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Estimates of the characteristics of nonlinear approximation of
classes of periodic functions of many variables

Pozharska K.V.1,2, , Romanyuk A.S.1, Yanchenko S.Ya.1

In the paper, we obtained exact order estimates of the best m-term trigonometric approxima-

tion and the best orthogonal trigonometric approximation of functions from the Nikol’skii-Besov

Br
p,θ(T

d) and Sobolev Wr
p,α(T

d) classes in the Lebesque subspaces Bq,1(T
d) for some relations be-

tween the parameters p and q. The received results yield that estimates of the considered approx-

imation characteristics in the multivariate case, in contrast to the univariate, in the spaces Bq,1(T
d)

and Lq(Td) differ in order. Besides, for some parameter values the obtained exact order estimates of

the best m-term trigonometric approximation and the best orthogonal trigonometric approximation

in the spaces Bq,1(T
d) still remain unknown for the Lq(Td)-space.

Key words and phrases: Nikol’skii-Besov class, Sobolev class, best m-term trigonometric approxi-

mation, best orthogonal trigonometric approximation.
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Introduction

In the paper, we investigate characteristics of nonlinear approximation of the Nikol’skii-

Besov Br
p,θ(T

d) and Sobolev Wr
p,α(T

d) classes in the space Bq,1(T
d), 1 < q < ∞, for some

relations between the parameters p and q. Note that the norm in the space Bq,1(T
d) is not

“weaker” than the Lq(Td)-norm. A motivation for considering approximation characteristics

in the spaces Bq,1(T
d), q ∈ {1, ∞}, in particular for the classes of multivariate functions, as

indicated in the papers [6, 11, 13, 26–29, 32], was the fact that in certain important cases the

questions on the exact orders of respective characteristics in the spaces L1(T
d) and L∞(Td)

still remain open (see, e.g., [9]). In addition, some open questions remain also in the space

Lq(Td), 1 < q < ∞. We will discuss that more detailed in comments to the obtained results.

The paper consists of three parts. In the first part we introduce necessary notation as well

as definitions of the functional classes and spaces Bq,1(T
d). In the second part we define ap-

proximation characteristics under investigation and formulate auxiliary statements.
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The third part of the paper in the main one. Here we obtain exact order estimates of the

best m-term and the best orthogonal trigonometric approximations of the classes Br
p,θ(T

d) and

Wr
p,α(T

d) in the space Bq,1(T
d).

As a result of the research we show that in the multivariate case, in contrast to the uni-

variate, estimates of the investigated approximation characteristics of the classes Br
p,θ(T

d) and

Wr
p,α(T

d) in the spaces Bq,1(T
d) and Lq(Td) differ in order.

1 Definition of the functional classes and the spaces Bq,1

Let R
d, d ≥ 1, be an Euclidean space with elements x = (x1, . . . , xd) and scalar product

(x, y) = x1y1 + . . . + xdyd. By Lp(Td), T
d = ∏

d
j=1[0, 2π), 1 ≤ p ≤ ∞, we denote the space of

functions f , that are 2π-periodic in each variable and such that

‖ f‖p := ‖ f‖Lp (Td) =

(
(2π)−d

∫

Td
| f (x)|p dx

)1/p

< ∞, 1 ≤ p < ∞,

‖ f‖∞ := ‖ f‖L∞ (Td) = ess sup
x∈Td

| f (x)| < ∞.

Remark 1. If D is an arbitrary bounded region in R
d, d ∈ N, we similarly define the spaces

Lp(D), respectively, with the norm ‖ f‖Lp (D).

In what follows, we consider the set of functions L0
p(T

d) defined by

L0
p(T

d) :=

{
f : f ∈ Lp(T

d),
∫ 2π

0
f (x)dxj = 0, j = 1, d, almost everywhere

}
.

Further we agree to use the simplified notation Lp and L0
p in place of Lp(Td) and L0

p(T
d),

respectively.

Let us define the classes Br
p,θ(T

d) and Hr
p(T

d), that are investigated in the paper. Here it

will be convenient for us to use their definitions in terms of the so-called decomposition nor-

malization (see, e.g., [2, 15]), in particular of the Vallée-Poussin-type for the parameter values

1 ≤ p ≤ ∞ (see [15, Remark 2.1]).

Let Vl(t), t ∈ R, l ∈ N, be the Vallée-Poussin kernel of the form

Vl(t) = 1 + 2
l

∑
k=1

cos kt + 2
2l−1

∑
k=l+1

(
1 −

k − l

l

)
cos kt,

where the third term is equal to zero for l = 1. We associate each vector s = (s1, . . . , sd), sj ∈ N,

j = 1, d, with a polynomial As(x) = ∏
d
j=1(V2

sj (xj)− V
2

sj−1(xj)) and for f ∈ L0
p, 1 ≤ p ≤ ∞, we

set As( f ) := As( f , x) = ( f ∗ As)(x), where ∗ is the operation of convolution.

