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Estimates of the characteristics of nonlinear approximation of
classes of periodic functions of many variables

Pozharska K.V."?>™ Romanyuk A.S.}, Yanchenko S.Ya.!

In the paper, we obtained exact order estimates of the best m-term trigonometric approxima-
tion and the best orthogonal trigonometric approximation of functions from the Nikol’skii-Besov
B;,O(Td ) and Sobolev W;,R(Td ) classes in the Lebesque subspaces Bq,l(il"d) for some relations be-
tween the parameters p and q. The received results yield that estimates of the considered approx-
imation characteristics in the multivariate case, in contrast to the univariate, in the spaces Bq,l (Td)
and Ly (T?) differ in order. Besides, for some parameter values the obtained exact order estimates of
the best m-term trigonometric approximation and the best orthogonal trigonometric approximation
in the spaces B, 1(T") still remain unknown for the L, (T“)-space.

Key words and phrases: Nikol'skii-Besov class, Sobolev class, best m-term trigonometric approxi-
mation, best orthogonal trigonometric approximation.
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Introduction

In the paper, we investigate characteristics of nonlinear approximation of the Nikol’skii-
Besov B;e(Td ) and Sobolev Wy, (T) classes in the space B,1(T?), 1 < g < oo, for some

relations between the parameters p and q. Note that the norm in the space B, (T¢) is not
“weaker” than the L;(T%)-norm. A motivation for considering approximation characteristics
in the spaces B, (T9), g € {1,00}, in particular for the classes of multivariate functions, as
indicated in the papers [6,11, 13, 26-29, 32], was the fact that in certain important cases the
questions on the exact orders of respective characteristics in the spaces Li(T%) and Le,(T%)
still remain open (see, e.g., [9]). In addition, some open questions remain also in the space
L, (T9),1 < g < co. We will discuss that more detailed in comments to the obtained results.
The paper consists of three parts. In the first part we introduce necessary notation as well
as definitions of the functional classes and spaces B; (T?). In the second part we define ap-
proximation characteristics under investigation and formulate auxiliary statements.
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The third part of the paper in the main one. Here we obtain exact order estimates of the
best m-term and the best orthogonal trigonometric approximations of the classes B; G(Td) and
W) o (T9) in the space B, 1(T*).

As a result of the research we show that in the multivariate case, in contrast to the uni-
variate, estimates of the investigated approximation characteristics of the classes B; G(Td) and

WY « (T?) in the spaces By1 (T%) and L,(T*) differ in order.

1 Definition of the functional classes and the spaces B, ;

Let RY d > 1, be an Euclidean space with elements x = (xy,...,x;) and scalar product
(x,y) = x1y1 + ...+ xqy4. By L,(T%), T? = H 10,27), 1 < p < oo, we denote the space of
functions f, that are 271- perlodlc in each Varlable and such that

1/p
£l = Uy = (@074 [l dx) <o, 15 p<co
Il = 1l o) = esssup F(x)] <o

x€Td

Remark 1. If D is an arbitrary bounded region in R?, d € IN, we similarly define the spaces
Ly(D), respectively, with the norm ||f| ., (p)

In what follows, we consider the set of functions Lg (T“) defined by

27
Lo ("IFd) {f fe Lp(Td) A f(x)dxj =0, j =1,d, almost everywhere}.

Further we agree to use the simplified notation L, and Lg in place of L,(T?) and Lg("ﬂ"d),
respectively.

Let us define the classes B;IG(T‘Z) and H;(Td), that are investigated in the paper. Here it
will be convenient for us to use their definitions in terms of the so-called decomposition nor-
malization (see, e.g., [2,15]), in particular of the Vallée-Poussin-type for the parameter values
1 < p < oo (see [15, Remark 2.1]).

Let Vi(t), t € R, I € N, be the Vallée-Poussin kernel of the form

2]1—1 k—1
V()—1+22coskt+2 ) (1——)coskt,
k=I1+1 l

where the third term is equal to zero for | = 1. We associate each vector s = (sy,...,sy), si€N,
j = 1,d, with a polynomial As(x) = H 1(Vyj (%) = V5,-1(x7)) and for f € 19,1 < p < oo, we
set As(f) := As(f, x) = (f * As)(x), where * is the operation of convolution.
Thenfor1 < p <oo,1 <0 < oo, r=(r,...,79),7,>0,j= 1,d, the classes B;,G(Td) can be
defines as follows
BT = {f € 19: |l ao) < 1),

where

1/6
£ 1By () X( Y 26579 Ay H‘)>

seIN4



Estimates of the characteristics of nonlinear approximation 449

forl1 <0 < ocoand
1A 113y (xty = 111y (way = sup 26 Ag(£)]lp- (1)

s€N?

