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An application for dynamic programming via fixed point
theorem using rational type

Ozkapu A.S.%2%, Acar 0.1

In this study, we introduce and investigate the concept of generalized multivalued rational type
F-contractions on spherically complete ultrametric spaces. Building upon the existing framework
of fixed point theory, we establish novel fixed point theorems for such mappings and provide sev-
eral corollaries that extend and unify known results in the literature. To highlight the applicability
of our findings, we present an illustrative example that demonstrates the validity of the proposed
approach. Furthermore, we explore an application to dynamic programming by formulating func-
tional equations whose solutions can be obtained through the developed fixed point techniques.
The results not only broaden the scope of contraction principles in non-Archimedean settings but
also emphasize the utility of ultrametric structures in optimization and computational mathematics.
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Introduction

It is well known that the Banach fixed point theorem is important in both theoretical and
computational aspects of mathematics. This theorem finds many practical applications due to
its simple statement and proof. It provides the theoretical background for the successive ap-
proximation method widely used by E. Picard and J. Liouville. Banach’s Contraction Principle
says that, whenever (M, v) is complete, then any contraction selfmap of M has a unique fixed
point. This fixed point result is one of the most powerful tools for many existence and unique-
ness problems arising in mathematics. Because of its importance, Banach Contraction Princi-
ple has been extended and generalized in many ways (see, for instance, [3,4, 6,11, 14,17, 18]).
Among all these, an interesting generalization was given by D. Wardowski [20].

Theorem 1 ([20]). Let (M, v) be a complete metric space and let T : M — M be an F-con-
traction. Then T has a unique fixed point in M.

In this theorem, F : (0,00) — R satisfies the following conditions:
(F1) F is strictly increasing, i.e. for all o, B € (0, 00) such that a < 8, we have F(a) < F(p);

(F2) for each sequence {a,} of positive numbers we have

lim a, =0 <— lim F(a,) = —o0;
n—+00 n—+o0
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(F3) there exists k € (0,1) such that

lim a*F(a) = 0.

a—07T

By F we denote the set of all functions F. Many authors extend this result for different
type mappings on different type metric space (see [1,13,15]). On the other hand, for the first
time, in [19], A.C.M. Van Roovij introduced the concept of ultrametric space. Then L. Gajic [9]
proved the following theorem.

Theorem 2 ([9]). Let (M, v) be a spherically complete ultrametric space. If T : M — M is a
mapping such that for all x,y € M, x # y we have

v(Tx, Ty) < max{v(x,y),v(x, Tx),v(y, Ty)},
then T has a unique fixed point.

Here, we must mention that L. Gajic [8] extended this result for multivalued maps.

Another important study in fixed point theory is to determine coincidence point results for
single valued and set valued mappings. The analogue of such results in ultrametric spaces was
obtained by K.P.R. Rao et. al. [16] for coincidence point theorems from single valued maps to
set valued contractive maps.

Theorem 3. Let (M, v) be an ultrametric space, and let f,S, T : M — M satisfy the following
conditions:

(i) f(M) is spherically complete;
(ii) v(Sx, Ty) < max{v(fx, fy), v(fx, Sx),v(fy, Ty)} forallx,y € M, x # y;
(iii) fS = Sf, fT = Tf, ST = TS;
(iv) S(M) € f(M), T(M) € f(M).
Then either fw = Sw or fw = Tw for somew € M.

Q. Zhang and Y. Song (see [21]) gave some results for weak contraction on ultrametric
space. On the other hand, in [10], give some fixed point results on ultrametric space using
F-contraction. For other results for fixed point theory on ultrametric space you can see [2,7].

In this paper, we aim to obtain some fixed point theorems using rational type F-contraction
for multivalued mapping on a spherically complete ultrametric space and give some corollar-
ies and examples. Also, we give an application. But, firstly, we want to give some definitions
about ultrametric space which are used for our main result.

