
(C2)
i (t) = 0 for every t ∈ [1

2 ; 1] and i ∈ {1, . . . , n};

(b) ‖x
(C2)
i ‖Lpi

< C1 for every i ∈ {1, . . . , n};

(c)
∣
∣
∣R

(Ln
p1
)

αj

(
x(C2)

)
∣
∣
∣ < C1 for every j ∈ {r + 2, . . . , q};

(d)
∣
∣
∣R

(Ln
p1
)

αr+1

(
x(C2)

)
∣
∣
∣ > C2.

For arbitrary C2 > 0, let

z(C2;β) = y + βx(C2), (89)
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where y is defined by (84) and β > 0 is arbitrary. We will specify parameters C2 and β later.

Since x(C2) ∈ Ln
p1

and y ∈ Ln
∞, we can conclude that z(C2;β) ∈ Ln

p1
. By Property (a) of x(C2) and

by (87), we get

z
(C2;β)
i (t) =

{

βx
(C2)
i (t), if t ∈ [0; 1

2),

yi(t), if t ∈ [1
2 ; 1]

for every i ∈ {1, . . . , n}. Therefore

R
(Ln

p1
)

αr+j

(
z(C2;β)

)
= R

(Ln
p1
)

αr+j
(y) + R

(Ln
p1
)

αr+j

(
βx(C2)

)
(90)

for every j ∈ {1, . . . , N}. Note that

R
(Ln

p1
)

αr+j

(
βx(C2)

)
= β|αr+j|R

(Ln
p1
)

αr+j

(
x(C2)

)
(91)

for every j ∈ {1, . . . , N} since R
(Ln

p1
)

αr+j
is a |αr+j|-homogeneous polynomial. By (90) and (91), we

obtain

R
(Ln

p1
)

αr+j

(
z(C2;β)

)
= R

(Ln
p1
)

αr+j
(y) + β|αr+j|R

(Ln
p1
)

αr+j

(
x(C2)

)
(92)

for every j ∈ {1, . . . , N}.

Let us show that z(C2;β) ∈ A1 for every β > 0 such that

β < min
i∈{1,...,n}

M − ‖yi‖Lpi

C1
(93)

regardless of C2. Note that this minimum is positive by (88) and (31). By (89) and Property (b)

of x(C2), we obtain

‖z
(C2;β)
i ‖Lpi

= ‖βx
(C2)
i + yi‖Lpi

≤ β‖x
(C2)
i ‖Lpi

+ ‖yi‖Lpi
< βC1 + ‖yi‖Lpi

(94)

for every i ∈ {1, . . . , n}. Note that for every β > 0 that satisfies (93) and for every i ∈ {1, . . . , n},

we have

βC1 < M − ‖yi‖Lpi

and, consequently, taking into account (94), we get

‖z
(C2;β)
i ‖Lpi

< M

for every i ∈ {1, . . . , n}, i.e. by (73), z(C2;β) ∈ A1. So, z(C2;β) ∈ A1 for every β > 0 that

satisfies (93).

Let us show that z(C2;β) ∈ A2 for every β > 0 such that

β < min
j∈{2,...,N}

(
C −

∣
∣R

(Ln
p1
)

αr+j
(v)

∣
∣

C1

) 1
|αr+j|

(95)

regardless of C2, where v is defined by (80). Note that this minimum is positive by (74) since

v ∈ A1 ∩ A2. By (92), (85), (82) and Property (c) of x(C2), we have
∣
∣R

(Ln
p1
)

αr+j

(
z(C2;β)

)∣
∣ =

∣
∣R

(Ln
p1
)

αr+j
(y) + β|αr+j|R

(Ln
p1
)

αr+j

(
x(C2)

)∣
∣

=
∣
∣cU(αr+j) + β|αr+j|R

(Ln
p1
)

αr+j

(
x(C2)

)∣
∣

=
∣
∣R

(Ln
p1
)

αr+j
(v) + β|αr+j|R

(Ln
p1
)

αr+j

(
x(C2)

)∣
∣

≤
∣
∣R

(Ln
p1
)

αr+j
(v)

∣
∣+ β|αr+j|

∣
∣R

(Ln
p1
)