Here and in what follows, for positive quantities a and b we will use the notation a < b
(the order equality), that means that there exist positive constants C; and C,, which do not
depend on one essential parameter in the quantities 2 and b, such that C;a < b (we write
a < b, i.e. order inequality) and Coa > b (we write a > b). The main results of the paper will
be formulated in terms of the order relations. All of the constants C;, i = 1,2,..., appearing
in the paper, could depend only on the parameters from the definition of the class, metrics
where we measure the approximation error, and from the dimension of the space R?. In some
cases this dependence will be indicated in an explicit way, sometimes it will be clear from the
context. For a finite set 91 by |91 we denote the number of its elements.

In the case 1 < p < oo, the norm definition of functions from the classes B;/Q(Td) can be
rewritten in other, equivalent form. Namely, in terms of dual “blocks” of the Fourier series of
functions f € Lg.

For the vectors s = (sq,...,84),8; € N, k = (k1,...,kq), ki € Z, j = 1,d, we set

p(s) == {k=(ky,... kg): 27 < |kj| < 2%, j=1,d}

and for f € Lg denote 65(f) := 6s(f, x) = Lkep(s) ]?(k)ei(k'x), where

Fe) = @m~4 [ e <0at

are the Fourier coefficients of the function f.
Letl<p<oo,1<0<o00,r=I(ry,..., 15, ri>0,j= 1,d. Then the classes B;,Q(Td) can
be defined in the following way (see [15])

Le(TH) == {f e L]: Hf||B;,9(1rd) <1},
where

1/6
Py e = (& 2571811
seN4
for1 <6 < ooand Hf”B;,oo(Td) = ”fHH;(Td) = SUPg N 2(S’r)|’5s(f>”i7~
Further we formulate a definition of the Sobolev classes Wy, , (T?), that are also investigated
in the paper.
Let F,(x, &) are multivariate analogs of the Bernoulli kernels, i.e.

d oG Tt
F(x,a) = Zdznk]- T cos <ij]- — ]T)' r>0, a€R,
* =1

and we sum over the vectors k = (ky,...,k;), such thatk; > 0, j = 1,d. Then by Wy . ("IFd) we
denote the class of functions f of the form

f(x) = p(x) * Fr(x, ) = (27T>’d/ o(y)F(x—y,0)dy, @€ LY(T), [o], <1

T
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The history of investigation of approximation characteristics of the classes Wy, (T4),
H;(Td ) and B;IQ(T‘Z), 1 <6 < oo, can be found in the monographs [9, 20, 36, 39]. We recall
that for the introduced classes the following embeddings hold:

B}, »(T) C W}, (T%) C B (T9), 1<p<2;
ro(T%) C WS (T C By (TY), 2<p <o
Wy o (T?) C B} o(T) = HY(T?), 1<p<co.

In particular, in the case p = 2 we have W] , (T?) BE,Z("IFd) CW;, (T%).
Note that with the growth of the parameter 6, the classes B;/Q (T9) expand, i.e.

»1(T9) C By 5 (T9) C B 4, (T9) C By, oo(T) = Hy(T), 1<6; <6; <co.

Further, for simplicity, in place of W} , (T9), H;(Td) and B;IQ(TCZ) we will use the notation
Wy, Hp, and B;,e' This should not lead to misunderstanding because only these classes of
functions are considered in the present paper.

In what follows, we assume that the coordinates of the vector r = (r1,...,7;) in the defined
classes are arranged as 0 < r; =1 = ... =1, < 1,41 < ... < ry. We associate the vector
r € R? with the vector ¢ € R with coordinates v =ri/r,j = 1,d, and the vector 7 with the
vector ¢/ € R, where 'y; =] = 1,v,and 1 < 'y; <7p,j=v+1,4d.

