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Symmetric polynomials on Cartesian products of Banach
spaces of Lebesgue integrable functions

Ponomarov R.V., Vasylyshyn T.V.

The work is devoted to the study of complex-valued continuous symmetric polynomials on
Cartesian products of complex Banach spaces of Lebesgue integrable functions. Let L,, where
p € [1;400), be the complex Banach space of all complex-valued functions on [0;1], the pth
powers of absolute values of which are Lebesgue integrable. Let E(y be the set of all bijections
o : [0;1] — [0;1] such that both ¢ and ¢! are measurable and preserve Lebesgue measure,
ie. u(o(E)) = u(c~Y(E)) = u(E) for every Lebesgue measurable set E C [0; 1], where y is Lebesgue
measure. A function f on the Cartesian product Ly, x --- x L,,, where py,...,py € [1;+400), is

—_
(=)

called symmetric if f((x100,...,xy00)) = f((x1,...,xn)) for every o € Ejp.q) and (x1,...,xn) €
Lp, X +++ x Lp,. We construct an algebraic basis of the algebra of all complex-valued continuous
symmetric polynomials on Ly, X - -+ X Ly, . Also we construct some isomorphisms of Fréchet alge-
bras of complex-valued entire symmetric functions of bounded type on L, X -+ X Ly,.
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space of Lebesgue integrable functions.
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Introduction

Symmetric functions on infinite dimensional spaces were introduced in [17] as an impor-
tant tool in the theory of uniform approximation of continuous functions on separable Hilbert
spaces by smooth functions and, in particular, by polynomials. In general, if a vector space
has some symmetric structure, it is natural to consider the set of operators that preserve this
structure and to define a symmetric function on this space as a function that is invariant un-
der the action on its argument of the above-mentioned operators [2]. Important examples
of such spaces are rearrangement-invariant function spaces (see [15, Definition 2.a.1, p. 117]),
e.g., spaces L, (see definition below). As mentioned in [9], sequence spaces with symmetric
Schauder basis (see [14, Definition 3.a.1, p. 113]), such as spaces ﬁp of absolutely summable
in a power p sequences, can be considered as rearrangement-invariant function spaces on IN.
Symmetric continuous polynomials on real separable rearrangement-invariant function spaces
were applied to the investigation of the problem of the existence of separating polynomials
on these spaces in [9]. Also in [9] there were constructed not more than countable algebraic
bases (see definition below) of algebras of symmetric continuous polynomials on these spaces.
Analogical results for the case of complex spaces implies the fact that corresponding topolog-
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ical algebras of analytic symmetric functions on these spaces are finitely or countably gener-
ated, which is, in particular, useful for description of spectra (sets of all nontrivial complex-
valued linear multiplicative functionals, also called characters) of these algebras. The terms of
Taylor series expansions of such functions are algebraic combinations (see definition below) of
elements of an algebraic basis of the corresponding algebra of symmetric polynomials. Con-
sequently, every character on such an algebra of analytic symmetric functions is completely
defined by its values on elements of the algebraic basis. This approach was firstly introduced
in [1] for the study of spectra of algebras of analytic symmetric functions on ¢;. The complete
description of the spectrum of the Fréchet algebra of entire symmetric functions of bounded
type on ¢; was obtained in [6] (see also [4,5]). In the continuous case the above-mentioned
approach was used in [7] to describe the spectrum of the Fréchet algebra of entire symmet-
ric functions of bounded type on L., which made it possible to represent this algebra as the
algebra of entire functions on its spectrum [8]. Some general results on spectra of countably
generated algebras of entire functions on Banach spaces were established in [10, 18].

Similar to algebras of continuous symmetric polynomials on the above-mentioned spaces,
algebras of continuous symmetric polynomials on Cartesian products of these spaces have
not more than countable algebraic bases (see, e.g., [3,11,13] for the case of sequence spaces
and [19-21,26] for the case of function spaces). Note that natural groups of symmetry on these
Cartesian products of spaces induce some groups of symmetry on the spaces themselves that
are proper subgroups of the respective natural groups of symmetry on these spaces (see, e.g.,
[25]). Functions that are symmetric with respect to such groups are called block-symmetric.
Since the condition of block-symmetry is, in general, weaker than the condition of symmetry,
it follows that algebras of block-symmetric polynomials and analytic functions contain the
respective algebras of symmetric polynomials and analytic functions as proper subalgebras.
Thus, the technique developed for algebras of symmetric functions in the classical sense can
be extended to broader classes of algebras of functions. The limiting cases of such algebras are
the algebras of weakly symmetric functions (see, e.g., [27]).

In the work, we construct an algebraic basis of the algebra of all complex-valued continuous
symmetric polynomials on the Cartesian product Ly, x -+ x L, , where py,...,pn € [1; 400).
Also we construct some isomorphism between Fréchet algebras of complex-valued entire sym-
metric functions of bounded type on this Cartesian product.

1 Preliminaries

We denote by IN the set of all positive integers and by Z . the set of all nonnegative integers.
Forevery k = (ky,...,ky) € Z.\ {(0,...,0)} we define |k| as |k| = k1 + - - - + k.

Polynomials. A mapping P : X — Y, where X and Y are Banach spaces with norms || - || x
and || - ||y, respectively, is called an N-homogeneous polynomial, where N € N, if there exists
an N-linear mapping Ap : XN — Y such that P(x) = Ap(x,...,x) for every x € X.

N
A mapping P : X — Y is called a polynomial of degree at most N if it can be represented
in the form

P=Py+ P+ ---+ Py, (1)

where Py € Y and P; : X — Y is a j-homogeneous polynomial for every j € {1,...,N}.
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It is known that a polynomial P : X — Y is continuous if and only if || P|| < 400, where

[Pl = sup [[P(x)]ly-

[[x[lx<1

Consequently, for a continuous N-homogeneous polynomial P : X — Y, we have
IP@)Ily < IPI]Ix]X
for every x € X.

Algebraic basis. Let A be a unital commutative algebra over the field C. For every polynomial
Q: C" — C of the form

k k
Qz1,...,zu) = Z (x(kl,...,kn)zll Tt Zy,
(kl,...,kn)eﬂ

where g, ) € C and () is some nonempty finite subset of Z, let us define the mapping
Qa: A" — Aby

k k
Qalay, ..., an) = Z “(kl,...,kn)all Ceeoemyt, (2)
(ki k) EQ

where ay,...,a, € A (we consider the zeroth power a]Q of an element aj to be the unit element
of A).

Definition 1. Leta,ay,...,a, € A. The element a is called an algebraic combination of ay, ..., ay,
if there exists a polynomial Q : C" — C such thata = Qu(ay, ..., a).

Definition 2. A nonempty set B C A is called a generating system of A if every element of A
can be represented as an algebraic combination of some elements of B.

Definition 3. A nonempty set B C A is called an algebraic basis of A if every element of A can
be uniquely represented as an algebraic combination of some elements of B.

Definition 4. A finite nonempty set {ai,...,a,} C A is called algebraically independent if the
equality Qa(ay,...,a,) = 0 is possible only if the polynomial Q is identically equal to 0. An
infinite set Ag C A is called algebraically independent if every its finite nonempty subset is
algebraically independent.

Evidently, every algebraic basis is algebraically independent. Furthermore, every alge-
braically independent generating system is an algebraic basis.

The algebra Hy,(X). Let X be a complex Banach space. Let H,(X) be the Fréchet algebra of all
entire functions f : X — C, which are bounded on bounded sets endowed with the topology
of uniform convergence on bounded sets. Let || f||; = sup <, |f(x)[ for f € H,(X) and r > 0.
The topology of Hy(X) can be generated by an arbitrary set of norms {|| - ||, : € T}, where I’
is any unbounded subset of (0, +0).

Symmetric mappings. Let A, B be arbitrary nonempty sets. Let S be an arbitrary fixed set
of mappings that act from A to itself. A mapping f : A — B is called S-symmetric if
f(s(a)) = f(a) foreverya € Aand s € S.
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The algebras Hy, s(X) and Ps(X). Let X be a complex Banach space. Let S be a set of operators
on X. Let Hy 5(X) be the subalgebra of all S-symmetric elements of Hy,(X). By [22, Lemma 3],
Hjps(X) is closed in Hy(X). So, Hy s(X) is a Fréchet algebra. Let Ps(X) be the subalgebra of
Hj s(X) that consists of all S-symmetric continuous polynomials on X.

Isomorphisms of Fréchet algebras of entire symmetric functions. We will use the following
result [28, Theorem 2] for the item a) and [24, Theorem 4] for the items b) and ¢).

Theorem 1. Let X and Y be complex Banach spaces. Let S; and S, be semigroups of operators
on X and Y, respectively. Let 1x y : X — Y be an isomorphism such that

1) forevery x € X and sy € S; there exists s, € Sy such that 1x y(s1(x)) = s2(txy(x));

Then

a) the mapping I : f € Hys,(Y) — fouixy € Hyg (X) is an isomorphism, i.e. I is a
continuous linear multiplicative bijection;

b) the restriction of I to Ps,(Y) is an isomorphism between algebras Ps,(Y) and Ps, (X);
c) if Ps,(Y) has some algebraic basis B, then I(B) is an algebraic basis in Ps, (X).

Spaces of Lebesgue measurable functions. Let L,, where p € [1; +00), be the Banach space of
measurable functions x : [0;1] — C for which the pth power of the absolute value is Lebesgue
integrable, i.e. there exists finite integral fol |x(t)|P dt, with norm

Ixlle, = </01 |x(t)|Pdt>%.