Definition 1 ([9]). Let (M, v) be a metric space. If the metric v satisfies the inequality
v(x,y) < max{v(x,z),v(z,y)} forallx,y,ze M,

then we say that v is an ultrametric on M and the pair (M, v) is an ultrametric space.
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Example 1 ([9]). Let v be a discrete metric on M (M # @). Then v is an ultrametric on M.
Example 2 ([9]). Let [x] be the entire part of x for x € R. For any e € R\Q and for all x,y € Q
v(x,y) =inf{27":neZ 2" (x—e)] = [2"(y —e)]|}

is an ultrametric on Q.

Remark 1 ([9]). Every ultrametric space is a metric space but the converse need not be true.
For example, (R, d) as a usual space is not an ultrametric space.

Definition 2 ([19]). Let (M, v) be a ultrametric space, x € M and € > 0. Then
B(x,e) ={y e M:v(x,y) <e}
with B(x,0) = {x} is called a ball.

Example 3. Letv be a discrete metric and (M, v) be an ultrametric. Then for any r < 1 we have
B(x,r) = {x} and for any r > 1 we get B(x,r) = M.

Remark 2 ([19]). A well-known characteristic property of ultrametric spaces is the following:
ifx,ye M, 0<e<randB(x,e) N B(x,r) # <, then B(x,e) C B(x,7).

Definition 3 ([19]). Let (M, v) be an ultrametric space. If every shrinking collection of balls
in M has a nonempty intersection, then an ultrametric space (M, v) is said to be spherically
complete.

Remark 3. Every spherically complete ultrametric space is complete metric space. The con-
versely is usually not true.

Definition 4 ([10]). Let CB(M) be the class of all nonempty closed bounded subsets of M. For
A, B € CB(M) we have that

H(A, B) = max { sug D(x, B), su}; D(y,A)}
xe ye

is the Hausdorff metric induced by v, where D(x, A) = inf{v(x,y) : y € A}.
Definition 5 ([19]). Let M be a nonempty set. A pseudo metric on M is a function
v:MxM— RTU{0}
satisfying for any x,y,w € M the following conditions:
@) v(x,y) =0=x=y
(i) v(x,y) = v(y, x);
(iii) v(x,y) < v(x,w) + v(w,y).

Definition 6 ([19]). A pseudo metric on M is an ultrapseudo metric if in addition to conditions
given in Definition 5 we add

(iii’) v(x,y) < max{v(x, @), v(w,y)}
for any x,y,w € M.

Proposition 1 ([19]). A pseudo metric (M, v) is an ultrapseudo metric if and only if for any
three points x,y,w € M the following conditions are satisfied: v(w,y) < v(x,y) = v(x,w) or
v(x,w) <v(y,x) =v(y,w) or v(x,y) < v(w,x) =v(w,y).



22 Ozkapu A.S., Acar O.

1 Main Result

In this section, we prove a fixed point theorem in the sense of L. Gajic [8] and give an
illustrative example. But first we define generalized multivalued rational type F-contraction
and give some basic notations that we will use in the definition.

Let ¢ : [0,00)° — [0,0) be such that:
(i) ¢ is continuous and monotone nondecreasing in each coordinate;
(i) ¢(a,a,a,a,a) < aforalla > 0.

We denote the collection of such functions ¢ by the symbol ¥ [5].
Let ¢ : [0,00)* — [0,0) be such that:

(i) @ is continuous and monotone nondecreasing in each coordinate;
(i) @(x1,x2,x3,x4) = 0if x1xx3x4 = 0.

We denote the collection of such functions ¢ by the symbol ® [5].
In the rest of the article, let 2 be the class of all nonempty compact subsets of M.