We now define the norm | - HBq,l(Td), 1 < q < oo, in the subspaces B, 1(T?) (denoted in
what follows by B; 1) of functions f € Lg (T?). For trigonometric polynomials ¢ with respect to

the multiple trigonometric system {e(¥¥)}, __;, the norm |¢|| B,, is defined by the formula
#15,, = 322 1As(B)llg- (2)
seN9

Similarly we define the norm ||f{| ,, 1 < g < oo, for any function f € Lg such that its series
Y ond || As converges. In the case 1 < g < oo, we can rewrite this norm in an equivalent
seN q 2 q q

form || fllg,, = Esend [10s(f)lg-
Note that for f € Bj1,1<g< oo, the following relation holds

1£llg < 11£1B,- 3)

Remark 2. Such spaces and, respectively, norms, can be considered in a more general case,
namely Bp,q("[l”d), 1<p,q <o (see eg., [14]).

2 Approximation characteristics and auxiliary statements

~ Let 2" be anormed space with the norm || - || - and @y, := {Kk!,..., K™} be a set of vectors
kI € Z9, c; be arbitrary complex numbers, j = 1,m.
We will consider trigonometric polynomials of the form

ke@n,

and for the function f € 2 introduce the quantity

em(f) g = infinf| f — P(Op)| 2

Ck O
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If F C 2 is afunction class, then we set

em(F) 2 = supen(f)a. (4)
feF

The approximation characteristic e, (F) 4 is called the best m-term trigonometric approxi-
mation of the class F in the space 2.

The quantity ey (f)r, (1) for functions of one variable in a more general case was introduced
by S.B. Stechkin [34] when formulating the criterion of absolute convergence of orthogonal se-
ries. We note that the quantity (4) has a rich investigation history on different function classes.
Let us mention several papers that are related to our research. For the introduced Sobolev
W) o (T) and Nikol’skii-Besov B;/Q(Td) classes in the spaces 2~ = L,(T%), d > 1, the es-
timates of the best m-term trigonometric approximations were obtained, in particular, in the
papers [4,5,8,14,22,24,37,38], and in [25] the respective results were applied to estimate the best
bilinear approximations. For isotropic Besov classes, the quantity (4) was studied in [7,33], for
Nikol’skii-Besov- and Sobolev-type classes see, e.g., papers [1, 3, 16,35], and for the Lizorkin-
Triebel and Wiener classes see [12,17]. A more detailed bibliography can be found in the
monographs [9,20,36,39]. We also note the recent papers [18,30], where the quantity (4) was
studied for isotropic Nikol’skii-Besov classes in the space By ;.

Let us define a close to e, (F) 2 approximation characteristics that is also investigated in
the paper.

For the function f € 2" let us denote e;5 (f) o := infg,, || f — Se,, (f)

2, where

A(kj)ei(kj'x), x € RY,

=

Se,,(f) := Se,(f,x) :=

j=1

and
FOe)y = @m)~ [ fye= @ Oat

are the Fourier coefficients of the function f that correspond to the set of vectors from ®,,.
Respectively, for the function class F C 2" we set

e (F) 2 :=sup ey (f) o )
feF

The quantity ey;(F) o is called the best orthogonal trigonometric approximation of the class F
in the space 2". The history of investigation of the quantity (5) for the classes F = Wy , (T4)
and F = B;IG(Td) in the spaces 2~ = Ly(T?) and 2" = B,1(T%), 1 < g < oo, is described in
the papers [10,21,29,32] and the monograph [20]. We note that a similar to e3;(F) 2 quantity
for the classes of non-periodic multivariate functions from the Nikol’skii-Besov classes in the
space 2~ = Ly(IR%) was studied in the papers [40-42].

Immediately from the definitions of the quantities (4) and (5) the next relation

en(F) 2 < ew(F)y (6)

follows.
To formulate the known statements that we use in the proofs, we first introduce some more
additional notation.
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Let D be a bounded setin R?, d € N, and ® = { ¢n(x)}5 ; be a system of functions from
Ly(D),1< g < 0. For f € Ly(D) we set

em(frCD)Lq(D) = Hf ]Gon

{nj}= AGZ+ |Al=m
{cj}eR™

7

Ly (D)

where Z, = IN U {0}. Further, if K C Ly(D) is some class of functions, we define

em (K, @)1, () = sup em(f, P)1, (p)- )
fek

Remark 3. In the case of trigonometric system T := {e!*¥*)}, _,, we will write (7) as
en(K, T)1,p) = em(K, { ™ e z0)1,(p) = em(K)g-

In what follows, for the vector s = (sq1,...,54) with even numbers si €N, j = 1,d, we
denote p* (s) := {k = (k,...,kg): 2571 < ki <2%, kjeN, j= 1,d} and for n € N set

Dy:={s: (s,1)=2[n/2]}, Vu:= | p"(s)

seD,

where [a] is the integer part of the number 4.
Note that for the number of elements in the sets D, and ), the following relations

|D,| < ni-1 Y, = 21

hold.
Let 7 (Y, ) be a set of polynomials of the form

Z Ckei(k,x),

‘k‘eyn

where |k| = (k1],..., |k4])-
If 2 is a normed space with the norm || - || 2-, by 7 (Vu) 2 we denote the unit ball in the
space T (V).