Let Lo be the complex Banach space of all Lebesgue measurable essentially bounded func-
tions x : [0,1] — C with norm

]|z, = esssup [x(t)].
t€[0,1]

We define a norm on the Cartesian product Ly, x --- X L, , where py,..., py € [1;400], as

%] L, x--xL,, = ieT{Ill,e.l.?,(n} x|, 3)

for every x = (x1,...,xy) € Ly, X --- X Lp,.

Symmetric functions on Ly, X +-+ X Lp,. Let p1,...,pu € [1;+00]. Let Ejgq) be the set of all
bijections ¢ : [0;1] — [0;1] such that both ¢ and ¢~! are measurable and preserve Lebesgue
measure, i.e.

u(o(E)) = u(c™'(E)) = u(E)
for every Lebesgue measurable set E C [0; 1], where u is Lebesgue measure. For o € Ejo,1) and
X = (X1,...,%1) € Lp, X --- X Lp,, let

xo0 = (x100,...,X,00).
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—
H

For o € Ejy;, let the operator g, be defined by

gg—ZJCELmX"'XLpnl—>x00’€LP1X"'XLPH. (4)
Let
GPlr---/Pn = {gU S E[O/H} (5)
It can be verified that Gy,,... , is a group of operators on Ly, X - -+ X Lp,.
In what follows, let us refer to a Gp,,... p,-symmetric function f : L, x--- X L, — Cas
symmetric, i.e. a function f : Ly, x --- x Ly, — C is called symmetric if f(x) = f(x o) for

every x € Ly, X --- X Lp, and 0 € Ejpq).

Algebras of symmetric polynomials on L, X «++ X Ly,,. Let py,...,p, € [1;400). For every

w=(k1,...,kn) € Z".\ {(0,...,0)} we define the corresponding sum S,SCL’”XWXLP") by
nok
Sg{Lplxu-xLPn) _ Z E (6)
i=1 Pi

. . Ly, XX Ly,
In cases where the space L, X --- X Ly, is clear from the context, we will denote s,i P )

simply as S,. Let

NLplX...XLpn:{lXGZi\{(O,...,O)}ZSagl}. (7)
- (Lpy X+-XLpy,) .
For every « = (ky,...,ky) € NLp1X~-XLpnf let R, : Ly, x -+- x Ly, — C be defined by
1

(N )l A ORI OL ®

where x; € Ly, fori € {1,...,n}. In the case k; = 0 and x; = 0 we will consider xf" to
be equal to 1. Note that R,ECLP ) o g (k1 + ...+ kn)-homogeneous polynomial. It was
already shown in [19, Theorem 2.10] that such polynomials in the case p; = ... = p, are

well defined if and only if S, < 1. In Theorem 3, we will generalize this result on arbitrary

Pi, ..., Pn € [1;400). In Theorem 5, it will be shown that for every p € Z" \ {(0,...,0)} such

(L,,1><m><L,,n)

that g ¢ N Ly, x---xLy, the corresponding polynomial R 8 is not well defined.

In [19, Theorem 2.10], it was established the structure of symmetric continuous polynomials
on the space L := Lp X - -+ X Ly, endowed with the norm

1
n P
Il = ( Sl ) ©)
i=1
where x = (x1,...,%,) € Ly. By definitions (3) and (9), we get

1
xlig < Nxllpn < ¥ g

Thus, norms (3) and (9) are equivalent on the space L’;. Therefore from [19, Theorem 2.10] the
following theorem follows.
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Theorem 2. For p € [l;4), every m-homogeneous symmetric continuous polynomial
P : L, — C, where L} is endowed with the norm (3), can be uniquely represented as an
algebraic combination of elements of the set

{R,ECLZ) tow € Z such that1 < |a| < min(m, LpJ)}

We will use the following results.

Lemma 1 ([12, Lemma 11]). Let m € N, G € C" and x : G — C™! be an orthogonal
projection x((x1,x2,...,%m)) = (x2,%3,...,%m). Let G = x(G), intG; # @ and for every
open set U C Gy, the set x ! (U) is unbounded. If a complex-valued polynomial Q(x1, ..., Xm)
is bounded on G, then Q does not depend on x;.

Lemma 2 ([23, Theorem 3]). Let n € IN. There exists K, > 0 such that for every mapping
c:Z"\{(0,...,0)} — C such that

sup Je(k)| T < oo,
keZ\{(0,...0)}

there exists x, = (x1,...,xn) € LY such that

forevery k € Z" \ {(0,...,0)} and

chHLgo <Kj, sup ]c(k)] Ikl .
kez"\{(0,...,0)}

2 Symmetric polynomialson L, X --- X L,

In the current section, we consider py,...,pn € [1;+0c0) to be fixed numbers and
Ly, x -+ x Lp, to be the Cartesian product of spaces L,,...,L,, endowed with the norm
(3). We begin with proving couple of relatively simple general assertions. Firstly, let us prove
the following lemmas.

Lemma 3. Leta > 1anda > b > 0. Then there exists A € (0;1) such that Aa > 1 > Ab.

Proof. Let 0 < & < min (% ; “ﬂ—_bb). Let A = % + &. Let us check that A satisfies all conditions
of the lemma. Firstly, A < 1 +21 = 1and A > 1 > 0. Therefore A € (0;1). Secondly,
Aa =1+ ae > 1. Therefore Aa > 1. Thirdly, Ab = %—I— be < %4— % = 1. Therefore 1 > Ab.
Consequently, Aa > 1 > Ab. This completes the proof. O

Lemma 4. The set Lg, is densein L, X --- X L, with respect to the norm (3).

Proof. Let x = (x1,...,Xy) € Ly, X -+ X Lp,. Since x; € Ly, and Ly, C L; for every p; > 1,
we can conclude that x; € L;. Consequently, x; is Lebesgue integrable on [0;1] for every
i € {1,...,n}. Therefore, foreveryi € {1,...,n} and € > 0, there exists a measurable function
y; : [0;1] — C such that y;([0;1]) is not more than countable and |x;(t) — y;(t)| < ¢ for every
t € [0;1]. Let us show that y; € L,,. Since p; > 1, we obtain

O < ()] + xi(®) — w()) < max (@), @J () - w(H)?)
< (O + xit) — i ()]7) < 2Px(e)|7 + 2.
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Since x; € Lp,, the right-hand side of the latter inequality is Lebesgue integrable. Consequently,
lyi(t)|Pi is Lebesgue integrable. So, y; € L,.
Lety = (y1,--.,Yn). Then we have

X =YLy, x-xLp, = max Ixi = villL,,

| L 1 L)
Pi Pi
= max (/ |x; () — y;(£)|Pi dt) < max (/ ebi dt) =¢.
ie{l,..,n} 0 ie{l,..n} 0

Since y; € Ly, and y;([0; 1]) is not more than countable, there exists a measurable function with
finite number of values yfo) : [0;1] — C such that Hyfo) —YillL, <e Let y) = (ygo), . .,y,go)).

Then we get

0
[y _yHL,,lx‘“XLpn = max [ ]/iHLpi <e (11)
Note that yEO) € Lo forevery i € {1,...,n}. Thus, y(© € L. Consequently, by (10) and (11),
we obtain

[ x — < 2e. (12)

0
Yy ) HLmX"'XLpn
So, forevery x € Ly, x - -+ x Lp, and & > 0 there exists y(o) € L such that (12) holds. Therefore

n o :
L% isdensein Ly X -+ X Lp,. O

Lemma 5. Let n € IN. There exists K,, > 0 such that for every map c : Z'; \ {(0,...,0)} = C,
such that

sup  Je(k)| M < oo,
keZ\{(0,...0)}

there exists x; = (X1, ..., Xn;c) € LY, such that

(i) fo xlc xzc(t) .- xkn(t) dt = c(k) for every k € Z"\ {(0,...,0)};

(i) x;c(t) = 0 forevery t € [0;1) andi € {1,...,n};

1
(iii) |[xellzy, < 2Knsuprezn ((q,...0)y [c(O) .

Proof. Let K,, be given by Lemma 2. Let ¢’ : Z" \ {(0,...,0)} — C be the mapping de-
fined by ¢’(k) = 2c(k) for k € Z" \ {(0,...,0)}. Firstly, according to Lemma 2, there exists
Uy = (U, ..., Upe) € LY, such that

' k1 k2 ky /
|l 0us @ -l at =)

for every k = (kq,...,ky) € Z". \ {(0,...,0)} and

1

ey, <Ko sup  |/(k)| . (13)
keZ\{(0,...0)}
Let

(0f — ; 1.
xi;c(t)z{ul'c'(zt 1), ifte[31], 1)

0, ift € [0;1)
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fori € {1,...,n}. Letx; = (X1, ..., Xn;). Note that x, € L2, and
l[xellLg, < llue e, (15)

Let us prove Condition (i). By (14), for every (ky,...,k;) € Z" \ {(0,...,0)}, we have

1 1
/0 ()2 () () dt = /1 W2t =12 26— 1) b2 —1)dE (16)

2

Let s = 2t — 1. Then, by (13), we obtain

n;c

2 1 /1 (17)
= 5/0 u]{}C(S)ung(s) b (s)ds = = (k) = c(k).

1
/1 Wk (28— 1)l (26— 1) b (2t — 1) dit

By (16) and (17), we get
1
JREACE OIS R

for every k € Z" \ {(0,...,0)}. Thus, Condition (i) is proven.

Condition (i) is an immediate consequence of (14).