αr+j

(
x(C2)

)∣
∣

≤
∣
∣R

(Ln
p1
)

αr+j
(v)

∣
∣+ β|αr+j|C1

(96)
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for every j ∈ {2, . . . , N}. Note that for every β > 0 that satisfies (95) and for every

j ∈ {2, . . . , N} we have

β|αr+j|C1 < C −
∣
∣R

(Ln
p1
)

αr+j
(v)

∣
∣,

and, consequently, taking into account (96), we get

∣
∣R

(Ln
p1
)

αr+j
(z(C2;β))

∣
∣ < C

for every j ∈ {2, . . . , N}, i.e. by (74), z(C2;β) ∈ A2. So, z(C2;β) ∈ A2 for every β > 0 that

satisfies (95).

So, it is enough to choose β > 0 that satisfies conditions (93) and (95) for z(C2;β) to be an

element of A1 ∩ A2 regardless of C2.

Let us fix β > 0 such that

β < min
j∈{2,...,N}

( ε

C1

) 1
|αr+j| (97)

that also satisfies (93) and (95). Note that none of these conditions depend on C2. Let us show

that (

R
(Ln

p1
)

αr+1

(
z(C2;β)

)
, . . . , R

(Ln
p1
)

αr+N

(
z(C2;β)

))

∈ χ−1(U), (98)

i.e. the projection of
(

R
(Ln

p1
)

αr+1

(
z(C2;β)

)
, . . . , R

(Ln
p1
)

αr+N

(
z(C2;β)

))

belongs to the ball U. Remind that
(

R
(Ln

p1
)

αr+2
(v), . . . , R

(Ln
p1
)

αr+N
(v)

)

is the centre of U and ε is its radius. Since β satisfies (93) and (95),

z(C2;β) ∈ A1 ∩ A2. Therefore, by (75), we obtain

(

R
(Ln

p1
)

αr+1

(
z(C2;β)

)
, . . . , R

(Ln
p1
)

αr+N

(
z(C2;β)

))

∈ G.

Consequently, we conclude

(

R
(Ln

p1
)

αr+2

(
z(C2;β)

)
, . . . , R

(Ln
p1
)

αr+N

(
z(C2;β)

))

∈ χ(G).

By (79), (92), (85), (82), Property (c) of x(C2) and (97), we obtain

ρ
((

R
(Ln

p1
)

αr+2

(
z(C2;β)

)
, . . . , R

(Ln
p1
)

αr+N

(
z(C2;β)

))

,
(

R
(Ln

p1
)

αr+2
(v), . . . , R

(Ln
p1
)

αr+N
(v)

))

= max
j∈{2,...,N}

∣
∣β|αr+j|R

(Ln
p1
)

αr+j

(
x(C2)

)
+ R

(Ln
p1
)

αr+j
(y)− R

(Ln
p1
)

αr+j
(v)

∣
∣

= max
j∈{2,...,N}

∣
∣β|αr+j|R

(Ln
p1
)

αr+j

(
x(C2)

)
+ cU(αr+j)− R

(Ln
p1
)

αr+j
(v)

∣
∣

= max
j∈{2,...,N}

∣
∣β|αr+j|R

(Ln
p1
)

αr+j

(
x(C2)

)
+ R

(Ln
p1
)

αr+j
(v)− R

(Ln
p1
)

αr+j
(v)

∣
∣

= max
j∈{2,...,N}

∣
∣β|αr+j|R

(Ln
p1
)

αr+j

(
x(C2)

)∣
∣ <

∣
∣β|αr+j|C1

∣
∣ < ε.

Thus, distance between the point
(

R
(Ln

p1
)

αr+2

(
z(C2;β)

)
, . . . , R

(Ln
p1
)

αr+N

(
z(C2;β)

))

and the centre of the ball

U is lesser than ε. So,
(
R
(Ln

p1
)

αr+2

(
z(C2;β)

)
, . . . , R

(Ln
p1
)

αr+N

(
z(C2;β)

))
∈ U.
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Consequently, (98) holds.