In the introduced notation the following statement holds.

Theorem A ([14]). There exists a constant C3(d) > 0, such that for any set of functions
D = {qo]-};-zl C By, 1 < C4|Vy| the following estimate

en(T (Vi) Buwr ®)Byy > Con™ !, Cs5 = Cs(d, C4) > 0,
holds for allm < Cs(d)|Vu|.

Remark 4. The norm in the space Bw « is defined as a moditication of the relation (2), by which
we define the norm in the spaces B, 1, namely ||f||p., ., := supgcpe || As ()] oo

Lemma A ([36, p. 11]). The following relation holds

Yo 27Bem < amPrr-l g s o,
(s1')=n
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Theorem B ([30]). Letd = 1,1 < g < p < o0, 1 <6 < oo. Then forr; > 0 the following
estimate em(B:},e) B,, =< m~"t holds.
Theorem C ([7,23]). Letd = 1,1 < g < p < o0,1 < 6 < oo. Then forr; > 0 the following
estimate em(B:},e)q = m~" holds.
Theorem D ([22]). Letd > 2,1 <g<p <oo,p >2,1 <6 < oco. Then forr; > 0 the following
estimate e (B, 5)q =< m™"1 (log"~ 1 m)(n+1/2=1/0)+ holds, where a, = max{a,0}.

Further we formulate the known statements that concern the best orthogonal trigonometric
approximations.
Theorem E ([30]). Letd = 1,1 < p,q,0 < oo and (p,q) ¢ {(1,1),(00,00)}. Then for
r1 > (1/p —1/q)+ the following estimate holds

1L -
em(B;rgl,g)Bq,1 = mnt1/p+1/g9)4 (8)

Remark 5. Under the conditions of Theorem E, for the quantity ei(B;{Q)q the estimate (8)
holds (see, e.g., [21]).

Theorem F ([21]). Letd > 2,1 < g <p <oo,p > 2,1 <6 < co. Then forr, > 0 the following
estimate e,ﬁ(B;ﬂ)q = m~"1(log" ! m)(1+1/2-1/0)+ holds.

Theorem G ([21]). Letd > 2,1 <g<p < 2.
a) Ifeither1 <0 < pandry >1/0—1/porf > pandr; > 0, then

mfrl(logv_l m)r1+1/2*1/0 < ei( ;,G)q < mfrl(logv_l m)r1+1/p71/0_

b)If1<f<pand 0<r <1/0—-1/p, theneﬁ”-(B;,e)q =m ",

Theorem H ([21]). Letd > 2,1 < p < 2,1 < 0 < oo. Then for r; > 0 the following estimate
e (Bl g)p = m~"1(log"™ ! m)(n*/p=1/0)+ holds.

3 Main results

Theorem 1. Letd > 2,1 < g < p < 00,1 < 0 < co. Then forr; > 0 the following estimate
holds

em(Bj)B,, =< m =" (log" 1 m)1t1-1/6, )

Proof. We first establish the upper bound. Note that in view of the embedding B;,e C B;,G'
1 < g < p, itis sufficient to consider the case p = g.

So, let f € Bl o1 < g <00,1< 6 < co. Asan approximation aggregate for function f we
consider the polynomial t, := t;(x) = Y(s,/)<, As(f, x), where the number n € IN satisfies
the condition m < 2"n"~1.