Then for 1 ≤ p ≤ ∞, 1 ≤ θ ≤ ∞, r = (r1, . . . , rd), rj > 0, j = 1, d, the classes Br
p,θ(T

d) can be

defines as follows

Br
p,θ(T

d) := { f ∈ L0
p : ‖ f‖Br

p,θ (T
d) ≤ 1},

where

‖ f‖Br
p,θ (T

d) ≍

(
∑

s∈Nd

2(s,r)θ‖As( f )‖θ
p

)1/θ
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for 1 ≤ θ < ∞ and

‖ f‖Br
p,∞(Td) ≡ ‖ f‖Hr

p(Td) ≍ sup
s∈Nd

2(s,r)‖As( f )‖p . (1)

Here and in what follows, for positive quantities a and b we will use the notation a ≍ b

(the order equality), that means that there exist positive constants C1 and C2, which do not

depend on one essential parameter in the quantities a and b, such that C1a ≤ b (we write

a ≪ b, i.e. order inequality) and C2a ≥ b (we write a ≫ b). The main results of the paper will

be formulated in terms of the order relations. All of the constants Ci, i = 1, 2, . . . , appearing

in the paper, could depend only on the parameters from the definition of the class, metrics

where we measure the approximation error, and from the dimension of the space R
d. In some

cases this dependence will be indicated in an explicit way, sometimes it will be clear from the

context. For a finite set N by |N| we denote the number of its elements.

In the case 1 < p < ∞, the norm definition of functions from the classes Br
p,θ(T

d) can be

rewritten in other, equivalent form. Namely, in terms of dual “blocks” of the Fourier series of

functions f ∈ L0
p.

For the vectors s = (s1, . . . , sd), sj ∈ N, k = (k1, . . . , kd), kj ∈ Z, j = 1, d, we set

ρ(s) :=
{

k = (k1, . . . , kd) : 2sj−1 ≤ |kj | < 2sj , j = 1, d
}

and for f ∈ L0
p denote δs( f ) := δs( f , x) = ∑k∈ρ(s) f̂ (k)ei(k,x), where

f̂ (k) = (2π)−d
∫

Td
f (t)e−i(k,t)dt

are the Fourier coefficients of the function f .

Let 1 < p < ∞, 1 ≤ θ ≤ ∞, r = (r1, . . . , rd), rj > 0, j = 1, d. Then the classes Br
p,θ(T

d) can

be defined in the following way (see [15])

Br
p,θ(T

d) :=
{

f ∈ L0
p : ‖ f‖Br

p,θ (T
d) ≤ 1

}
,

where

‖ f‖Br
p,θ (T

d) ≍

(
∑

s∈Nd

2(s,r)θ‖δs( f )‖θ
p

)1/θ

for 1 ≤ θ < ∞ and ‖ f‖Br
p,∞(Td) ≡ ‖ f‖Hr

p(Td) ≍ sups∈Nd 2(s,r)‖δs( f )‖p .

Further we formulate a definition of the Sobolev classes Wr
p,α(T

d), that are also investigated

in the paper.

Let Fr(x, α) are multivariate analogs of the Bernoulli kernels, i.e.

Fr(x, α) = 2d ∑
k

d

∏
j=1

k
−rj

j cos
(

kjxj −
αjπ

2

)
, rj > 0, αj ∈ R,

and we sum over the vectors k = (k1, . . . , kd), such that kj > 0, j = 1, d. Then by Wr
p,α(T

d) we

denote the class of functions f of the form

f (x) = ϕ(x) ∗ Fr(x, α) = (2π)−d
∫

Td
ϕ(y)Fr(x − y, α)dy, ϕ ∈ L0

p(T
d), ‖ϕ‖p ≤ 1.
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The history of investigation of approximation characteristics of the classes Wr
p,α(T

d),

Hr
p(T

d) and Br
p,θ(T

d), 1 ≤ θ < ∞, can be found in the monographs [9, 20, 36, 39]. We recall

that for the introduced classes the following embeddings hold:

Br
p,p(T

d) ⊂ Wr
p,α(T

d) ⊂ Br
p,2(T

d), 1 < p ≤ 2;

Br
p,2(T

d) ⊂ Wr
p,α(T

d) ⊂ Br
p,p(T

d), 2 ≤ p < ∞;

Wr
p,α(T

d) ⊂ Br
p,∞(T

d) ≡ Hr
p(T

d), 1 ≤ p ≤ ∞.