Let us prove Condition (iii). By (15) and (13), taking into account the equality ¢’ (k) = 2c(k)
and the inequality |k| > 1, we can conclude

4

Ixells, < llucll, <Kn  sup (k)] <2K;  sup fe(k)|™.
ez \{(0,...0)} keZ" \{(0,...0)}
Thus, Condition (iii) is proven. Therefore all conditions of the lemma are proven. O

Theorem 3. Leta € NLpl XX Lypps where the set NLpl XX Ly is defined by (7). The polynomial

R&Lpl <xb) i well defined by (8), continuous and HR,ECLM k) =1

Ly, x-+-XLp,

Proof. Leta = (kyi,...,kn), x = (x1,...,Xn) € Lp, X - -+ X Ly,. Letus show thatR,gL”lx‘“XL"")(x)

exists. By (7), we have Y, % < 1. So,

n
k1P2P3~~~Pn +k2p1p3 «oPn 4 ... +knP1P2---Pn71 S sz
i=1

Then s > 0, where

n

s = Hpi — (kipaps .- . pn+hkopips - - pn+ ...+ knprp2 - Pn-1)- (18)
i=1
The weighted inequality of arithmetic and geometric means states that for every natu-
ral number r, nonnegative numbers 4y, ...,a, and nonnegative weights wy, ..., w, such that
w = wq +...+w, > 0, the following inequality holds

awy + ...+ a,wy

wy | .wrl<
(ay'-..oafr)e < ”

r
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Here the convention 0° = 1 is used. Let us use this inequality for r = n + 1 and numbers
— (B, a2 = %D, @ = [xa(E)]P, apyr = 1,
where t € [0; 1], with weights

w1 = kipaps ... Pn, W2 =kop1pP3---Pus---, Wn =knp1p2--. Pun—1, Wni1 =S5,

where s is defined by (18). This gives the following inequality

1
(Hlx ()[R TE= m) v o kapaps - palai (D) 4 A Keprpa - pra|xa (D] 45
= n
i=1Pi

for every t € [0;1]. Therefore

k S
H ()] <Z lxz i (19)

i=1

for every t € [0;1]. Since x; € Ly, the right-hand side of the above inequality is integrable.
Thus, the left-hand side of (19) is Lebesgue integrable. Consequently, taking into account (8),

we obtain that R(L“XMXL””) is well defined. Moreover, if ||x;[|, < 1foreveryi € {1,...,n},

then fo |x;(£)|Pi dt <1 and, by (19) and (18), we obtain

R,SCLmXWXLpn i_z
1p Hz 1pl
Thus,
Ly, X---xLy,
IRE B, S 1 20)

L -xL . . .
So, R,g pr¢ L) is bounded, and therefore it is continuous.

Let us show that
X=X Lp,)

IR

||LP1 X‘“XLPn g

Let y;(t) = 1foreveryi € {1,...,n} and every t € [0;1]. Lety = (y1,...,yn). Then

y € Ly, x -+ x Ly, and |l x...x1,, = 1. Note that R,SCL“X”'XL””)(y) = 1. Consequently,

><...><Lpn)

L
”RISC n HLPlx'”XLpﬂ Z 1. (21)

By (20) and (21), we obtain

(L X"'XLn)
”Rtx " ’ H =1

Lp1><~-~><Lpn

This completes the proof. O
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Theorem 4. Leta € NLpl x--xL,,, Wwhere the set NLpl xwx Ly, 1S defined by (7). The polynomial
R&Lm XMXL””), defined by (8), is symmetric.
Proof. Leta = (ki,...,kn). Let us show that for every o € Ejgq) and x € Ly, X - -+ X Ly, we
have

(L,,1><m><L,,n) (Lplxme,,n)

Ry (x) =R, (xoa).

—
H

Let us assume that there is 0p € E|o;q) and x = (x1,..., %) € Lp, X -+ X Lp,, such that

(Lplxme,,n)

(Lp, X+ Ly,
R (x) # R (0 g,
Let us choose an arbitrary e such that

1
0<e<s R ) () R ) (6 ).

(Lplxme,,n)

By Theorem 3, R, is well defined. Therefore, by (8), we obtain that the function
kq

te [0;1] = x'(t) ... xkn(+) is Lebesgue integrable. Consequently, there exists a measurable
function u : [0;1] — C such that #([0; 1]) is not more than countable and

K1) () — ()] < (22)

for every t € [0;1]. Consequently,

R ) 4y —/01 u(t) dt‘ <e (23)
By (22), we have
%31 (@0 () - .. xkr(on(t)) — u(oo(t))| < e

for every t € [0;1]. Consequently,
1
‘R,Ef"l* Lo (v 0 0p) — / w(op (1)) dt‘ <e (24)
0

Let us show that

/0 " u(oo(t)) dt = /0 "t . (25)

Since u is a measurable function, such that u([0; 1]) is not more than countable, there exist a se-
quence of complex numbers {a;}7*; and a sequence of disjoint sets {E;}* ; that are measurable
subsets of [0; 1] such that

u(t) = io: ll]'lEj (i’)
j=1

for t € [0;1], where 1g,, 1f,, . . . are indicator functions. Let v,(t) = ¥Ji_; a;1;(t). Since {v, }72;
and {v, 0 0y} ; converge pointwise to u and u o 0y, respectively, by Dominated convergence
theorem, we get

lim [ o (t)dt = /O Vutydt and  Tim [ o(oo(t)) dt = / D uoo(0)d. (26)

r—00 J0 r—o0 /0 0
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Let us show that . .
/ oi(oo(t)) dt = / vi(t) dt 27)
0 0

for every j € IN. It is enough to prove that

/0 1 g, () dt = /0 1 g (o () dt

for every j € IN. Since 1, is an indicator function and 0y € E(g;}, we obtain

1 1
| 150t = p(E) = p(eo(E)) = [ 1g(en(t)

Thus, (27) is proven. By (26) and (27), (25) is correct. By (23), (24) and (25), we get

X'”XLPH)

‘RISCLpl (x> _ Rg{LplxmePn)(x o 0_0)‘ < 2e.

This directly contradicts the choice of ¢&. Consequently, for every o € Ejy,; and every
x € Ly, x -+- x Ly,, we obtain

RISCLpl ><...><Lpn)(x) _ R&Lplx...xl.pn)(x ° 0_).
So, R,SCLP 1) g symmetric. This completes the proof. O

Theorem 5. Forevery p = (q1,...,qx) € Z'L \{(0,...,0)} such that B & N, x...x1,,, where
NLpl XX Ly is defined by (7), there exists x = (x1,...,%,) € Ly, x -+ x Ly, such that

1
/Ox‘lh(t>-...-xz"(t)dt:oo.

Proof. By (6), Sp = Since B ¢ N Lp; XX Lpy 7 , it follows that Sg > 1. Let

1 1p
B
xl(t> g t Pi n(q1+1) (28)
foreveryi € {1,...,n}, wheret € [0;1]. Then
pi(Sg—1)

% (£) [P = PR s

for every t € [0;1]. Note that
pi(Sp—1)
n(g; +1)
Therefore x; € L, forevery i € {1,...,n}. S0, x = (x1,...,%) € Lp, X --- X Lp,.
By (28), we have

1 72 72 q1+1 (S/S 1)
/ () - xl () dt = / R 11” dt>/ fER L T gy
0

. sy
_/ 1 P D dt:/ t*sﬁ“ﬁ*ldt:/ tldr =
0 0

This completes the proof. O
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3 Algebraic basis of the algebra of all continuous symmetric complex-
valued polynomialson L, X L,, X -+ X L, ,wherepy > p > --- > p,

In the current section we will assume that
p1>p2> - > pa (29)

Let
L:Lplepzx"‘prn. (30)

For any 41, g2 such that 1 < g1 < g, < o0, it is well known that

Ly, C Ly and x|l < |[[x[[r,, foreveryx € Ly,. (31)
Consequently,
Ly CLy CL (32)
and
lxlly, =[xl x €L, (33)

Lemma 6. The restriction to Ly, of any m-homogeneous symmetric continuous polynomial
P : L — C is also an m-homogeneous symmetric continuous polynomial.

Proof. It can be checked that this restriction is a symmetric m-homogeneous polynomial. Let
us prove its continuity. Consider any sequence {x; };"’:1 C Ly, that converges to some x € L, .
By (32), xj € Land x € L. Let us prove that {x]-};?‘;l converges to x in L. Suppose {x; };"’:1 doe§
not converge to x in L. Then there exists > 0 such that ||x — x;|[y > ¢ for infinitely many ;.
By (33), we have ||x — x]-||LZ1 > [[x — xj|lL > ¢ and therefore the sequence {x]-}}";l does not
converge to x in the space Ly, . This contradicts our assumption. So, {x]-};?‘;l converges to x in
the space L. Consequently, by the continuity of P, {P (x]-)};?‘;l converges to P(x). Therefore the
restriction of P to Ly is continuous. This completes the proof. O

Form € N, let
R = fa € Z2\{(0,...,0)} : 1< |a| < min(m, |p1])}. (34)

Lemma 7. The restriction of a symmetric continuous m-homogeneous polynomial P : L — C
to the space L, can be uniquely represented as an algebraic combination of elements of the set

RV weni™y, (35)

where R,ng ) is defined by (8) and N(Lm) is defined by (34).