Then defining 9/(d) := 7] +... + 7}, by the norm definition in the space B, and the

properties of convolution, we can write

en(f)p,, < uf—tnqu,l:\ Y oA = ¥ las ¥
(s, )>n B;1  seNd s’ eIN? q
(s'7")>n
< ) Asx Y AgD < X Ak Y A«(D)| =
(s")=n—v'(d) |s—s'|o<1 9 (sy')=n—9'(d) |s—s" |0 <1 q

(10)
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Further, since ||As||1 < Cs, Cs > 0 (see, e.g., [36, Ch. 2, §1]), we can continue estimating the
quantity [; as follows

h < )

(sy")>n—9'(d)

< Y Al (11)

9 (s9)>n—29'(d)

Z As’ (f)

ls—s"lle<1

Let us consider first the case 1 < 0 < oo and write (11) in the form

h < 2 Z(S'T)HAS(ﬂquf(s'r) = Ja. (12)
(s7")2n—=29'(d)
Using now for the expression [, Holder’s inequality with exponent 6 (with corresponding
modification of this inequality for 8 = 1), and Lemma A, we get

1/0 ) 1/6’
o < ( Y 2(5")9|!As(f)|!2> ( y zw)
( (s,

s, )2n—2v'(d) 9" )2n—2v'(d)

—(s,1)8’ Ve —(sy")r10’ e (13)
<l L 2 (I " )

(s7')=n—29"(d) s7')=n—2v"(d)
= 27y (v-DA=VE) 179 1 1/0" = 1.

So, combining (10), (12) with (13) and taking into account that m < 2"n"~1, we get the
estimate e (f)p,, < m~"1(log" 1 m)1*t1-1/¢ 1 < 9 < oo.

Let § = oo. For f € B!, from (1) we have that [|As(f)|l; < 27("). Then in view of
Lemma A and the fact that m =< 2"1n"~!, we continue the relation (11) as follows

em(f)BqJ < 2 [As(f)llg < Z 2 (s1)
(S,,}/)anZ'y'(d) (SI'Y/)ZH*Z'}/(d)
- Z 278 < gyl o m_rl(logv_1 m)1 L
(sy')>n—2v'(d)

The upper estimate is proved.

Moving to the lower estimate in (9) we note that it suffices to consider the case p = oo,
l1<g<ocoandv =d.

Let the number n € IN satisfies the relation m < 2"n'~! and Py, denotes the operator of
orthogonal projection on 7 (Yy). Then it is simple to show that the norm of the operator Py, ,
as an operator from By 1 to B, 1 (notation || Py, || B,1—B,,), is bounded for 1 < g < co. We have

-~

1Py, NI, 8, = sup || Y FlR)E®D| < sup Y [166(f)lg
I1£115,, <11l K<y, 1 Iflls,,<15€D,

< sup ) [I&s(f)llg <G G >0

1118, <1 sene

b (14)

Hence, in view of (14), for the trigonometric system T = {e!(k*) }keza We can write

em(T(yn)Boo,m)BqJ = em(T(yn)Boo,oor T)Bm > Csem(T(yn)Bw,oor {ei(k'x)}‘k‘eyn)]gqll. (15)

r

In what follows, to use the relation (15) for estimating the quantity e, (B, ,

two cases.

)B,, we consider
q,1
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Case 1. Let 1 < 6 < oo. Then for the polynomial t € T (Yy)p,, ,, we get

Boo,oo

1/6 1/6
Iz, = (X 25714012 ) <27 max Aol 1) < 2 a0

seD, seDy,

That yields existing of a constant Co(7,d, 0) > 0, such that it holds

Co(r,d,0)2" 0~ VT (V)5 € BlgNT (V) (16)

Boo,oo Boo,oo *

Case 2. Let 0 = co. Then fort € T (), we get [|t[[p; =2 max | As(t)]|oo 21|t B,
o, seD, !

Boo,oo
and conclude that with some constant C1o(7,d) > 0 the following embedding holds
Cao(r,d)27" T (Yn)

C H,NT (Vn) (17)

Boo,oo Boo,oo ‘

Therefore, in view of (15)=(17) and Theorem A with respect to the trigonometric system
{ei(kx) }k|ey, We obtain

em(Bgo,G)Bq,l 2 em(BZo,Q N T(yn)Bm,w)Bq,l

> 270 o (T (D) €6 b ), o
> anrlnf(dfl)/()ndfl _ anrln(dfl)(lfl/e)

—m N (logdfl m)1’1+1—1/9’
wherel < g < 00,1 <6 < oco.