In particular, in the case p = 2 we have Wr
2,α(T

d) ⊂ Br
2,2(T

d) ⊂ Wr
2,α(T

d).

Note that with the growth of the parameter θ, the classes Br
p,θ(T

d) expand, i.e.

Br
p,1(T

d) ⊂ Br
p,θ1

(Td) ⊂ Br
p,θ2

(Td) ⊂ Br
p,∞(T

d) ≡ Hr
p(T

d), 1 ≤ θ1 < θ2 ≤ ∞.

Further, for simplicity, in place of Wr
p,α(T

d), Hr
p(T

d) and Br
p,θ(T

d) we will use the notation

Wr
p,α, Hr

p and Br
p,θ. This should not lead to misunderstanding because only these classes of

functions are considered in the present paper.

In what follows, we assume that the coordinates of the vector r = (r1, . . . , rd) in the defined

classes are arranged as 0 < r1 = r2 = . . . = rν < rν+1 ≤ . . . ≤ rd. We associate the vector

r ∈ R
d with the vector γ ∈ R

d with coordinates γj = rj/r1, j = 1, d, and the vector γ with the

vector γ
′ ∈ R

d, where γ′
j = γj, j = 1, ν, and 1 < γ′

j < γj, j = ν + 1, d.

We now define the norm ‖ · ‖Bq,1(Td), 1 ≤ q ≤ ∞, in the subspaces Bq,1(T
d) (denoted in

what follows by Bq,1) of functions f ∈ L0
q(T

d). For trigonometric polynomials t with respect to

the multiple trigonometric system {ei(k,x)}k∈Zd , the norm ‖t‖Bq,1
is defined by the formula

‖t‖Bq,1
:= ∑

s∈Nd

‖As(t)‖q . (2)

Similarly we define the norm ‖ f‖Bq,1
, 1 ≤ q ≤ ∞, for any function f ∈ L0

q such that its series

∑s∈Nd ‖As( f )‖q converges. In the case 1 < q < ∞, we can rewrite this norm in an equivalent

form ‖ f‖Bq,1
≍ ∑s∈Nd ‖δs( f )‖q .

Note that for f ∈ Bq,1, 1 ≤ q ≤ ∞, the following relation holds

‖ f‖q ≪ ‖ f‖Bq,1
. (3)

Remark 2. Such spaces and, respectively, norms, can be considered in a more general case,

namely Bp,q(Td), 1 ≤ p, q ≤ ∞ (see, e.g., [14]).

2 Approximation characteristics and auxiliary statements

Let X be a normed space with the norm ‖ · ‖X and Θm := {k1, . . . , km} be a set of vectors

kj ∈ Z
d, cj be arbitrary complex numbers, j = 1, m.

We will consider trigonometric polynomials of the form

P(Θm) := P(Θm, x) := ∑
k∈Θm

ckei(k,x)

and for the function f ∈ X introduce the quantity

em( f )X := inf
ck

inf
Θm

‖ f − P(Θm)‖X .
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If F ⊂ X is a function class, then we set

em(F)X := sup
f∈F

em( f )X . (4)

The approximation characteristic em(F)X is called the best m-term trigonometric approxi-

mation of the class F in the space X .

The quantity em( f )L2(T) for functions of one variable in a more general case was introduced

by S.B. Stechkin [34] when formulating the criterion of absolute convergence of orthogonal se-

ries. We note that the quantity (4) has a rich investigation history on different function classes.

Let us mention several papers that are related to our research. For the introduced Sobolev

Wr
p,α(T

d) and Nikol’skii-Besov Br
p,θ(T

d) classes in the spaces X = Lq(Td), d ≥ 1, the es-

timates of the best m-term trigonometric approximations were obtained, in particular, in the

papers [4,5,8,14,22,24,37,38], and in [25] the respective results were applied to estimate the best

bilinear approximations. For isotropic Besov classes, the quantity (4) was studied in [7,33], for

Nikol’skii-Besov- and Sobolev-type classes see, e.g., papers [1, 3, 16, 35], and for the Lizorkin-

Triebel and Wiener classes see [12, 17]. A more detailed bibliography can be found in the

monographs [9, 20, 36, 39]. We also note the recent papers [18, 30], where the quantity (4) was

studied for isotropic Nikol’skii-Besov classes in the space Bq,1.

Let us define a close to em(F)X approximation characteristics that is also investigated in

the paper.

For the function f ∈ X let us denote e⊥m( f )X := infΘm
‖ f − SΘm

( f )‖X , where

SΘm
( f ) := SΘm

( f , x) :=
m

∑
j=1

f̂ (kj)ei(kj,x), x ∈ R
d,

and

f̂ (kj) = (2π)−d
∫

Td
f (t)e−i(kj,t)dt

are the Fourier coefficients of the function f that correspond to the set of vectors from Θm.