Let us show that the set χ−1(U) is unbounded. It is enough to show that the set

{(

R
(Ln

p1
)

αr+1

(
z(C2;β)

)
, . . . , R

(Ln
p1
)

αr+N

(
z(C2;β)

))

: C2 ∈ (0;+∞)
}

(99)

is unbounded since, by (98), this set is a subset of χ−1(U). By (92), (85), (82) and Property (d)

of x(C2), we have

∣
∣R

(Ln
p1
)

αr+1

(
z(C2;β)

)∣
∣ =

∣
∣R

(Ln
p1
)

αr+1
(y) + β|αr+1|R

(Ln
p1
)

αr+1

(
x(C2)

)∣
∣

=
∣
∣cU(αr+1) + β|αr+1|R

(Ln
p1
)

αr+1

(
x(C2)

)∣
∣ =

∣
∣β|αr+1|R

(Ln
p1
)

αr+1

(
x(C2)

)∣
∣ > β|αr+1|C2

for every C2 ∈ (0;+∞). Therefore
∣
∣R

(Ln
p1
)

αr+1

(
z(C2;β)

)∣
∣ can be made greater than any given positive

number by choosing C2 sufficiently large, which means that the set (99) is unbounded. Thus,

χ−1(U) is unbounded.

So, we have checked all the conditions of Lemma 1 for the set G, the polynomial Qτ and the

projection χ. Consequently, according to Lemma 1, the polynomial Qτ does not depend on its

first variable. Therefore, by (71), the polynomial Q does not depend on its (r + 1)th variable.

This completes the proof.

Theorem 7. Let L be defined by (30). Let P : L → C be a symmetric continuous m-homoge-

neous polynomial. Let P1 be the restriction of P to the space Ln
p1

. Let

J = {j : j ∈ {1, . . . , q} such that Sαj
≤ 1}, (100)

where αj is defined by (39) and Sαj
is defined by (6). Then P1 is an algebraic combination of

elements of the set
{

R
(Ln

p1
)

αj
: j ∈ J

}

. (101)

Furthermore, the set J is equal to the set

{j∗, . . . , q}, (102)

where

j∗ = min{j ∈ {1, . . . , q} : Sαj
≤ 1}. (103)

Proof. Let Q : C
q → C be the polynomial given by Lemma 10. So,

P1(x) = Q(η(x)), (104)

where η is defined by (42) and x ∈ Ln
p1

. Thus, P1 is an algebraic combination of elements of the

set
{

R
(Ln

p1
)

αj
: j ∈ {1, . . . , q}

}

. (105)

Let us consider two cases.

Case 1: there is no j ∈ {1, . . . , q} such that Sαj
> 1. In this case, the set (101) is equal to the

set (105). So, P1 is an algebraic combination of elements of the set (101). Note that in this case

j∗ = 1. Therefore the set (100) is equal to the set (102).
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Case 2: there is some j ∈ {1, . . . , q} such that Sαj
> 1. Let

j∗ = max
{

j ∈ {1, . . . , q} : Sαj
> 1

}
. (106)

Let us show that Q does not depend on its mth variable for every m ∈ {1, . . . , j∗}. Suppose

this is not the case. Let m1 ∈ {1, . . . , j∗} be the minimal index such that Q depends on its m1th

variable. Then Q does not depend on its first m1 − 1 variables. This provides Condition 2) of

Theorem 6 for r = m1 − 1 and h = j∗. Note that (106) provides Condition 1) of Theorem 6 for

r = m1 − 1 and h = j∗. Thus, by Theorem 6, Q does not depend on its m1th variable. This

contradicts our assumption.

By (104), P1 is an algebraic combination of elements of the set (105). And, as proven above,

Q does not depend on its first j∗ variables. Thus, P1 is an algebraic combination of elements of

the set {

R
(Ln

p1
)

αj
: j ∈ {j∗ + 1, . . . , q}

}

. (107)

By (106), Sαj
≤ 1 for every j ∈ {j∗ + 1, . . . , q}. Thus, (107) is a subset of (101). By (106), we

have Sαj∗
> 1. Therefore, by (40), for every j0 ∈ {1, . . . , q} such that Sαj0

≤ 1 we can conclude

j0 > j∗. Consequently, (101) is a subset of (107). Therefore the set (101) is equal to the set (107).