Proof. Let Py be the restriction of P to Ly . By Lemma 6, P; is an m-homogeneous symmetric
continuous polynomial. By Theorem 2, P; can be uniquely represented as an algebraic combi-
nation of elements of the set

Ln
{Ri n € Z" such that1 < |a| < min(m, LPlJ)}

By (34), this set is exactly the set (35). This completes the proof. O
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Note that N(Lm) is a finite set. For every « = (kq,...,k,) € N(Lm) andi€ {1,...,n}, we get
m > k;. (36)
For multi-indices B = (kg;1,-- -, kgn), & = (ka1 - kasn) € N(Lm), let
B> (37)
if one of the following conditions holds true:

1) Sﬁ > S,, where 55 and S, are defined by (6);

2) Sp = Sy and there exists t € {1,...,n}such thatforany ! € {1,...,t -1}, kﬁ;l =k, and
kgt < kat, i.e. B precedes a in lexicographic order.

Let us provide an example of inequality between multi-indices.

Example 1. Letm =7,n =2,p1 =6, pp =4, 0 = (3,2), = (6,0);7 = (5,0). By (34), we
have w, B,y € Né?xu Note that S, = 1, Sp=1,5,= g. By Condition 2), we get « > . By

Condition 1), we obtain B > 7.
(m)

Lemma 8. The relation (37) is a strict linear order on X .
Proof. Leta = (kga, - kam), B = (kg - kp), ¥ = (ko1 -+ Kom) € RV,

Let us prove irreflexivity. Assume a > a. Then one of the two conditions, Condition 1) or
Condition 2), must hold. If Condition 1) is satisfied, then S, > S,, which is clearly contradic-
tory. If Condition 2) is satisfied, then there exists t € {1,...,n} such that ko < kg, which is
clearly contradictory. Thus, our initial assumption is false. Therefore, the relation is irreflexive.

Let us prove asymmetry. Assume 8 > « and a > f3, then one of the two conditions, Condi-
tion 1) or Condition 2), must hold for both inequalities. Thus, S B> Syand S, > S B- Therefore,
Sy =S B- Consequently, the condition that is satisfied for both inequalities is Condition 2). So,
since B > «a, there exists t € {1,...,n} such that forany I € {1,...,t—1}, kg1 = kq; and
kgt < kut- So, there does not exist any t; € {1,...,n} such that for any I; € {1,...,t; — 1},
kg, = kay, and kg, > kqp. Thus, for « > p Condition 2) is not satisfied. So, our initial
assumption is false. Therefore, the relation is asymmetric.

Let us prove that the relation is transitive. Leta > fand > 7. Then, S, > S g S,. There
are two cases: Sy > S, and S, = S,; = §,. Consider the case S, > S,. In this case, « > 7
by Condition 1). Consider the case Sy = S p = S,. In this case, there exists t; € {1,...,n},
such that for any [y € {1,...,t; — 1}, kyy, = kg, and ky;t; < kgt . Moreover, there exists
to € {1,...,n} such that for any I, € {1,...,tp — 1}, kg, = ko, and kg, < ko, Let
t = min(ty;f). Then forany I € {1,...,t -1}, k,; = kg, = ko and kyp > kot Thus,
Condition 2) is satisfied, so, & > <. Hense, the relation is transitive.

Let us prove that the relation is connected. Let &, 8 be such that @ # B. Let us show that
either « > B or B > a. There are three cases: S, > Sp, Su < Sp and S, = Sg. In the first case,
a > B by Condition 1). In the second case, « < by Condition 1). Consider the case S, = Sg.
Since a # B, there exists j € {1,...,n} such that k,;; # kg,;. Let

t=min{j € {1,...,n} : kyj # kg, }-
Therefore, for every I € {1,...,t — 1}, kgy = kyy and kgt # kue. If kg > kot, then a > B by

Condition 2). If kﬁ;t < ku;t, then & < B by Condition 2). Thus, the relation is connected.
Hence, the relation is a strict linear order. O
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Let g be the cardinality of the set N(Lm), ie.

g =R\, (38)

Let us enumerate elements of N(Lm) in the descending order with respect to the relation (37)

that is a strict linear order by Lemma 8, namely
ap > > > (39)
By (37), we have
Sa, < S, forevery k1€ {l1,...,q} suchthat k>I. (40)

Lemma 9. The lowest element a, in N(Lm) isequal to (1,0, ...,0).

Proof. Let us show that every element = (kﬁ;l, .. -fkﬁ;n) € N(Lm) such that B # (1,0,...,0) is
greater than (1,0, ...,0). There are two cases:

(i) thereisj € {2,...,n} such that kg; # 0;
(ii) foreveryj€ {2,...,n}, kgj=0.
Consider the Case (ii). By (6), we have

_ K

S ,
p n

(41)
since kg;; = 0 for every j € {2,...,n}, ie. B = (kﬁ;l,O,...,O). Let us show that kg1 > 1.
By (34), we can conclude that g # (0,...,0). Consequently, kg; # 0. By the assumption,
B # (1,0,...,0). Consequently, kg1 # 1. Thus, kg;; > 1. Therefore, by (41), Sg > %. By (6), we
have S1 o) = %. Consequently, Sg > S(;, _ (). Therefore g > (1,0, ...,0) by Condition 1).
Consider the Case (i). Since there exists j € {2,...,n} such that kﬁ;]- # 0, it follows that

kg.i kg.i
pi}] > Plj' By (6), we have Sg > pijf] and % = 5(1,0,..,0)- By (29), we get Plj > %. Therefore we can

conclude that

kg.i
Sp > WA 1 _
pi Pi P
Then this case can be divided into two subcases: Sg > 51, o) and Sg = S(19....0)-
Consider the subcase Sg > S, ). We have B > (1,0,...,0) by Condition 1). Consider

the subcase Sg = S(1,. ). We obtain

by the equality Sg = kpijfj and by (6), taking into account that j > 2, kg;; = 0. Consequently, kg 1
is less than the first component of the multi-index (1,0, ...,0). Therefore g > (1,0,...,0) by
Condition 2). O
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Letn : Ly — C7be defined by

(L)

(Ly,)
;7(3() = (Rtxl P1

(%), Rey " (%)) (42)

L}"l
for x € Ly,, where g, aj and R,Ecj n are defined by (38), (39) and (8), respectively.

Lemma 10. Let P : L — C be an m-homogeneous symmetric continuous polynomial. Let
Py be the restriction of P to the space L;, . There exists a polynomial Q : C1 — C such that
Q(n(x)) = Pi(x) for every x € L} , where 1 is defined by (42).

Proof. According to Lemma 7, taking into account (39), P; is an algebraic combination of
L L
R,Ecl" 1), ey R,Ecq” V) Therefore, by the definition of algebraic combination, there exists a poly-
nomial Q : C7 — C such that

(Lp,)

QR (), Ry () = Pi(x)

for every x € L} . Consequently, taking into account (42), we obtain Q(7(x)) = Pi(x) for every
xeLl. O
p1

Our goal is to prove that Q, given by Lemma 10, does not depend on the several first vari-
ables, for which the respective sums S,; are greater than 1. Now let us prove this in three
steps.

Lemma 11. Let m € IN. Let r € Z be such that r < q, where q is defined by (38). Let

0 = (Kt k) €XYY, je{1,...,q), (43)

be defined by (39). Suppose S,,,, > 1, where S, is defined by (6). Then there exists C; > 0
such that for every C, > 0 there exists (U1, Uy, ..., Uy) € L’;l such that the following conditions
are satisfied:

a) u;(t) =0 foreveryt € [%;1] andi € {1,2,...,n};

b) |luillr, <Ciforeveryie{1,2,...,n};

L}’l
c) R,Ecjpl)((ul,...,un))‘ < Cyforeveryje {r+2,r+3,...,q};
(Ly)
d) Ry, ((ul,...,un))‘ > C,.
Proof. Let

[=min{j e {L...,q—r—1}: Se, > Se.).

Such [ exists since S, = % < 1 by Lemma 9 and (6) while S, > 1 by assumptions of the
Lemma. Consequently,

SD(,+1 - Slxr+j/ ] € {1/ sty l}/ (44)

and Sy, > Su,,,,,- By (6), we have S, ., > 0. Then, by Lemma 3, there exists A, 0 < A < 1,
such that
ASp, 1 > 1> A8y, .- (45)
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Let

—Ays .
tori o if t£0,

xi(t) = id (46)
0, if t=0,

wherei € {1,2,...,n},; >0and t € [0;1].
Let us show that x; € L;,. Note that

! 1
1/ _ags\Pi vi 1 !
HxiHL,,. = </ <t pf+6l> dt) = (/ t*)\+5iPi dt) < o0
1 0 0

since —A + 6;p; > —1. Therefore

xi € Ly, (47)
Note that
kai Kagn S ke I Sk —ASa AT Gk
x; () x,(f) =8 7 A e T A (48)
forevery j € {1,...,q}, where (ky;1, ..., ka;n) is defined by (43) and t € (0;1].
Let f € IN be such that
r+l+1<r+f<qg.
Let us show that for arbitrary ; > 0,...,d, > 0 we get
1 kzx 5 ktx N
/ () L () dE < o, (49)
0
where (k,mf;l, L, k,mf;n) = a, 1 s. By (48), we have
1 ke ; ka 5 1 _ o n . "
/ o TN L, () de :/ e ) (50)
0 0

By (40), S, f < Su,,,,, sincer +1+1 < r + f. Therefore, taking into account that A > 0, we
obtain —AS, . f > —ASq, ., Consequently,

n n
_)\S"‘Hf + Xiéikm,+f;i > _)\Sar+l+1 + Zl 5ik0¢r+f}i' (51)
1= 1=

By (45), we get AS,, ,,., < 1. Therefore —AS,, ,,,, > —1.Foreveryi € {1,...,n} we have §; > 0
and k > 0, therefore

Dthf,'l
n
Y ik, i > 0.
i=1

By the latter two inequalities, we obtain
n
~ASuy i+ ) Ok, i > 1 (52)
i=1
By (51) and (52), we can conclude

n
—ASa,,; + 21 Sika,, i > —1.
1=
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Consequently, the integral (50) is finite.
Let us show that there exist §; > 0, ..., 6, > 0such that following n conditions are satisfied:

n
1) Z 5ik0¢r+1;i = AS“rH -1
i=1
n
2) 61 >m Zéi;
=2 (53)

n
3) by >m Z@‘}
i=3

n) 8,1 > mdy.