To conclude the proof we note that the lower estimate in (9) for g = oo follows from (18)
and the inequality || - [|p,, > || - [5,;, 1 < g < co. Theorem 1 is proved. O

We now comment the obtained result.
First we note that in the univariate case the orders of the quantities em(B:}Q) B,, and

em(B?e)q, 1 < g < p < o, are formulated in Theorems B and C. We see that the follow-
ing relations

em(Bylg)B,, = em(B),

p,G)‘? =m " (19)

hold. We also note that in (19) the case p = g = 1 is included.

In the multivariate case (d > 2) the situation is different. So, comparing the results of The-
orems 1 and D for corresponding values of the parameters p and g, we see that the orders of
the quantities em(B;/Q) B,, and em(B;,Q)q coincide only for v = 1. Let us mention one more
important issue that was actually a motivation for investigating the best m-term trigonometric
approximations of the classes By, o in the space B, for d > 2. We have in mind the fact that
in Theorem 1 we obtained, in particular, estimates of the quantities em(B;ﬂ) By in the cases
1 <g<p<2andp = q = oo, where the orders of the respective approximation charac-
teristics of the classes B;/Q in the space L; still remain unknown (see, e.g., Theorem D, and
also [9, Open problem 7.5]).

In the following statement we get the order of the quantity e;; (B;ra,(?) By
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Theorem 2. Letd > 2,1 < g <p <o00,g# oo,1 <6 < co. Then forr; > 0 the following
estimate holds
e (Bl g)B,, = m " (log"™ " m)" 1710, (20)

Proof. The lower estimate follows from Theorem 1 and the relation

en(B}o)B,, = em(B}o)n,, M (log" )10,

Moving to proving the upper estimate in (20), we note that it suffices to get it for the
casel < g =p < oo.

Hence, for the function f € Bl 1 < q < oo, as an approximation aggregate we use the
polynomial Se,, (f) := Se,,(f,x) = L(s4/)<nds(f, %), where the number n € N satisfies the
condition m < 2"V~ 1.

Therefore, we can write

s, <= = an| = ¥ e
By (s )=n Bya
(21)
=) ‘5S< 5s'(f)> < Y s (F)llg == Ta.
sEN? 'eIN? g (s7')zn

Further let us consider two cases.
Case 1. Let 1 < 6 < oo. Then, in view of Holder’s inequality with exponent 6 (with corre-
sponding modification of this inequality for = 1) and Lemma A, we get

1/9 . 1/9/

M( ) 2<S”>9|rss<f>||2> ( Y z—(sm)@)
(s7)zn 1/955,7 )>n )

<<”fHB’9< Z 2" 57719) « 2~ (v=1)(1-1/6)
v S'y ) >n

Case 2. Let 0 = co. In this case, taking into account that for f € B
16s(f)llg <27 (s7), s € N, and using Lemma A, we obtain

qe,l < g < oo, it holds

]3 < Z 2*(5,1’) <<2fnr1n1/71. (23)
(sy")=n

Hence, combining (21)-(23) and noting that m < 2"nV~1, we get the respective upper esti-
mate of the quantity e;; (B; 0)B,,, and respectively

e (B o), < m "(log" tm)n T 1< g<p <o, g#oeo
Theorem 2 is proved. 0

Let us comment the obtained result.

The result of Theorem 2 complements estimates of the quantity e;; (B;,G)Bq,l’ g € {1, 00}, that
were obtained in the papers [29,31]. Besides, in Theorem 2 we managed to expand the allowed
parameter regions in comparison to the known by this time estimates of the quantity e;, (B;ra,(?)‘?
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(see Theorems F, G). Having this in mind, comparing the results of Theorems 2, F and G for
mutual values of the parameters p and g we conclude that orders of the considered quantities
in the spaces B, and L, differ except the case v = 1. Here we note that in the univariate case
the following relations hold (see [21,30]):
i - oL -
e (Blg)B,1 < €(Blg)g = m 'L

To conclude the paper, let us obtain orders of the considered in Theorems 1, 2 approxima-
tion characteristics (4) and (5) for the Sobolev classes W;,m in the space B, for some relations
between the parameters p and 4.