So, P1 is an algebraic combination of elements of the set (101). By (106), (103) and (40), we get

j∗ + 1 = j∗. Consequently, the set (100) is equal to the set (102). This completes the proof.

Thus, we may now present a series of final results.

Theorem 8. Let L be defined by (30). Every symmetric continuous m-homogeneous polyno-

mial P : L → C is an algebraic combination of elements of the set
{

R
(L)
αj

: αj ∈ ℵ
(m)
L such that Sαj

≤ 1
}

, (108)

where Sα is defined by (6), ℵ
(m)
L is defined by (34) and the order on ℵ

(m)
L is defined by (39).

Proof. Let P1 be the restriction of the polynomial P to the space Ln
p1

. By Theorem 7, P1 is an

algebraic combination of elements of the set (101). By Theorem 7, the cardinality of the set

(101) is equal to the cardinality of the set (102) which is equal to q − j∗ + 1. Thus, there exists

the polynomial H : Cq−j∗+1 → C such that

P1(x) = H
((

R
(Ln

p1
)

αj∗
(x), . . . , R

(Ln
p1
)

αq (x)
))

(109)

for every x ∈ Ln
p1

. Let G : L → C be defined as

G = P − HPGp1,...,pn
(L)

(

R
(L)
αj∗

, . . . , R
(L)
αq

)

, (110)

where for a polynomial H the mapping HPGp1,...,pn
(L) is defined by (2).

By Theorem 3, all elements of (108) are continuous on L. Therefore, since H is a polynomial,

HPGp1,...,pn
(L)

(

R
(L)
αj∗

, . . . , R
(L)
αq

)

is continuous on L. Consequently, by (110), taking into account

that P is continuous on L by assumption, G is continuous on L. By (110) and (109), for every

x ∈ Ln
p1

, we have

G(x) = P(x)− H
(

R
(L)
αj∗

(x), . . . , R
(L)
αq (x)

)

= P1(x)− H
(

R
(Ln

p1
)

αj∗
(x), . . . , R

(Ln
p1
)

αq (x)
)

= 0. (111)
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By (31), L∞ ⊂ Lp1 and Lp1 ⊂ Lpi
for every i ∈ {1, . . . , n}. Therefore Ln

∞ ⊂ Ln
p1

⊂ L. Con-

sequently, taking into account Lemma 4, Ln
p1

is dense in L. Thus, taking into account (111),

the continuous function G equals 0 on the dense subset Ln
p1

of L. Consequently, G equals 0

everywhere on L. Therefore, by (110), we obtain

P(x) = H
(

R
(L)
αj∗

(x), . . . , R
(L)
αq (x)

)

for every x ∈ L. So, taking into account equality of sets (102) and (100) granted by Theorem 7,

P is an algebraic combination of elements of the set (108). This completes the proof.

Lemma 12. Let P = P0 + P1 + . . .+ PN be a symmetric continuous complex-valued polynomial

on L, where P0 ∈ C, Pj is a j-homogeneous polynomial for j ∈ {1, . . . , N} and L is defined by

(30). Then every Pj is symmetric and continuous, where j ∈ {0, . . . , N}.

Proof. This is immediate from Cauchy Integral Formula (see [16, Corollary 7.3, p. 47]) since

P0 + . . . + PN is the Taylor series expansion of P at 0.

Now, let us prove the final result of this section.

Theorem 9. Let L be defined by (30), i.e. L = Lp1 × · · · × Lpn , pi ∈ [1; ∞), p1 ≥ · · · ≥ pn.

The set of polynomials

{R
(L)
α : α ∈ ℵL}, (112)

where R
(L)
α are defined by (8) and ℵL is defined by (7), is an algebraic basis of the algebra of all

symmetric continuous complex-valued polynomials on L.

Proof. Firstly, let us show that the set (112) is a generating system. Let P : L → C be an

arbitrary symmetric continuous polynomial. By (1), we have P = P0 + P1 + · · · + PN, where

N ∈ N, P0 ∈ C and Pj is a j-homogeneous polynomial for j ∈ {1, . . . , N}. By Lemma 12,

taking into account that P is symmetric and continuous, Pj is symmetric and continuous for

every j ∈ {1, . . . , N}. By Theorem 8, where we set m = j, the polynomial Pj is an algebraic

combination of elements of the set (108) for every j ∈ {1, . . . , N}. By (7) and (34), the set (108),

for m = j, is a subset of (112). Therefore Pj is an algebraic combination of elements of the set

(112) for every j ∈ {1, . . . , N}. Consequently, P is an algebraic combination of elements of the

set (112).