Definition 7. Let (M, v) be an ultrametric space and T : M — 2%4 be a mapping. We say that
T is a generalized multivalued rational type F-contraction on M if for all x,y € M withx # y
we have

H(Tx,Ty) >0 = t+F(H(Tx,Ty)) < F(M(x,y) + N(x,v)),

wheret >0,F € F,¢y € ¥ and ¢ € ® with
N(x,y) = ¢(D(x, Tx), D(y, Ty), D(x, Ty), D(y, Tx))
and

M(x,y) = 9 v(x,), D(x,Tx), D(y, Ty),

D(x,Tx)D(y, Ty) + D(x, Ty)D(y, Tx) D(x,Tx)D(y, Ty) + D(x, Ty)D(y, Tx) )
14+ v(x,y) ’ 1+ H(Tx, Ty) '

Theorem 4. Let (M, v) be a spherically complete ultrametric space and T : M — 2%4 be a
generalized multivalued rational type F-contraction. Then T has a fixed point.

Proof. Let B, = B(«, D(«, Ta)) be a closed ball centered at « with radius D(a, Ta) = ian v(a,s)
clu

and let A be the collection of these balls for all « € M. Let B, < B B iff B g C By Ifc is partial
order on A. Let A; be a totally ordered subfamily of .A. Since M is spherically complete, we
get

U B.=B#wa.

%aEAl

Let B € B and B, € A;. Clearly, B € B, thus v(f,a) < D(a, Ta). Since Ta is a nonempty
compact set, we can take u € Twa such that v(a, u) = D(«, Ta). Then

D(B,TP) < inf v(p,c) < max{u(B,), v(ww), inf v(wc)}

<max{D(«, Ta), H(Ta, TB)} < max{D(a, Ta), M(«, ) + N(,B)},
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where

N(a, ) = ¢(D(«, Ta), D(B, TB), D(a, T), D(B, Ta))
< ¢(D(«, Ta), H(Ta, TB), D(, TB), v(B, B))-

Since @(x1, X2, x3,x4) = 01if x1x2x3x4 = 0, we obtain N (&, ) = 0 and

M(s,8) = 9(o(0, ) (0, Tw), v(p, Tp), XTI TP LD TR DB T,
D(a, Ta)D(B, TB) + D(«, TB), D(B, Ta) )
1+ H(Tw, TB)
< (vl ), ol p), D(p, 7p), N LRI LTI
o(a, DB, TH) + D&, TE (5. )
I+ D5, TP)
< ¢(D(«, Ta), D(x, Tat), D(B, TB), D(B, TB), D(a, Twx)).

Assume that D(Ta, Ta) < D(B, TB). Then, we get
D(B,TP) < inf v(.c)
< max{D(x, Ta), ¢ (D(B, TB), D(B, TB), D(B, TB), D(, TB), D(B, TH)) }
< max{D(g, T8), D(B, TB)} = D(B, TP),
which is a contradiction, so D(, TB) < D(s, Ta). Now, for any x € B we have
v(x, ) < D(B,TP) < D&, Ta), v(x,&) < max{v(x,B),v(B,a)} < D(a, Ta),

s0, x € B,. From here By C B, is hold for any B, € A;j. So, ‘B p is upper bound in A for the
family A;. With Zorn’s Lemma, there is a maximal element in A, let B ,.

Now prove that ¢ € Tp. Presume that p ¢ Tp, there exists Im € Ty, Im # p, such that
v(p,Im) = D(p, Tp). Let us prove that By, C B, and

T+ F(D(Im, TIm)) < t+ F(H(Tp, TIm)) < F(M(p,Im) + N(p,Im)),
where
N(p,Im) = ¢(D(p, Tp), D(Im, TIm), D(p, TIm), D(Im, Typ))
< ¢(d(p,Im), D(Im, TIm), D(p, TIm),d(Im,Im)).