Let us arbitrarily define ¢, > 0. Assume that we have already defined every ¢,
je{s+1,...,n} forsomes € {1,...,n —1}. Let us choose an arbitrary ¢ such that

¢s >m Yy ¢i (54)

i=s+1
So, we have defined of forj € {s,...,n}. Therefore we can define ¢y, .. ., ¢, such that for every
s € {1,...,n—1} condition (54) is satisfied.
Set §; = y¢; fori € {1,...,n}, where
AS -1
Y= n “H,lk B
i—1 Pika, ;i

Then . .
Z (Sik’xﬂrl;i =7 Z ¢ik"‘r+l}i = AS’XrJrl -1
i=1 i=1

i.e. Condition 1) of (53) is satisfied. By (54), Condition j) of (53) for every j € {2,...,n} is
satisfied, indeed
n n n
Sj1=Pji—1>ym)_pi=my yp;=m) &
i=j i=j i=j
Fix 61 > 0,...,d, > 0 that satisfy (53). By (48), taking into account Condition 1) of (53), we

obtain
k

o ; ktx hn —
X - x () = (55)

fort € (0;1].
Let f € IN be such that
r+l1<r+f<r+l+1

Let us show that .. .
/ ) () dE < o, (56)
0

where (k,, , Sl ke, , f;n) = a, f. By (48), taking into account (44), we obtain

L ke, ko, , gn Lo ASy AT Sk L ASe Y Gk
[ = [ e R g [ St gy
0 0 0
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So, it is enough to prove that
n
_)‘S“rﬂ + Z 5iktxr+f;i > —1.
i=1
By Condition 1) of (53), the latter inequality is equivalent to

n n
5ik“r+1}i < Z 5ik“r+f}i' (57)
=1 i=1

1

Let us prove (57). First let us prove some auxiliary result.
Let us show that there exists j € {1,...,n — 1} such that

kay1s < K (58)

“r+f;j
and
k

—k (59)

for every j; € N such that j; < j. By (39), we have &, 11 > &, s sincer +1 < r+ f. By (44), we
get Sa,,; = Sa, ,sincer+ f <r+1+1.

Therefore, by Condition 2) of (53), there exists j € {1, ...,n} such that (58) and (59) hold for
every ji € N such that j; < j. Let us show that j < n. Suppose j = n. Then k,, ;i = kq, , ;i for
everyic {1,...,n—1}and ky, ;0 # ka,, - Therefore, by (6), Sa, ., # Sa,. £ which contradicts
the fact that S,, | = Sy s Consequently, j € {1,...,n—1}.

By (59), the inequality (57) is equivalent to

n n
Y Oikay i < Y Oikay, v
i i

X151 Xy £3]1

which is equivalent to the inequality

n n
Z (Sik”‘r+l}i < Zéik“rJrf}i - 5jk“r+1}j' (60)
i=j+1 i=j
n
Since, in particular, §; > 0 and ky, fi >0forie{j+1,...,n}, itfollows that ) Oiky, L > 0.
’ i=j+1
Consequently,
n n
Z(sik“wﬁi - 5jk0‘r+f?j + Z 5iklxr+f?i = 5jk"‘r+f?f'
i=j i=j+1
Therefore .
Y Oika, i = Ok i 2 Ok, = Sk = Ky = Karo5)7 (61)
i=]
By (58), ku,,;j — ka,,y;j > 0. Therefore, since ky,, ;i — ke, ,; is integer, it follows that
er, P kg, i 2 1. Consequently,
(k,,%f,.]- — kvzr+1;j)‘5j > 4j. (62)

By Condition j 4 1) of (53), taking into account (36), for every i € {1,...,n} we have

n n n
(S] >m Z 51‘ = Z (Sim Z Z 5iko¢r+1;i~ (63)
i=j+1 i=j+1 i=j+1
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By (61), (62) and (63), the inequality (60) is proven and, since it is equivalent to (57), it follows
that (57) is proven. Consequently, the integral (56) is finite.
Combining (49) and (56) we can conclude that

1 kzx 5 er 1
/ X, ”fl(t)-....xnw (t)dt < o0 (64)
0

forevery f € Nsuchthatr+1<r+f <g.
Let

max ‘/1 kar”;l(t) : .xk“”f;n(f) dt’) (65)
1 et Xy :
0

C; =1+ max max ||xi||z.
! (je{l,...,n} | ]”L”f fel2q—r}

By (47) and (64), such C; exists.
Let
xi(t), ifte[&d),
0, ift € [0;3)U[5;1],
wherei € {1,...,n},0< < % and t € [0;1]. Note that
lujlle; < llxlle, (67)

for every j € {1,...,n}. Let us show that uj € L, forevery ¢ € (0;3) and j € {1,...,n}. By
(46) and (66), we get

1 1 oA
[ o= [ = [0 <o
0 g 4

for every ¢ € (O;%) andj e {1,...,n}. So, uj € Lp,.
Elements u, . .., uy satisfy Condition a) of the Lemma for every ¢ € (0; %)
Let us check Condition b). By (65) and (67), we have

Ci > [lxjll,, = llujllr, -

So, C1 and uy, ..., uy satisfy Condition b) of the Lemma for every ¢ € (0; %)

Let us check Condition c). By (8) and (66), we obtain

(Lzl) 1 erj;l kzx]';n % erj;l ka].;n
Ry, ((ul,...,un)):/o w7 () (t)dt:/g w7 x, T (0 (68)

forevery j € {1,...,4q}. By (65) and (68), we get

1 koc,,+ ;1 koc,,+ n % ktxﬂrf;l ktxﬂrf;n
1 > / ) f(t)dt‘z / ) L (8 d
0 ¢

(Lp,)
= }Rarf} (w1, ... un))|
for f € Nsuchthatr+1 <r+ f <gq.So, C; and uy, ..., u, satisfy Condition ¢) of the Lemma
for every ¢ € (0;3).
Let us check Condition d) of the Lemma. Let C; > 0. By (68) and (55), we have

(L)

Ro " (1, .., 1y)) = /; Lt (69)
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Now let us fix ¢ € (0; ) such that
1

/7 t=ldt > . (70)
¢
Then, by (69) and (70), uy,...,u, satisty Condition d) of the Lemma by guaranteeing
L}’l
R,Ecrﬂ)((ul, ...,Uy)) > Cy. Therefore C; and uy,...,u, satisfy all conditions of the Lemma.
This completes the proof. O

Theorem 6. Let L be defined by (30). Let P : L — C be a symmetric continuous m-homoge-
neous polynomial. Let Py be the restriction of P to the space Lj,. Let Q : C1 — C
be the polynomial given by Lemma 10, where q is defined by (38). Suppose there exists
r € {0,...,q — 1} such that following conditions are satisfied:

1) there existsh € {r+1,r+2,...,q} such that S, > 1, where wy, is defined by (39) and
Sw, is defined by (6);

2) if r > 0, then Q does not depend on its first r variables.

Then Q does not depend on its (r + 1)th variable.

Proof. Let N be the difference between the cardinality of N(Lm) and r,i.e. N = q — r. Note that
S,Xq = % < 1by Lemma 9 and (6) while S, > 1 by Condition 1) of the Theorem. Thus, 1 # g.
Therefore, since both i and g belong to the set {r +1,...,7 + N} we can conclude that the
cardinality of this set in not less than 2 and, consequently, N > 2.

Let 7 : C"™N — CN be the projection defined by

T((ﬂl, e rarJrN)) = (ar+1/ e rarJrN)

for (ay,...,a,1n) € €N, Let us define Q; : CN — C as

QT((ﬂr+1,. . .,llr+N)) = Q((O, . .,O,ﬂr+1,. . .,llr+N)).

By Condition 2), Q does not depend on its first r variables, therefore

Q(a) = Q(t(a)) (71)

for every a € C"N.
Let us prove that Q. does not depend on its first variable. We will use Lemma 1, where we
set N instead of m. Let x : CN — CN~! be the projection defined by

x((ay,az,...,aNn)) = (az,...,an).