Secondly, let us show the algebraic independence of the set (112). Let us assume that (112)

is algebraically dependent. Then there exists a subset {R
(L)
β1

, . . . , R
(L)
βr

} of the set (112) and a

nontrivial polynomial Q : C
r → C such that

Q
(

R
(L)
β1

(x), . . . , R
(L)
βr

(x)
)

= 0 (113)

for every x ∈ L. Let us show that Q cannot be nontrivial. Let (z1, . . . , zr) be an arbitrary

element of Cr. Let the mapping c : Zn
+ \ {(0, . . . , 0)} → C be defined by

c(k) =

{

zi, for k = βi such that i ∈ {1, . . . , r},

0, otherwise
(114)

for every k ∈ Z
n
+ \ {(0, . . . , 0)}. Note that

sup
k∈Zn

+\{(0,...,0)}

|c(k)|
1
|k| < ∞.
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Consequently, by Lemma 2, taking into account (32), there exists xc = (x1, . . . , xn) ∈ Ln
∞ such

that R
(L)
k (xc) = c(k) for every k ∈ Z

n
+ \ {(0, . . . , 0)}. Therefore, taking into account (114), we

get

R
(L)
βi

(xc) = zi (115)

for every i ∈ {1, . . . , r}. By substituting xc into (113) and taking into account (115), we obtain

Q(z1, . . . , zr) = 0.

So, Q(z1, . . . , zr) = 0 for an arbitrary (z1, . . . , zr) ∈ Cr. Thus, Q is trivial. This contradicts our

assumption.

This completes the proof.

4 Algebraic basis of the algebra of all continuous symmetric complex-

valued polynomials on Lp1 × Lp2 × · · · × Lpn

Let p1, p2, . . . , pn ∈ [1;+∞). Our goal is to prove the similar result to Theorem 9 without

ordering pi, i.e. without condition (29).

Let

L′ = Lp1 × Lp2 × · · · × Lpn and L(τ) = Lpτ(1)
× Lpτ(2)

× · · · × Lpτ(n)
, (116)

where τ : {1, . . . , n} → {1, . . . , n} is some fixed permutation.

Let ι : L′ → L(τ) be defined by

ι((x1, . . . , xn)) = (xτ(1), . . . , xτ(n)), (117)

where (x1, . . . , xn) ∈ L′.

Lemma 13. The mapping ι, defined by (117), is a well-defined isometric isomorphism.

Proof. Let us show that ι is well-defined, i.e. ι(x) ∈ L(τ) for every x = (x1, x2, . . . , xn) ∈ L′. By

(117), ι(x) = (xτ(1), . . . , xτ(n)). For every j ∈ {1, . . . , n}, we have xτ(j) ∈ Lpτ(j)
, since x ∈ L′.

Therefore ι(x) ∈ L(τ).

Show that ι preserves norm. Let x = (x1, x2, . . . , xn) ∈ L′. Note that

‖ι(x)‖L(τ) = max
j∈{1,...,n}

‖xτ(j)‖Lpτ(j)
= max

j∈{1,...,n}
‖xj‖Lpj

= ‖x‖L′ .

It can be verified that ι is linear. Let us show that ι is a bijection. The mapping ι is linear and

isometric, consequently, ι is an injection. Let y = (y1, y2, . . . , yn) ∈ L(τ). Let us construct x ∈ L′

such that ι(x) = y. Set x = (yτ−1(1), . . . , yτ−1(n)). Let us show that x ∈ L′, i.e. yτ−1(i) ∈ Lpi
for

every i ∈ {1, . . . , n}. Note that, for every i ∈ {1, . . . , n}, we have yτ−1(i) ∈ Lp
τ(τ−1(i))

= Lpi
since

y ∈ L(τ). So, x ∈ L′. By (117), we obtain

ι(x) = (yτ(τ−1(1)), . . . , yτ(τ−1(n))) = (y1, . . . , yn) = y.