Respectively, for the function class F ⊂ X we set

e⊥m(F)X := sup
f∈F

e⊥m( f )X . (5)

The quantity e⊥M(F)X is called the best orthogonal trigonometric approximation of the class F

in the space X . The history of investigation of the quantity (5) for the classes F = Wr
p,α(T

d)

and F = Br
p,θ(T

d) in the spaces X = Lq(Td) and X = Bq,1(T
d), 1 < q ≤ ∞, is described in

the papers [10, 21, 29, 32] and the monograph [20]. We note that a similar to e⊥M(F)X quantity

for the classes of non-periodic multivariate functions from the Nikol’skii-Besov classes in the

space X = Lq(Rd) was studied in the papers [40–42].

Immediately from the definitions of the quantities (4) and (5) the next relation

em(F)X ≤ e⊥m(F)X (6)

follows.

To formulate the known statements that we use in the proofs, we first introduce some more

additional notation.
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Let D be a bounded set in R
d, d ∈ N, and Φ = {ϕn(x)}∞

n=1 be a system of functions from

Lq(D), 1 ≤ q ≤ ∞. For f ∈ Lq(D) we set

em( f , Φ)Lq(D) := inf
{nj}=Λ∈Z+, |Λ|=m

{cj}∈R
m

∥∥∥ f −
m

∑
j=1

cj ϕnj

∥∥∥
Lq(D)

,

where Z+ = N ∪ {0}. Further, if K ⊂ Lq(D) is some class of functions, we define

em(K, Φ)Lq(D) := sup
f∈K

em( f , Φ)Lq(D). (7)

Remark 3. In the case of trigonometric system T := {ei(k,x)}k∈Zd , we will write (7) as

em(K, T)Lq(D) = em(K, {ei(k,x)}k∈Zd)Lq(D) := em(K)q.

In what follows, for the vector s = (s1, . . . , sd) with even numbers sj ∈ N, j = 1, d, we

denote ρ+(s) :=
{

k = (k1, . . . , kd) : 2sj−1 ≤ kj < 2sj , kj ∈ N, j = 1, d
}

and for n ∈ N set

Dn :=
{

s : (s, 1) = 2[n/2]
}

, Yn :=
⋃

s∈Dn

ρ+(s),

where [a] is the integer part of the number a.

Note that for the number of elements in the sets Dn and Yn the following relations

|Dn| ≍ nd−1, Yn ≍ 2nnd−1

hold.

Let T (Yn) be a set of polynomials of the form

t(x) := ∑
|k|∈Yn

ckei(k,x),

where |k| = (|k1|, . . . , |kd|).

If X is a normed space with the norm ‖ · ‖X , by T (Yn)X we denote the unit ball in the

space T (Yn).

In the introduced notation the following statement holds.

Theorem A ([14]). There exists a constant C3(d) > 0, such that for any set of functions

Φ = {ϕj}
l
j=1 ⊂ B1,1, l ≤ C4|Yn| the following estimate

em(T (Yn)B∞,∞ , Φ)B1,1
≥ C5nd−1, C5 = C5(d, C4) > 0,

holds for all m ≤ C3(d)|Yn |.

Remark 4. The norm in the space B∞,∞ is defined as a modification of the relation (2), by which

we define the norm in the spaces Bq,1, namely ‖ f‖B∞,∞ := sups∈Nd ‖As(t)‖∞.

Lemma A ([36, p. 11]). The following relation holds

∑
(s,γ′)≥n

2−β(s,γ) ≍ 2−βnnν−1, β > 0.
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Theorem B ([30]). Let d = 1, 1 ≤ q ≤ p ≤ ∞, 1 ≤ θ ≤ ∞. Then for r1 > 0 the following

estimate em(Br1
p,θ)Bq,1

≍ m−r1 holds.

Theorem C ([7, 23]). Let d = 1, 1 ≤ q ≤ p ≤ ∞, 1 ≤ θ ≤ ∞. Then for r1 > 0 the following

estimate em(Br1
p,θ)q ≍ m−r1 holds.

Theorem D ([22]). Let d ≥ 2, 1 < q ≤ p < ∞, p ≥ 2, 1 ≤ θ ≤ ∞. Then for r1 > 0 the following

estimate em(Br
p,θ)q ≍ m−r1(logν−1 m)(r1+1/2−1/θ)+ holds, where a+ = max{a, 0}.

Further we formulate the known statements that concern the best orthogonal trigonometric

approximations.