LetC > 1and
M = 2K,,C, (72)

where K;, is given by Lemma 5. Define some auxiliary sets. Let

Ay = {u = (u1,...,un) € L1+ |lus|lz, < Mforeveryie {1,...,n}} (73)
and
n (LZ1) .
Ay = {u €Ly : }R,XW, (u)| < Cforeveryje {2,...,N}}. (74)
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Now define the set

G = { (R (), Ry () - we Ayn 4y}, (75)
Note that G C CN. Let us check conditions of Lemma 1 for the set G, the polynomial Q and
the projection yx.
Firstly, x(G) is not an empty set since G is not an empty set (for example, (0,...,0) € G).
Let us show that Q(G) is bounded. By (73), the set A; is bounded in L. Thus, A; N A; is
bounded in L. Therefore P is bounded on A; N A5 since P is continuous on L, i.e.

sup |P(w)] < oo
ucA1NA;

n

P We obtain

Consequently, taking into account that A;, Ap C L

sup [Pi(u)] = sup [P(u)] < oo, (76)
ucAiNA, ueA1NA;

where P is the restriction of P to the space L, . By Condition 2) of the Theorem, Q does not
depend on its first r variables. Thus, taking into account (71), we get

(Lpy) (Lpy) (Lp,) (Lp,)
Q((Re," (), R, )) ) = Q( (0,1, 0, Ry, (1), Re Tk () )
(Ln ) (Lﬂ ) (77)
= Qe ( (Rt (), R ()
for every u € Ly, . By the definition of Q from Lemma 10 and by (77), we obtain
(Lpy) (Lpy)
Pi(u) = Qr ((Ret (), - Re, 13 (1)) )
for every u € L}, . Therefore, taking into account (75), we get
sup | Py(u)] = sup [Qx(g)|- (78)

ucAiNAy gEG

By (78) and (76), we can conclude that Q- is bounded on G.
Let us prove that x~!(U) is unbounded for any open set U C x(G). It is enough to prove
this fact for every open ball U with respect to the metric

o(x,y) = lx = ylleo (79)

on CN~1, defined by the norm || (as, ..., an)]||c = maxje o, . N} 4] Let U C x(G) be the open
ball with respect to (79). Let ¢ > 0 be the radius of U. Since U C x(G), taking into account
(75), there exists

ve A NA (80)

such that <R,§f+”;) (v),..., R,Efﬂv) (v)) is the centre of the ball U. Since v € A; N Ay, by (74), we

have
(Ly,)
Kyt j

(v)‘ <C (81)



504 Ponomarov R.V.,, Vasylyshyn T.V.

foreveryje {2,...,N}. Letcy : 2L \ {(0,...,0)} — C be defined by
R(Lzl)(v) ifk =a,,; forsomej e {2 N}
cu(k) = § " e (82)
0, otherwise

for every k € Z" \ {(0,...,0)}. By (81) and (82), we have
leu(k)| < C

for every k € {a,12, ..., 0,1 N}. Therefore, by (82), taking into account that C > 1, we obtain

1 1

sup leu (k)| F = max lcu(k)|M < C. (83)
keZ\{(0,..,0)} ke{aria, N}
Consequently, by Lemma 5, there exists
y=W1 oy € L (84)
such that .
| A -y d = cuth) (55)

forevery k € Z" \ {(0,...,0)} and

1

Iyl <2Kn  sup ey(k)|™ (86)
kez2\{(0,..,0)}
while
yi(t) =0 forevery i€ {l,...,n} and te€ [0;}). (87)
By (86), (83) and (72), we obtain
[yl < M. (88)

By Condition 1) of the Theorem, S,, > 1 for some j € {1,...,N}. Consequently, we can
conclude that S,, ., > 1 since, by (40), S4,,, > S Therefore, by Lemma 11, there exists

= Sy

C; > 0 such that for every C; > 0 there exists x(©2) = (xgcﬁ, ., x,SCZ)) € L}, such that the
following conditions are satisfied:

(a) xfCZ)(t) =O0forevery t € [};1]andi € {1,...,n};

(b) HXZ(CZ)HLW < Cyforeveryic {1,...,n};

(c) R,%Zl)(x(cﬂ)’ < Ciforeveryje {r+2,...,9}%

R(LZJ (x(CZ))) > Gy

Xr41

(d)

For arbitrary C; > 0, let
2B = y 4 Bx(@), (89)
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where y is defined by (84) and B > 0 is arbitrary. We will specify parameters C; and [3 later.
Since x(<2) ¢ Ly andy € Lg,, we can conclude that z(C2P) ¢ L}, . By Property (a) of x(@) and
by (87), we get

2P (1) = { [éxgcz)(f)/ if t € [0;

forevery i € {1,...,n}. Therefore

(Lpy) (Lpy) (L)
Ram (z ey /3)) Ra,f} () +Ra,j’} (5x(Cz)) (90)
forevery j € {1,...,N}. Note that
R )= 5 1) -

forevery j € {1,...,N} since R,S:Ll) is a |a, j|-homogeneous polynomial. By (90) and (91), we
obtain . .
R( )( (Co ﬁ)) — R( )( )—{—ﬁ“’"ﬂ‘R( )(x(Cz)) (92)

Xy Xy
foreveryje {1,...,N}.
Let us show that z(2#) € A for every B > 0 such that
M-y,
b= z‘e?ll,{r.l,n} C1 )
regardless of C,. Note that this minimum is positive by (88) and (31). By (89) and Property (b)
of x(€2), we obtain

C; C o
Iz, = 1182 + yille, < B Ny, + lyillL,, < BC1+ llyille, (94)
foreveryi € {1,...,n}. Note that for every > 0 that satisfies (93) and foreveryi € {1,...,n},
we have

BC1 <M —lyillL,,
and, consequently, taking into account (94), we get
2ty < M
for every i € {1,...,n}, ie. by (73), z2(C2P) e A;. So, z(%P) e A, for every f > 0 that
satisfies (93).
Let us show that z(2) € A, for every B > 0 such that

)

}R“wr] )} |’Xrl+j‘
: 95
P = jeg}?N}< C ) (95)

regardless of C,, where v is defined by (80). Note that this minimum is positive by (74) since
v € A1 N Ay. By (92), (85), (82) and Property (C) of x(©2), we have

R (e = |RIP () + plorei RUD) (e
= Jeu( “r+j> T gl R ()]
}Rrxrﬂ Hﬁ‘““]"R%)(x(Cz))\ (96)
< [Ry (0)] + B[R (x(©)

< }forﬂ‘ v)’ +5‘MH‘C1
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for every j € {2,...,N}. Note that for every p > 0 that satisfies (95) and for every
j€{2,...,N} we have

13|"‘r+j|C1 <C-— ‘R"‘rﬂ) )

4

and, consequently, taking into account (96), we get

}R Cz;ﬁ))‘ <C

lxr+j

for every j € {2,...,N}, i.e. by (74), z2(C2B) € A,. So, z(C2P) € A, for every B > 0 that
satisfies (95).
So, it is enough to choose B > 0 that satisfies conditions (93) and (95) for z(C2) to be an
element of A; N A; regardless of Cp.
Let us fix B > 0 such that
1
: € \ ol
< N ] 97
P jeg.l.?N}<C1) &7
that also satisfies (93) and (95). Note that none of these conditions depend on C,. Let us show
that ) )
<R (z (Cy ﬁ)) R (z (G ﬁ))) e x L), (98)

D€r+1 "‘r+N

i.e. the projection of < R\ 1)( (Cp)), .. R(L )( (G ﬁ))) belongs to the ball U. Remind that

Xr 4N

Lﬂ Ln
<R§Cr g)(v), ey R( ! 1)(0)) is the centre of U and ¢ is its radius. Since B satisfies (93) and (95),

Xr+N

z(C2if) ¢ A1 N A,. Therefore, by (75), we obtain

<R(L )(Z(Czﬁ))’ R )(Z(Czﬁ))> G.

Qr g1 Xr+N

Consequently, we conclude

(RH @P), .. R () € x(0).

QXr42 Xr+N
By (79), (92), (85), (82), Property (c) of x(©) and (97), we obtain

(Lp,) . (Ly,) (Lp,) (Ly,)
p((Ra s (%)), .. Ry (2 P) ), (Ro, 2 (0), - Ry X (0)) )

« (Lp,) (Lp,) (Lp,)
= max ‘[3‘ ”f‘R ( (& )) +sz,+, (v) _Rwri} (U)}

j€{2,...N}
(Lp,) (Lp,)
= ]e?gaXN}‘ﬁ‘lxr+]‘R &y j (x(CZ)) + CU(“}’—O—j) _ Rlxrfjl' (U)‘
o (L) (1) (1)
- o B ) R - )

—  max ‘ﬁ‘lx,+]‘R( Pl)

je{2,.,N} Upsj (x| < |lriley| <.

Thus, distance between the point < R(L ) (z (Co 5)) R(L ) (z (G 5))) and the centre of the ball

lxr+2 ar+N
U is lesser than ¢. So,

(R(L" )( C R\ )( ©h)) e UL

Xr42 Xr+N
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Consequently, (98) holds.
Let us show that the set x ~!(U) is unbounded. It is enough to show that the set

{ <R§:&) (Z(Cz;ﬁ)), . RE‘SJ”;}\I) (Z(Cz}ﬁ))> : G e (0; —}—oo)} (99)

is unbounded since, by (98), this set is a subset of x ~!(U). By (92), (85), (82) and Property (d)
of x(©2) we have

Ry 7 (2) | = Ry () + et Ry ()]

QXr41 QXr41 QXr41

(L)

= Jeulyar) + fo R (@) | = |plaral R

e (x(Cz)) B plerlc,

for every C; € (0; +o0). Therefore ‘R,S:E) (2(<#)) | can be made greater than any given positive
number by choosing C; sufficiently large, which means that the set (99) is unbounded. Thus,
x~1(U) is unbounded.