Therefore ι is a surjection. This completes the proof.

Let us define φ : ℵL′ → ℵL(τ) by

φ((k1, . . . , kn)) = (kτ(1), . . . , kτ(n)), (118)

where ℵL′ and ℵL(τ) are defined by (7).
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Lemma 14. The mapping φ, defined by (118), is a well-defined bijection.

Proof. Note that

S
(L(τ))
φ(α)

=
n

∑
i=1

kτ(i)

pτ(i)
=

n

∑
i=1

ki

pi
= S

(L′)
α (119)

for any α = (k1, . . . , kn) ∈ ℵL′ , where S
(L′)
α and S

(L(τ))
φ(α)

are defined by (6). Since α ∈ ℵL′ ,

according to the definition (7), we know that 0 < S
(L′)
α ≤ 1. So, according to (119), we have

0 < S
(L(τ))
φ(α)

≤ 1. Therefore, according to the definition (7), we get φ(α) ∈ ℵL(τ) .

Let us show that φ is a bijection. Let α = (k1, . . . , kn), β = (q1, . . . , qn) ∈ ℵL′ be such that

α 6= β. Then there exists j ∈ {1, . . . , n} such that kj 6= qj. Therefore kτ(τ−1(j)) 6= qτ(τ−1(j)) and,

consequently, φ(α) and φ(β) have different components with index τ−1(j). So, φ(α) 6= φ(β).

Thus, φ is an injection. Let β = (q1, . . . , qn) ∈ ℵL(τ) . Let us construct α ∈ ℵL′ such that

φ(α) = β. Let α = (qτ−1(1), . . . , qτ−1(n)). Let us show that α ∈ ℵL′ . Note that

S
(L′)
α =

n

∑
i=1

qτ−1(i)

pi
=

n

∑
i=1

qτ−1(i)

pτ(τ−1(i))
=

n

∑
i=1

qi

pτ(i)
= S

(L(τ))
β . (120)

Since β ∈ ℵL(τ) , by the definition (7), we know that 0 < S
(L(τ))
β ≤ 1. So, by (120), 0 < S

(L′)
α ≤ 1.

Therefore, by the definition (7), we get α ∈ ℵL′ . By (118), we obtain

φ(α) = (qτ(τ−1(1)), . . . , qτ(τ−1(n))) = (q1, . . . , qn) = β.

So, φ is a surjection. Thus, φ is a bijection.

Theorem 10. Let τ : {1, . . . , n} → {1, . . . , n} be a permutation. Let the spaces L′ and L(τ) be

defined by (116), ι be defined by (117), Gp1,...,pn and Gpτ(1),...,pτ(n)
be defined by (5). Then

a) the mapping I : f ∈ Hb,Gpτ(1),...,pτ(n)
(L(τ)) 7→ f ◦ ι ∈ Hb,Gp1,...,pn

(L′) is an isomorphism, i.e.

I is a continuous linear multiplicative bijection;

b) the restriction of I to the algebra PGpτ(1),...,pτ(n)
(L(τ)) is an isomorphism between the

algebras PGpτ(1),...,pτ(n)
(L(τ)) and PGp1,...,pn

(L′);

c) if PGpτ(1),...,pτ(n)
(L(τ)) has some algebraic basis B, then I(B) is an algebraic basis in

PGp1,...,pn
(L′).

Proof. Let us substitute into Theorem 1 L′, L(τ), Gp1,...,pn , Gpτ(1),...,pτ(n)
, ι instead of X, Y, G1, G2,

ιX,Y, respectively. Let us verify Condition 1) of Theorem 1, which in our case will take the

following form: for every x ∈ L′ and g1 ∈ Gp1,...,pn , there exists g2 ∈ Gpτ(1),...,pτ(n)
such that