Theorem E ([30]). Let d = 1, 1 ≤ p, q, θ ≤ ∞ and (p, q) /∈ {(1, 1), (∞, ∞)}. Then for

r1 > (1/p − 1/q)+ the following estimate holds

e⊥m(Br1
p,θ)Bq,1

≍ m−r1+(1/p+1/q)+. (8)

Remark 5. Under the conditions of Theorem E, for the quantity e⊥m(Br1
p,θ)q the estimate (8)

holds (see, e.g., [21]).

Theorem F ([21]). Let d ≥ 2, 1 < q ≤ p < ∞, p ≥ 2, 1 ≤ θ ≤ ∞. Then for r1 > 0 the following

estimate e⊥m(Br
p,θ)q ≍ m−r1(logν−1 m)(r1+1/2−1/θ)+ holds.

Theorem G ([21]). Let d ≥ 2, 1 < q < p ≤ 2.

a) If either 1 ≤ θ < p and r1 ≥ 1/θ − 1/p or θ ≥ p and r1 > 0, then

m−r1(logν−1 m)r1+1/2−1/θ ≪ e⊥m(Br
p,θ)q ≪ m−r1(logν−1 m)r1+1/p−1/θ.

b) If 1 ≤ θ < p and 0 < r1 < 1/θ − 1/p, then e⊥m(Br
p,θ)q ≍ m−r1.

Theorem H ([21]). Let d ≥ 2, 1 < p < 2, 1 ≤ θ ≤ ∞. Then for r1 > 0 the following estimate

e⊥m(Br
p,θ)p ≍ m−r1(logν−1 m)(r1+1/p−1/θ)+ holds.

3 Main results

Theorem 1. Let d ≥ 2, 1 < q ≤ p ≤ ∞, 1 ≤ θ ≤ ∞. Then for r1 > 0 the following estimate

holds

em(Br
p,θ)Bq,1

≍ m−r1(logν−1 m)r1+1−1/θ. (9)

Proof. We first establish the upper bound. Note that in view of the embedding Br
p,θ ⊂ Br

q,θ,

1 < q < p, it is sufficient to consider the case p = q.

So, let f ∈ Br
q,θ, 1 < q ≤ ∞, 1 ≤ θ ≤ ∞. As an approximation aggregate for function f we

consider the polynomial tn := tn(x) = ∑(s,γ′)<n As( f , x), where the number n ∈ N satisfies

the condition m ≍ 2nnν−1.

Then defining γ
′(d) := γ′

1 + . . . + γ′
d, by the norm definition in the space Bq,1 and the

properties of convolution, we can write

em( f )Bq,1
≪ ‖ f − tn‖Bq,1

=

∥∥∥∥ ∑
(s,γ′)≥n

As( f )

∥∥∥∥
Bq,1

= ∑
s∈Nd

∥∥∥∥∥As ∗ ∑
s′∈N

d

(s′,γ′)≥n

As′( f )

∥∥∥∥∥
q

≤ ∑
(s,γ′)≥n−γ

′(d)

∥∥∥∥As ∗ ∑
‖s−s′‖∞≤1

As′( f )

∥∥∥∥
q

≤ ∑
(s,γ′)≥n−γ

′(d)

‖As‖1

∥∥∥∥ ∑
‖s−s′‖∞≤1

As′( f )

∥∥∥∥
q

:= J1.

(10)
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Further, since ‖As‖1 ≤ C6, C6 > 0 (see, e.g., [36, Ch. 2, §1]), we can continue estimating the

quantity J1 as follows

J1 ≪ ∑
(s,γ′)≥n−γ

′(d)

∥∥∥∥ ∑
‖s−s′‖∞≤1

As′( f )

∥∥∥∥
q

≪ ∑
(s,γ′)≥n−2γ

′(d)

‖As( f )‖q . (11)

Let us consider first the case 1 ≤ θ < ∞ and write (11) in the form

J1 ≪ ∑
(s,γ′)≥n−2γ

′(d)

2(s,r)‖As( f )‖q2−(s,r) := J2. (12)

Using now for the expression J2 Hölder’s inequality with exponent θ (with corresponding

modification of this inequality for θ = 1), and Lemma A, we get

J2 ≤

(
∑

(s,γ′)≥n−2γ
′(d)

2(s,r)θ‖As( f )‖θ
q

)1/θ(
∑

(s,γ′)≥n−2γ
′(d)

2−(s,r)θ′
)1/θ′

≤ ‖ f‖Br
q,θ

(
∑

(s,γ′)≥n−2γ
′(d)

2−(s,r)θ′
)1/θ′

≤

(
∑

(s,γ′)≥n−2γ
′(d)

2−(s,γ′)r1θ′
)1/θ′

≍ 2−nr1n(ν−1)(1−1/θ), 1/θ + 1/θ′ = 1.

(13)

So, combining (10), (12) with (13) and taking into account that m ≍ 2nnν−1, we get the

estimate em( f )Bq,1
≪ m−r1(logν−1 m)r1+1−1/θ, 1 ≤ θ < ∞.