So, we have checked all the conditions of Lemma 1 for the set G, the polynomial Q- and the
projection x. Consequently, according to Lemma 1, the polynomial Q. does not depend on its
first variable. Therefore, by (71), the polynomial Q does not depend on its (r + 1)th variable.
This completes the proof. O

Theorem 7. Let L be defined by (30). Let P : L — C be a symmetric continuous m-homoge-
neous polynomial. Let Py be the restriction of P to the space Ly . Let

J={j:je{l,...,q} such thatS,Xj <1}, (100)

where a; is defined by (39) and Sy, is defined by (6). Then P, is an algebraic combination of
elements of the set

(Lp,) .
{R,X].pl = ]}. (101)
Furthermore, the set | is equal to the set
{59}, (102)
where
" =min{j € {1,...,q}: Sy, <1} (103)

Proof. Let Q : C7 — C be the polynomial given by Lemma 10. So,

Py(x) = Q(n(x)), (104)

where 77 is defined by (42) and x € Ly, . Thus, P is an algebraic combination of elements of the
set

(L)
{R,xj”l :JG{l,...,q}}. (105)

Let us consider two cases.

Case 1: thereisno j € {1,...,q} such that S,xj > 1. In this case, the set (101) is equal to the
set (105). So, P; is an algebraic combination of elements of the set (101). Note that in this case
j* = 1. Therefore the set (100) is equal to the set (102).
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Case 2: there is some j € {1,...,q} such that S,X], > 1. Let
jx =max{j €{1,...,q}: Sa; >1}. (106)

Let us show that Q does not depend on its mth variable for every m € {1,...,j.}. Suppose
this is not the case. Let my € {1,...,j.} be the minimal index such that Q depends on its m;th
variable. Then Q does not depend on its first m; — 1 variables. This provides Condition 2) of
Theorem 6 for r = m; — 1 and h = j,. Note that (106) provides Condition 1) of Theorem 6 for
r = my —1and h = j,. Thus, by Theorem 6, Q does not depend on its m;th variable. This
contradicts our assumption.

By (104), P; is an algebraic combination of elements of the set (105). And, as proven above,
Q does not depend on its first j, variables. Thus, P; is an algebraic combination of elements of
the set

w) .
{R,X],”l :]6{]*—1-1,...,(1}}. (107)

By (106), So; < 1forevery j € {j« +1,...,q}. Thus, (107) is a subset of (101). By (106), we
have Sa].* > 1. Therefore, by (40), for every jo € {1,...,q} such that 5% < 1 we can conclude
jo > jx. Consequently, (101) is a subset of (107). Therefore the set (101) is equal to the set (107).
So, Pj is an algebraic combination of elements of the set (101). By (106), (103) and (40), we get
j+ +1 = j*. Consequently, the set (100) is equal to the set (102). This completes the proof. [

Thus, we may now present a series of final results.

Theorem 8. Let L be defined by (30). Every symmetric continuous m-homogeneous polyno-
mial P : L — C is an algebraic combination of elements of the set

{R&?) D€ N(Lm) such that S,x]- < 1}, (108)

where S, is defined by (6), N(Lm) is defined by (34) and the order on N(Lm) is defined by (39).

Proof. Let Py be the restriction of the polynomial P to the space Ly, . By Theorem 7, Py is an
algebraic combination of elements of the set (101). By Theorem 7, the cardinality of the set
(101) is equal to the cardinality of the set (102) which is equal to g — j* 4 1. Thus, there exists
the polynomial H : C17/"+1 — C such that

(Lﬂ ) (Lﬂ )
Py(x) = H((Rajfl (), R, (x))) (109)
forevery x € Ly, . Let G : L — C be defined as
_ (L) (L)
G=P—Hp, (R,Xj* o R ) (110)

where for a polynomial H the mapping HPG,, o (D) is defined by (2).
-
By Theorem 3, all elements of (108) are continuous on L. Therefore, since H is a polynomial,

HPGP1,~~~,pn( L) <R,§C]ﬁ), e R,S?) is continuous on L. Consequently, by (110), taking into account

that P is continuous on L by assumption, G is continuous on L. By (110) and (109), for every

X € L’;l, we have

G(x) = P(x) — H<R,§f*)(x),...,R,§£)(x)) = P(x) — H(Riﬁ?l)(x),. ) .,R,S;Zl)

]

(x)) —0. (111)
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By (31), Lo C Lp, and Ly, C Ly, forevery i € {1,...,n}. Therefore L, C Ly C L. Con-
sequently, taking into account Lemma 4, Lj is dense in L. Thus, taking into account (111),
the continuous function G equals 0 on the dense subset L;, of L. Consequently, G equals 0
everywhere on L. Therefore, by (110), we obtain

P(x) = H<R,§]ﬁ)(x), " Rg)(x))

for every x € L. So, taking into account equality of sets (102) and (100) granted by Theorem 7,
P is an algebraic combination of elements of the set (108). This completes the proof. O

Lemma12. Let P = Py + P; + ...+ Py be a symmetric continuous complex-valued polynomial
on L, where Py € C, P; is a j-homogeneous polynomial forj € {1,...,N} and L is defined by
(30). Then every P; is symmetric and continuous, where j € {0,...,N}.

Proof. This is immediate from Cauchy Integral Formula (see [16, Corollary 7.3, p. 47]) since
Py + ...+ Py is the Taylor series expansion of P at 0. O

Now, let us prove the final result of this section.

Theorem 9. Let L be defined by (30), ie. L = L, X --- X Lp,, pi € [1;00), p1 > -+ > py.
The set of polynomials
RV s eyl (112)

where R,SCL) are defined by (8) and N[ is defined by (7), is an algebraic basis of the algebra of all

symmetric continuous complex-valued polynomials on L.

Proof. Firstly, let us show that the set (112) is a generating system. Let P : L — C be an
arbitrary symmetric continuous polynomial. By (1), we have P = Py 4 P; + - - - + Py, where
N € N, Py € C and P; is a j-homogeneous polynomial for j € {1,...,N}. By Lemma 12,
taking into account that P is symmetric and continuous, P; is symmetric and continuous for
every j € {1,...,N}. By Theorem 8, where we set m = j, the polynomial P; is an algebraic
combination of elements of the set (108) for every j € {1,...,N}. By (7) and (34), the set (108),
for m = j, is a subset of (112). Therefore P; is an algebraic combination of elements of the set
(112) for every j € {1,...,N}. Consequently, P is an algebraic combination of elements of the
set (112).

Secondly, let us show the algebraic independence of the set (112). Let us assume that (112)
is algebraically dependent. Then there exists a subset {R/(gﬁ), e Rg)} of the set (112) and a
nontrivial polynomial Q : C" — C such that

Q(Ré?(x), . .,Rg?(x)) =0 (113)

for every x € L. Let us show that Q cannot be nontrivial. Let (z1,...,z,) be an arbitrary
element of C”. Let the mapping c : Z"_ \ {(0,...,0)} — C be defined by

(k) = {zi, for k = B; such thati € {1,...,r}, (114)

0, otherwise

forevery k € Z'. \ {(0,...,0)}. Note that

sup  |e(k)[ I < co.

keZ" \{(0,...0)}



510 Ponomarov R.V.,, Vasylyshyn T.V.

Consequently, by Lemma 2, taking into account (32), there exists x, = (x1,...,x,) € L% such
that R,((L) (xc) = c(k) for every k € Z" \ {(0,...,0)}. Therefore, taking into account (114), we
get

Ry (x) = 2 (115)
forevery i € {1,...,r}. By substituting x. into (113) and taking into account (115), we obtain

Q(z1,...,2r) =0.

So, Q(z1,...,z;) = 0 for an arbitrary (z1,...,z,) € C". Thus, Q is trivial. This contradicts our
assumption.
This completes the proof. O

4 Algebraic basis of the algebra of all continuous symmetric complex-
valued polynomialson L, X L,, X --- X L,

Let p1,p2,-..,Pn € [1;+00). Our goal is to prove the similar result to Theorem 9 without
ordering p;, i.e. without condition (29).

Let
L'=Lyp xLpyx--xLy, and LW =L, XL, X-xLy (116)
where T:{1,...,n} — {1,...,n} is some fixed permutation.
Let:: L' — L(7) be defined by
W((x1, e, xn)) = (Xe(a)re e Xe(n))s (117)

where (xq,...,x,) € L.
Lemma 13. The mapping 1, defined by (117), is a well-defined isometric isomorphism.

Proof. Let us show that ¢ is well-defined, i.e. i(x) € L) for every x = (xq,X2,...,x,) € L'. By
(117), 1(x) = (xT(l),...,xT(n)). For every j € {1,...,n}, we have Xe(j) € LPTW since x € L'.
Therefore 1(x) € L(7).

Show that : preserves norm. Let x = (x1, X, ...,x,) € L. Note that

1w = max el ) = max [l = =l

It can be verified that ¢ is linear. Let us show that / is a bijection. The mapping ¢ is linear and
isometric, consequently, ¢ is an injection. Let y = (y1,y2,...,Yn) € L(7). Let us construct x € L’
such that ((x) = y. Set x = (Yr-1(1),---,Y¢-1(n))- Let us show that x € L', ie. yo1(;y € Ly, for

every i € {1,...,n}. Note that, for every i € {1,...,n}, we have Yoy € LPT(fl(o) = Ly, since
y € LY. So, x € L. By (117), we obtain

1((x) = ey Ye(er(m)) = W1s-- - Yn) = .
Therefore ! is a surjection. This completes the proof. O

Let us define ¢ : Ry — N, ) by

P((ky, ..., kn)) = (kT(l),...,kT(H)), (118)
where N;, and R, () are defined by (7).
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Lemma 14. The mapping ¢, defined by (118), is a well-defined bijection.