ι(g1(x)) = g2(ι(x)). Let g1 ∈ Gp1,...,pn . Let us define g2 : L(τ) → L(τ) by

g2(y) = ι(g1(ι
−1(y)), (121)

where y ∈ L(τ). Then, for every x ∈ L′, we obtain

g2(ι(x)) = ι(g1(ι
−1(ι(x)))) = ι(g1(x)).
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Let us show that g2 ∈ Gpτ(1),...,pτ(n)
. For every y ∈ L(τ), by (117), we have ι−1(y) ∈ L′. Therefore,

by the definition of g1, we obtain g1(ι
−1(y)) ∈ L′. And therefore, for every y ∈ L(τ), by (117),

we get ι(g1(ι
−1(y))) ∈ L(τ), i.e. g2(y) ∈ L(τ). So, g2 acts from L(τ) to L(τ). Since g1 ∈ Gp1,...,pn ,

by (4) and (5), there exists a bijection σ ∈ Ξ[0;1] such that for every x = (x1, . . . , xn) ∈ L′ we

have g1(x) = (x1 ◦ σ, . . . , xn ◦ σ). Then, for every y = (y1, . . . , yn) ∈ L(τ), we obtain

g1(ι
−1(y)) = (yτ−1(1) ◦ σ, . . . , yτ−1(n) ◦ σ).

Therefore, by (121), we conclude

g2(y) = ι(g1(ι
−1(y))) = ι((yτ−1(1) ◦ σ, . . . , yτ−1(n) ◦ σ))

= (yτ(τ−1(1)) ◦ σ, . . . , yτ(τ−1(n)) ◦ σ) = (y1 ◦ σ, . . . , yn ◦ σ)

for every y ∈ L(τ). So, we represented g2 in the form (4). Consequently, by (5), g2 ∈ Gpτ(1),...,pτ(n)
.

Let us verify Condition 2) of Theorem 1, which in our case will take the following form: for

every y ∈ L(τ) and g2 ∈ Gpτ(1)...;pτ(n)
there exists g1 ∈ Gp1,...,pn such that ι−1(g2(y)) = g1(ι

−1(y)).

Let g2 ∈ Gpτ(1)...;pτ(n)
. Let us define g1 : L′ → L′ by

g1(x) = ι−1(g2(ι(x))), (122)

where x ∈ L′. Then for every y ∈ L(τ) we obtain

g1(ι
−1(y)) = ι−1(g2(ι(ι

−1(y)))) = ι−1(g2(y)).

Let us show that g1 ∈ Gp1,...,pn . For every x ∈ L′, by (117), ι(x) ∈ L(τ). Therefore, by the

definition of g2, we get g2(ι(x)) ∈ L(τ). And therefore, for every x ∈ L′, by (117), we obtain

ι−1(g2(ι(x))) ∈ L′, i.e. g1(x) ∈ L′. So, g1 acts from L′ to L′. Since g2 ∈ Gpτ(1),...,pτ(n)
, by

(4) and (5), there exists a bijection σ ∈ Ξ[0;1] such that g2(y) = (y1 ◦ σ, . . . , yn ◦ σ) for every

y = (y1, . . . , yn) ∈ L(τ). Then for every x = (x1, . . . , xn) ∈ L′ we obtain

g2(ι(x)) = (xτ(1) ◦ σ, . . . , xτ(n) ◦ σ).

Therefore, by (122), we conclude

g1(x) = ι−1(g2(ι(x))) = ι−1((xτ(1) ◦ σ, . . . , xτ(n) ◦ σ))

= (xτ−1(τ(1)) ◦ σ, . . . , xτ−1(τ(n)) ◦ σ) = (x1 ◦ σ, . . . , xn ◦ σ)

for every x ∈ L′. So, we represented g1 in the form (4). Consequently, by (5), g1 ∈ Gp1,...,pn .

Thus, both conditions are satisfied. Then, by Theorem 1, Conditions a), b), and c) of the

Theorem are satisfied.

Lemma 15. Let the spaces L′ and L(τ) be defined by (116). Let I be the mapping given by item

a) of Theorem 10. Then, I
(

R
(L(τ))
α

)

= R
(L′)

φ−1(α)
for every α ∈ ℵL′ , where ℵL′ is defined by (7), φ

is defined by (118) and R
(L(τ))
α , R

(L′)

φ−1(α)
are defined by (8).