Let θ = ∞. For f ∈ Br
q,∞ from (1) we have that ‖As( f )‖q ≪ 2−(s,r). Then in view of

Lemma A and the fact that m ≍ 2nnν−1, we continue the relation (11) as follows

em( f )Bq,1
≪ ∑

(s,γ′)≥n−2γ
′(d)

‖As( f )‖q ≪ ∑
(s,γ′)≥n−2γ

′(d)

2−(s,r)

= ∑
(s,γ′)≥n−2γ

′(d)

2−(s,γ)r1 ≍ 2−nr1nν−1 ≍ m−r1(logν−1 m)r1+1.

The upper estimate is proved.

Moving to the lower estimate in (9) we note that it suffices to consider the case p = ∞,

1 < q < ∞ and ν = d.

Let the number n ∈ N satisfies the relation m ≍ 2nnν−1 and PYn
denotes the operator of

orthogonal projection on T (Yn). Then it is simple to show that the norm of the operator PYn
,

as an operator from Bq,1 to Bq,1 (notation ‖PYn
‖Bq,1→Bq,1

), is bounded for 1 < q < ∞. We have

‖PYn
‖Bq,1→Bq,1

= sup
‖ f ‖Bq,1

≤1

∥∥∥∥ ∑
|k|∈Yn

f̂ (k)ei(k,x)

∥∥∥∥
Bq,1

≍ sup
‖ f ‖Bq,1

≤1
∑

s∈Dn

‖δs( f )‖q

≤ sup
‖ f ‖Bq,1

≤1
∑

s∈Nd

‖δs( f )‖q ≤ C7, C7 > 0.
(14)

Hence, in view of (14), for the trigonometric system T = {ei(k,x)}k∈Zd we can write

em(T (Yn)B∞,∞)Bq,1
= em(T (Yn)B∞,∞ , T)Bq,1

≥ C8em(T (Yn)B∞,∞ , {ei(k,x)}|k|∈Yn
)Bq,1

. (15)

In what follows, to use the relation (15) for estimating the quantity em(Br
∞,θ)Bq,1

we consider

two cases.
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Case 1. Let 1 ≤ θ < ∞. Then for the polynomial t ∈ T (Yn)B∞,∞ we get

‖t‖Br
∞,θ

≍

(
∑

s∈Dn

2(s,r)θ‖As(t)‖
θ
∞

)1/θ

≤ 2nr1 max
s∈Dn

‖As(t)‖∞

(
∑

s∈Dn

1

)1/θ

≪ 2nr1‖t‖B∞,∞ n(d−1)/θ.

That yields existing of a constant C9(r, d, θ) > 0, such that it holds

C9(r, d, θ)2−nr1 n−(d−1)/θT (Yn)B∞,∞ ⊂ Br
∞,θ ∩ T (Yn)B∞,∞ . (16)

Case 2. Let θ = ∞. Then for t ∈ T (Yn)B∞,∞ we get ‖t‖Br
∞,θ

≍2nr1 max
s∈Dn

‖As(t)‖∞ ≪2nr1‖t‖B∞,∞

and conclude that with some constant C10(r, d) > 0 the following embedding holds

C10(r, d)2−nr1T (Yn)B∞,∞ ⊂ Hr
∞ ∩ T (Yn)B∞,∞ . (17)

Therefore, in view of (15)–(17) and Theorem A with respect to the trigonometric system

{ei(k,x)}|k|∈Yn
we obtain

em(Br
∞,θ)Bq,1

≥ em(Br
∞,θ ∩ T (Yn)B∞,∞)Bq,1

≫ 2−nr1n−(d−1)/θem(T (Yn)B∞,∞ , {ei(k,x)}|k|∈Yn
)B1,1

≫ 2−nr1n−(d−1)/θnd−1 = 2−nr1n(d−1)(1−1/θ)

≍ m−r1(logd−1 m)r1+1−1/θ,

(18)

where 1 < q < ∞, 1 ≤ θ ≤ ∞.

To conclude the proof we note that the lower estimate in (9) for q = ∞ follows from (18)

and the inequality ‖ · ‖B∞,1
≥ ‖ · ‖Bq,1

, 1 < q < ∞. Theorem 1 is proved.

We now comment the obtained result.

First we note that in the univariate case the orders of the quantities em(Br1
p,θ)Bq,1

and

em(Br1
p,θ)q, 1 ≤ q ≤ p ≤ ∞, are formulated in Theorems B and C. We see that the follow-

ing relations

em(Br1
p,θ)Bq,1

≍ em(Br1
p,θ)q ≍ m−r1 (19)

hold. We also note that in (19) the case p = q = 1 is included.