Theorem 3. Letd >2,1<g<2,g<p<o,uac R?. Then for r1 > 0 the following estimates
hold
em(Wpa)B,; = ei(W;,a)Bqll = m " (log" 1 m)1+1/2, (24)

Proof. We establish first the upper estimate of the quantity e;, (W}« )B,, noting that it suffices
to consider the case 1 < g < p < 2. Then, in view of the fact that W;,a C B;/Z, 1<p<2 and
by the result of Theorem 2 for § = 2, we have

erjﬁ(W;,oc)BqJ < ei( ;,Z)Bq,l =m " (logV71 m)r1+1/2‘ (25)

What concerns the lower estimate in (24), it is sufficient to prove it for the quantity
em(Wpa)B,, forl <q<2<p <o

Hence, taking into account the embedding By, C Wy ,, 2 < p < 0, and using the estimate
of Theorem 1 for 6 = 2, we get

em(W;,oc)Bq,1 > em(B;,Z)Bq,l <m " (logV71 m)r1+1/2. (26)
By (6) we have e, (W} )5, < ei(W;,‘x) B,,, and hence from the relations (25) and (26) we
derive (24). Theorem 3 is proved. O

To complement Theorem 3, let us formulate the respective result for the univariate case.

Theorem 4. Letd =1,1 < g < p < oo, « € R. Then forr; > 0 the following estimates hold
Wi B, < e (Wl )p, , =< m ™" 27
em( p,rx)Bq,l =~ em( p,rx)Bq,l =m - (27)

Proof. The upper estimate of both of the quantities is a corollary from the obtained in [19]
results (see Theorems 1/, 4').
The lower estimate in (27) follows from the relation

em(Wpl)g < m™" (28)
(see [9, Theorem 7.5.1]) and inequalities (3). Theorem 4 is proved. O

We now comment the results of Theorems 3, 4.

Comparing the estimates (27) and (28) we see that in the case d = 1 the respective ap-
proximation characteristics of the classes Wy, in the spaces By and L, coincide in order. A
different situation is in the multivariate case (d > 2). For convenient comparison we formulate

an analog of Theorem 3 in the space L.
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Theorem I. Letd > 2,1 <g<p<oco,a € RY. Then forr; > 0 the following estimates hold

em(Wpa)g < e,ﬁ(W;,a)q = m "1 (log" ' m)". (29)

Note that the upper estimate of both of the quantities in (29) is realized by approximation of
functions f € Wy , in the space L, by their step hyperbolic Fourier sums (see [9, Theorem 4.2.4])

Sy(f)=Sy(fox)= Y. O(f,x), m= 2V,

(sy)<n

The lower estimate of the quantity e, (W;,a)q was obtained in the paper [14].

Hence, comparing (24) with (29) for 1 < g < 2,9 < p < oo we see that in the case d > 2
orders of the respective approximation characteristics of the classes W}, , coincide in the spaces
B, and L4 only for v = 1.
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Y poboTi opepXaHO TOUHI 3a MOPSIAKOM OLIHKM HAfKPAIIOTo /M-UA€HHOTO TPUTOHOMETPUYHO-
r0 HabAVDKEHHSI Ta HalKpallloro OPTOTOHAABHOTO TPMTOHOMETPWYHOTO HabAVDKeHHs pyHKIIN 3
kaaciB Hikoascpkoro-Becosa B;,Q(Td ) i CobonreBa W;’a(Td) y mianpocropax Aebera Bq,l(Td ) AAST
AesIKVX CIIIBBIAHOIIIEHb MiX HapaMeTrpamu p Ta (. IIpu mboMy BCTaHOBAEHO, IO OAep>KaHi OLH-
KM AOCAIAXYBaHMX allpOKCMMALIHIX XapaKTepUCTUK y 6araTOBMMipHOMY BUITAAKY, Ha ITPOTUBATY
OAHOBMMIPHOMY, y pocTopax By 1 (T) Ta Ly (T9) BiapisustoTbes 3a mopsiakom. Kpim 1boro sHaitae-
Hi TOYHI 3a IOPSIAKOM OLIIHKM HalfKpaIloro #-4AeHHOrO Ta OPTOrOHaABHOTO TPUTOHOMETPUYHMX
HabAVXeHb y mpocTopax By 1 (T%) aAsT AeSIKIIX 3HAUeHb TApaMeTPiB, TIPY SKMX BOHM 3aAMIIAIOTCS
HeBiAoMMMM y TipocTopi Ly (T4).

Kntouosi croea i ppasu: xkrac Hikoancbkoro-becosa, xaac CoboaeBa, Halikpaille 1#-4AeHHe TPUTO-
HOMeTpI4He HabAVDKeHHs], HalIKpallle OpTOTOHaAbHe TPUIOHOMETPIYHE HaOAVDKEHHS.