Proof. Let α = (k1, . . . , kn). Note that

I
(
R
(L(τ))
α

)
(x) = R

(L(τ))
α (ι(x)) = R

(L(τ))
(k1,...,kn)

((xτ(1), . . . , xτ(n)))

=
∫ 1

0
xk1

τ(1)
(t) · . . . · xkn

τ(n)
(t) dt = R

(L′)

φ−1(α)
(x)

for every x ∈ L′. This completes the proof.
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Aforementioned results lead us to the following conclusion.

Theorem 11. Let p1, . . . , pn ∈ [1;+∞). Let L′ = Lp1 × · · · × Lpn . The set of polynomials
{

R
(L′)
α : α ∈ ℵL′

}
, where R

(L′)
α is defined by (8) and ℵL′ is defined by (7), is an algebraic basis

of the algebra of all symmetric continuous complex-valued polynomials on L′.

Proof. Let τ : {1, . . . , n} → {1, . . . , n} be a permutation such that pτ(1) ≥ · · · ≥ pτ(n). Set

L(τ) = Lpτ(1)
× Lpτ(2)

× · · · × Lpτ(n)
.

Let us define ι and φ by (117) and (118), respectively, using this permutation τ.

By Theorem 9, PGpτ(1),...,pτ(n)
(L(τ)) has the algebraic basis

B =
{

R
(L(τ))
α : α ∈ ℵL(τ)

}
,

where ℵL(τ) is defined by (7). Let us substitute τ, L′, L(τ), B into Theorem 10. Then, by item c)

of Theorem 10, I(B) is an algebraic basis in PGp1,...,pn
(L′). For every α ∈ ℵL(τ) we have

I(R
(L(τ))
α ) = R

(L′)

φ−1(α)

by Lemma 15. So, I(B) =
{

R
(L′)

φ−1(α)
: α ∈ ℵL(τ)

}
. Consequently, this set is an algebraic basis in

PGp1,...,pn
(L′). By Lemma 14, we obtain

{
R
(L′)

φ−1(α)
: α ∈ ℵL(τ)

}
=

{
R
(L′)
α : α ∈ ℵL′

}
.

Consequently,
{

R
(L′)
α : α ∈ ℵL′

}
is an algebraic basis in PGp1,...,pn

(L′). This completes the

proof.
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Пономарьов Р.В., Василишин Т.В. Симетричнi полiноми на декартових добутках банахових про-

сторiв iнтегровних за Лебегом функцiй // Карпатськi матем. публ. — 2025. — Т.17, №2. — C.

483–515.

Дану роботу присвячено вивченню комплекснозначних неперервних симетричних полiно-

мiв на декартових добутках комплексних банахових просторiв iнтегровних за Лебегом фун-

кцiй. Позначимо Lp, де p ∈ [1;+∞), комплексний банахiв простiр всiх комплекснозначних

функцiй на вiдрiзку [0; 1], p-тi степенi абсолютних значень яких є iнтегровними за Лебегом.

Позначимо Ξ[0;1] множину всiх бiєкцiй σ : [0; 1] → [0; 1] таких, що σ i σ−1 є вимiрними i зберi-

гають мiру Лебега, тобто µ(σ(E)) = µ(σ−1(E)) = µ(E) для кожної вимiрної за Лебегом мно-

жини E ⊂ [0; 1], де µ — мiра Лебега. Функцiю f на декартовому добутку Lp1 × · · · × Lpn , де

p1, . . . , pn ∈ [1;+∞), називають симетричною, якщо f ((x1 ◦ σ, . . . , xn ◦ σ)) = f ((x1, . . . , xn)) для

кожних σ ∈ Ξ[0;1] i (x1, . . . , xn) ∈ Lp1 × . . . × Lpn . В роботi побудовано алгебраїчний базис алге-

бри всiх комплекснозначних неперервних симетричних полiномiв на просторi Lp1 × . . . × Lpn .

Також побудовано деякi iзоморфiзми алгебр Фреше комплекснозначних цiлих симетричних

функцiй обмеженого типу на просторi Lp1 × . . . × Lpn .

Ключовi слова i фрази: полiном, цiла функцiя, симетрична функцiя, алгебраїчний базис,

банахiв простiр iнтегровних за Лебегом функцiй.