In the multivariate case (d ≥ 2) the situation is different. So, comparing the results of The-

orems 1 and D for corresponding values of the parameters p and q, we see that the orders of

the quantities em(Br
p,θ)Bq,1

and em(Br
p,θ)q coincide only for ν = 1. Let us mention one more

important issue that was actually a motivation for investigating the best m-term trigonometric

approximations of the classes Br
p,θ in the space Bq,1 for d ≥ 2. We have in mind the fact that

in Theorem 1 we obtained, in particular, estimates of the quantities em(Br
p,θ)Bq,1

in the cases

1 < q ≤ p ≤ 2 and p = q = ∞, where the orders of the respective approximation charac-

teristics of the classes Br
p,θ in the space Lq still remain unknown (see, e.g., Theorem D, and

also [9, Open problem 7.5]).

In the following statement we get the order of the quantity e⊥m(Br
p,θ)Bq,1

.
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Theorem 2. Let d ≥ 2, 1 < q ≤ p ≤ ∞, q 6= ∞, 1 ≤ θ ≤ ∞. Then for r1 > 0 the following

estimate holds

e⊥m(Br
p,θ)Bq,1

≍ m−r1(logν−1 m)r1+1−1/θ. (20)

Proof. The lower estimate follows from Theorem 1 and the relation

e⊥m(Br
p,θ)Bq,1

≥ em(Br
p,θ)Bq,1

≍ m−r1(logν−1 m)r1+1−1/θ.

Moving to proving the upper estimate in (20), we note that it suffices to get it for the

case 1 < q = p < ∞.

Hence, for the function f ∈ Br
q,θ, 1 < q < ∞, as an approximation aggregate we use the

polynomial SΘm
( f ) := SΘm

( f , x) = ∑(s,γ′)<n δs( f , x), where the number n ∈ N satisfies the

condition m ≍ 2nnν−1.

Therefore, we can write

e⊥m( f )Bq,1
≤

∥∥∥∥ f − ∑
(s,γ′)<n

δs( f )

∥∥∥∥
Bq,1

=

∥∥∥∥ ∑
(s,γ′)≥n

δs( f )

∥∥∥∥
Bq,1

= ∑
s∈Nd

∥∥∥∥∥δs

(

∑
s′∈N

d

(s′,γ′)≥n

δs′( f )

)∥∥∥∥∥
q

≤ ∑
(s,γ′)≥n

‖δs( f )‖q := J3.
(21)

Further let us consider two cases.

Case 1. Let 1 ≤ θ < ∞. Then, in view of Hölder’s inequality with exponent θ (with corre-

sponding modification of this inequality for θ = 1) and Lemma A, we get

J3 ≤

(
∑

(s,γ′)≥n

2(s,r)θ‖δs( f )‖θ
q

)1/θ(
∑

(s,γ′)≥n

2−(s,r)θ′
)1/θ′

≪ ‖ f‖Br
q,θ

(
∑

(s,γ′)≥n

2−(s,γ)r1θ′
)1/θ′

≪ 2−nr1n(ν−1)(1−1/θ).

(22)

Case 2. Let θ = ∞. In this case, taking into account that for f ∈ Br
q,θ, 1 < q < ∞, it holds

‖δs( f )‖q ≪ 2−(s,r), s ∈ N
d, and using Lemma A, we obtain

J3 ≪ ∑
(s,γ′)≥n

2−(s,r) ≪ 2−nr1nν−1. (23)

Hence, combining (21)–(23) and noting that m ≍ 2nnν−1, we get the respective upper esti-

mate of the quantity e⊥m(Br
q,θ)Bq,1

, and respectively

e⊥m(Br
p,θ)Bq,1

≪ m−r1(logν−1 m)r1+1−1/θ, 1 < q ≤ p ≤ ∞, q 6= ∞

Theorem 2 is proved.

Let us comment the obtained result.

The result of Theorem 2 complements estimates of the quantity e⊥m(Br
p,θ)Bq,1

, q ∈ {1, ∞}, that

were obtained in the papers [29,31]. Besides, in Theorem 2 we managed to expand the allowed

parameter regions in comparison to the known by this time estimates of the quantity e⊥m(Br
p,θ)q



Estimates of the characteristics of nonlinear approximation 457

(see Theorems F, G). Having this in mind, comparing the results of Theorems 2, F and G for

mutual values of the parameters p and q we conclude that orders of the considered quantities

in the spaces Bq,1 and Lq differ except the case ν = 1. Here we note that in the univariate case

the following relations hold (see [21, 30]):

e⊥m(Br1
p,θ)Bq,1

≍ e⊥m(Br1
p,θ)q ≍ m−r1.