Proof. Note that

n ) n ) ,

Z () :Zk—:s,&” (119)
i—1 Pty =1 Pi

for any « = (kq,...,ks) € N, where S&L) and Sé({(x;) are defined by (6). Since a € N/,
(L")

according to the definition (7), we know that 0 < S
0<S (L) < 1. Therefore, according to the definition (7), we get ¢(a) € N,y

< 1. So, according to (119), we have

¢(a)
Let us show that ¢ is a bijection. Let « = (ky,..., k), = (71,---, qn) € N;/ be such that
a # B. Then there exists j € {1,...,n} such that k; ;é q;. Therefore k(-1(j)) # Gr(x-1(j)) and,

consequently, ¢(«) and ¢(B) have different components with index 7~ ( ]) So, P ) 7é 4)(,8)
Thus, ¢ is an injection. Let B = (q1,...,41) € N;(r). Let us construct « € ¥/ such that
¢(a) = B. Letw = (q-1(7), - - .,qr1(n)). Let us show that « € X},. Note that

n

B SR o ) (120)
i=1 Pr(t-13i)) i=1 Px(i)

() l
Since B € N, (1), by the definition (7), we know that 0 < SEL ) < 1. So, by (120), 0 < S,gL ) <1
Therefore, by the definition (7), we get &« € N;,. By (118), we obtain

(@) = (qee101)) - Ge(z1(n)) = (@1, -, qn) = B.
So, ¢ is a surjection. Thus, ¢ is a bijection. O

Theorem 10. Let T : {1,...,n} — {1,...,n} be a permutation. Let the spaces L' and L(7) be
defined by (116), 1 be defined by (117), Gy,,... », and GPT(1>I~~~IPT(n) be defined by (5). Then

a) the mapping I : f € Hb’GPm)'---rPr(n)(L(T)) — for€ Hyg,  (L')isanisomorphism, i.e.

I is a continuous linear multiplicative bijection;

1--Pn

b) the restriction of I to the algebra Pg, (L(Y)) is an isomorphism between the

T(1)Pr(n)

algebras PGPTQ)MPT(") (L(Y)) and PGy (L)
c) if Pg, o )(L(T)) has some algebraic basis B, then I(B) is an algebraic basis in
PGpl,...,pn (L/> °

Proof. Let us substitute into Theorem 1 L/, L(T), Gpy,...opns GPT(l)/ ey L instead of X, Y, Gq, Gy,
txy, respectively. Let us verify Condition 1) of Theorem 1, which in our case will take the

following form: for every x € L' and g1 € Gp,,...,pn, there exists ¢o € Gp'r(l)/""p‘r(n) such that
1(g1(x)) = g2(¢(x)). Let g1 € Gp,,...p,- Let us define g5 : L = L by
g(y) = U1 (v), (121)

where y € L), Then, for every x € L, we obtain

§2(1(x)) = u(g1(7(u(x)))) = (g1 (x))-
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Let us show that g, € GPT(1>,~~~IPT(n)' For every y € L), by (117), we have :~!(y) € L'. Therefore,

by the definition of g1, we obtain ¢1(:"(y)) € L'. And therefore, for every y € L(7), by (117),
we get (g1 (17 (y))) € L7, ie. g2(y) € L. So, g2 acts from L(7) to L(7). Since g1 € Gp,,...p,,
by (4) and (5), there exists a bijection ¢ € Ejo,q) such that for every x = (x1,...,x,) € L' we
have g1(x) = (x100,...,x,00). Then, forevery y = (y1,...,yn) € L(Y), we obtain

81071 W) = We11) 0 Or oo Yr1() © 0).
Therefore, by (121), we conclude

£2y) =17 W) = UYe11) 0T+ Yri(ny ©0))
= Ye(x1(1)) © s+ Yr(r-1(n)) ©0) = (100,...,yn00)
forevery y € L(). So, we represented g5 in the form (4). Consequently, by (5), g» € Gy
Let us verify Condition 2) of Theorem 1, which in our case will take the following form: for

everyy € L(W and g, € Gpo1)-ipen thereexists g1 € Gy, p, such that ™' (g2(y)) = g1(:7(y)).
Let g2 € Gp,y..ip,(,- Let us define g : L' — L' by

g1(x) = (g2(u(x))), (122)

where x € L. Then for every y € L(¥) we obtain

g1 (W) = 17N g2 W) = 17 (g2 (w)).

Let us show that g1 € Gp,,.p,. Forevery x € L', by (117), «(x) € L(7). Therefore, by the
definition of g, we get g2(:(x)) € L(T). And therefore, for every x € L', by (117), we obtain
1 Hg2(1(x))) € L, ie. g1(x) € L. So, g1 acts from L' to L’. Since g» € Gpeayerbeny OY
(4) and (5), there exists a bijection ¢ € E(y;) such that g2(y) = (y100,...,yn 0 0) for every
y=1,...,yn) € L(). Then for every x = (x1,...,x,) € L' we obtain

g2(1(x)) = (X¢(1) 00+, Xg(n) 0 0).
Therefore, by (122), we conclude

g1(x) = 17 1(82(1(x))) = ((xr1) 00, -+, Xy 0 0)
= (fol(T(l)) oQo,.. ‘/fol(T(n)) OU') = (x1 o0,...,Xn OU')
for every x € L’. So, we represented g in the form (4). Consequently, by (5), g1 € Gp,,... p,-

Thus, both conditions are satisfied. Then, by Theorem 1, Conditions a), b), and c) of the
Theorem are satisfied. ]

Lemma 15. Let the spaces L' and L") be defined by (116). Let I be the mapping given by item

a) of Theorem 10. Then, I (R&Lm)) = R((PL,/l) (@)

is defined by (118) and R,g(L(T)), R((PL,? (a) AT€ defined by (8).

Proof. Leta = (ky,...,kn). Note that

for every « € N/, where R}/ is defined by (7), ¢

for every x € L'. This completes the proof. O
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Aforementioned results lead us to the following conclusion.

Theorem 11. Let py,...,pn € [1;+00). Let L’ = Ly x --- X Lp,. The set of polynomials
{R&L,) ta €N L/}, where R,ECL,) is defined by (8) and XN}/ is defined by (7), is an algebraic basis
of the algebra of all symmetric continuous complex-valued polynomialson L'.

Proof. Lett:{1,...,n} — {1,...,n} be a permutation such that p(q) > -+ > py(,). Set

L) = LPr(l) X LPr(z) Xoees X LPr(n>'
Let us define : and ¢ by (117) and (118), respectively, using this permutation 7.

By Theorem 9, Pg, - (L(Y)) has the algebraic basis

) Pr(n)
L(0)
B:{R& )Z DéGNL(T)},

where N, () is defined by (7). Let us substitute T, L, L(T), B into Theorem 10. Then, by item c)

of Theorem 10, I(B) is an algebraic basis in Pg, . (L'). For every & € X, ;) we have

1
~
M

by Lemma 15. So, I(B) = { R;,L,Il) ¥ € N; ) }. Consequently, this set is an algebraic basis in
PG,,LW,,,” (L"). By Lemma 14, we obtain

L/
tw € NL(T)} = {R,g = Ny}

()
Ry 1)

Consequently, {R,gL/) t & € N/} is an algebraic basis in Pg, , (L'). This completes the
proof. O
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Aany pobOTy IpMCBSYEHO BUBYEHHIO KOMIIACKCHO3HAYHIX HeTIePePBHIUX CYMETPWYHIX ITOAIHO-
MiB Ha AeKapTOBMX AOOYTKaX KOMIIAEKCHMX 6aHaXOBMX IIPOCTOPiB iHTerposHMX 3a Aeberom dpyH-
kuint. [TosHaummo Lp, Ae p € [1;400), KoMIIAeKCHMIT 6aHaxiB MPOCTip BCiX KOMIIAEKCHO3HAYHMX
dyHkuin Ha Biapisky [0;1], p-Ti cTemeHi abCOAIOTHMX 3HAUEHb SIKMX € IHTEIPOBHMMU 3a Aeberom.
Tosnaummo Ey) MHOXMHY Beix biexuiit o : [0;1] — [0;1] Taxux, mo o i o~ e BumipEMMI i 36epi-
raioth Mipy Aebera, To67o #(c(E)) = p(c ' (E)) = u(E) Arst KoXHOI BUMipHOI 32 Aeberom MHO-
xman E C [0;1], ae 4 — mipa Aebera. Oynkuito f Ha AeKapTOBOMY AOBYTKY Ly, X --- X Ly, Ae
P1,---,Pn € [1;400), Ha3mMBaOTh CUMETPUUIHOIO, SIKIIO f((x100,...,x,00)) = f((x1,..., X)) AAsT
KOXHUX 0 € E(gq) i (x1,...,%1) € Lp, X ... X Lp,. B poboTi nobyaosaro arrebpaiunmit 6asuc aare-
6p¥ BCiX KOMITAEKCHO3HAYHMX HeTlepepBHMX CUMETPUUYHMX MOAIHOMIB Ha TpocTopi Ly, X ... X Lp,.
Takox mobyaoBaHO Aesiki isoMopdismMu aarebp Dpellle KOMIAEKCHOZHAYHMX IIIAMIX CHMETPUIHMX
dyHKIih 06MeXeHoro THIy Ha MpoCTopi Ly, X ... X Ly, .

Kontouosi cniosa i ¢pasu: TOAIHOM, Iira pyHKIISI, cuMeTpUyHa PYHKIIisI, arTeOpaiunmit basmuc,
baHaxiB mpocTip iHTerpoBHNMX 3a AeberoM PYHKIIII.