To conclude the paper, let us obtain orders of the considered in Theorems 1, 2 approxima-

tion characteristics (4) and (5) for the Sobolev classes Wr
p,α in the space Bq,1 for some relations

between the parameters p and q.

Theorem 3. Let d ≥ 2, 1 < q ≤ 2, q ≤ p < ∞, α ∈ R
d. Then for r1 > 0 the following estimates

hold

em(W
r
p,α)Bq,1

≍ e⊥m(W
r
p,α)Bq,1

≍ m−r1(logν−1 m)r1+1/2. (24)

Proof. We establish first the upper estimate of the quantity e⊥m(W
r
p,α)Bq,1

noting that it suffices

to consider the case 1 < q ≤ p ≤ 2. Then, in view of the fact that Wr
p,α ⊂ Br

p,2, 1 < p ≤ 2, and

by the result of Theorem 2 for θ = 2, we have

e⊥m(W
r
p,α)Bq,1

≪ e⊥m(Br
p,2)Bq,1

≍ m−r1(logν−1 m)r1+1/2. (25)

What concerns the lower estimate in (24), it is sufficient to prove it for the quantity

em(Wr
p,α)Bq,1

for 1 < q ≤ 2 ≤ p < ∞.

Hence, taking into account the embedding Br
p,2 ⊂ Wr

p,α, 2 ≤ p < ∞, and using the estimate

of Theorem 1 for θ = 2, we get

em(W
r
p,α)Bq,1

≫ em(Br
p,2)Bq,1

≍ m−r1(logν−1 m)r1+1/2. (26)

By (6) we have em(Wr
p,α)Bq,1

≤ e⊥m(W
r
p,α)Bq,1

, and hence from the relations (25) and (26) we

derive (24). Theorem 3 is proved.

To complement Theorem 3, let us formulate the respective result for the univariate case.

Theorem 4. Let d = 1, 1 < q ≤ p < ∞, α ∈ R. Then for r1 > 0 the following estimates hold

em(W
r1
p,α)Bq,1

≍ e⊥m(W
r1
p,α)Bq,1

≍ m−r1. (27)

Proof. The upper estimate of both of the quantities is a corollary from the obtained in [19]

results (see Theorems 1′, 4′).

The lower estimate in (27) follows from the relation

em(W
r1
p,α)q ≍ m−r1 (28)

(see [9, Theorem 7.5.1]) and inequalities (3). Theorem 4 is proved.

We now comment the results of Theorems 3, 4.

Comparing the estimates (27) and (28) we see that in the case d = 1 the respective ap-

proximation characteristics of the classes Wr1
p,α in the spaces Bq,1 and Lq coincide in order. A

different situation is in the multivariate case (d ≥ 2). For convenient comparison we formulate

an analog of Theorem 3 in the space Lq.



458 Pozharska K.V., Romanyuk A.S., Yanchenko S.Ya.

Theorem I. Let d ≥ 2, 1 < q ≤ p < ∞, α ∈ R
d. Then for r1 > 0 the following estimates hold

em(W
r
p,α)q ≍ e⊥m(W

r
p,α)q ≍ m−r1(logν−1 m)r1 . (29)

Note that the upper estimate of both of the quantities in (29) is realized by approximation of

functions f ∈ Wr
p,α in the space Lq by their step hyperbolic Fourier sums (see [9, Theorem 4.2.4])

S
γ

n ( f ) := S
γ

n ( f , x) = ∑
(s,γ)<n

δs( f , x), m ≍ 2nnν−1.

The lower estimate of the quantity em(Wr
p,α)q was obtained in the paper [14].

Hence, comparing (24) with (29) for 1 < q ≤ 2, q ≤ p < ∞ we see that in the case d ≥ 2

orders of the respective approximation characteristics of the classes Wr
p,α coincide in the spaces

Bq,1 and Lq only for ν = 1.
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У роботi одержано точнi за порядком оцiнки найкращого m-членного тригонометрично-

го наближення та найкращого ортогонального тригонометричного наближення функцiй з

класiв Нiкольського-Бєсова Br
p,θ(T

d) i Соболєва Wr
p,α(T

d) у пiдпросторах Лебега Bq,1(T
d) для

деяких спiввiдношень мiж параметрами p та q. При цьому встановлено, що одержанi оцiн-

ки дослiджуваних апроксимацiйних характеристик у багатовимiрному випадку, на противагу

одновимiрному, у просторах Bq,1(T
d) та Lq(Td) вiдрiзняються за порядком. Крiм цього знайде-

нi точнi за порядком оцiнки найкращого m-членного та ортогонального тригонометричних

наближень у просторах Bq,1(T
d) для деяких значень параметрiв, при яких вони залишаються

невiдомими у просторi Lq(Td).
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