Since ¢(x1, X2, x3,x4) = 0if x1x2x3x4 = 0, we get N(p,Im) = 0 and

M(p,Im) = l[J(U(p,Im),D(p, Te), D(Im, T Im),
D(p, Tp)D(Im, TIm) + D(p, TIm), D(Im, Tp)
1+ v(p,Im)
D(p, Tp)D(Im, TIm) + D(p, TIm), D(Im, Tp))
1+ H(Tp, TIm)

4

,Im)D(Im, T ,Im)D(Im, T'1
< 1/1(0(@, Im), v(p,Im), D(Im, T Im), v(p TZ@ (Irl:) m)’ v(p Dn(ll)m (Tr;lm) m))
=1

(D(p, Tp), D(p, Te), D(Im, TIm), D(Im, TIm), D(p, Tp)).
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Suppose that D(p, Tp) < D(Im, TIm). Then

T+F(D(Im, TIm)) < T+ F(H(Tp, TIm))
F(y(D(Im, TIm), D(Im, T Im), D(Im, TIm), D(Im, T Im), D(Im, T Im)))
F

(D(Im, TIm)),

VANVANVAN

so, this is a contradiction and we get D(Im, TIm) < D(gp, Tp). From here, we obtain
T+ F(D(Im, TIm)) < t+ F(H(Tp, TIm)) < F(D(p, Tp)).

Thus,
F(D(Im, TIm)) < F(H(Tp, TIm)) < F(D(p,Tp)) — 7 < F(D(p, Tp)).

Using that F satisfies the property (F1), we get
D(Im, TIm) < H(Tp, TIm) < D(p, Tp).
Now for any y € By, we obtain
v(y,Im) < D(Im, TIm) < D(p, Tp)

and then
v(y, p) < max{v(y,Im), v(Im, p)} < D(p, Tp),
which implies that y € B, so By, € B,. On the other hand

v(p,Im) = D(p, Tp) > D(Im, TIm),

therefore, © & Bim, SO0 Bm ; B,. This contradicts the fact that B, is the maximal element.
So, T has a fixed point, that is g € Tp. This completes the proof. O

Corollary 1. Let (M,v) be a spherically complete ultrametric space and T : M — 2M be a
mapping such that for all x,y € M with x # y we have

H(Tx,Ty) >0 = H(Tx,Ty) < M(x,y) + N(x,vy),
where ¢ € ¥ and ¢ € ® with

N(x,y) = ¢(D(x, Tx), D(y, Ty), D(x, Ty), D(y, Tx))

and
D(x, Tx)D(y, Ty) + D(x, Ty)D(y, Tx
M(x,9) = (0(5,9), DU, T2), Dy, Ty), P TIPU 0 BI TDI ),
D(x,Tx)D(y, Ty) + D(x, Ty)D(y, Tx) )
1+ H(Tx, Ty) '
Then T has a fixed point.

Corollary 2. Let (M,v) be a spherically complete ultrametric space and T : M — 2M be a
mapping such that H(Tx, Ty) < v(x,y) forall x,y € M with x # y. Then T has a fixed point.
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Corollary 3. Let (M, v) be a spherically complete ultrametric space and T : M — M be a
mapping such that v(Tx, Ty) < v(x,y) forall x,y € M with x # y. Then T has a unique fixed

point.
Example 4. Take M = {w, 1,2,3,...}. Definev: M x M — [0, +00) by
v(x,y) =0 ifand only if x =y,
olwy) =
4 yl 1 1
v(x,y) = max {g, ;}
Then, (M, v) is a spherically complete ultrametric space. Define T : M — 2](\3/I by
T(w) = {w},
T(x) = {2x}.

Let ¢ € Y with ¢(x1,x2,x3,%4,x5) = x1 and ¢ € ® with ¢(xq,x2,x3,x4) = 0. Then all
conditions of Theorem 4 are satisfied for F(a#) = « +Inax and T = 1/2.
To see this, we consider the following cases. First, observe that x,y € IN and

H(Tx,Ty) >0 <= (y>landx=w)or(x >y >1).

Case 1. Fory > 1 and x = w , we have
1
H(Tx, TY) 1T, Ty)-M(xy) _ 29 55—

1
M(x,y) % 2

e’% < e’%. (1)

<=
AN

Case 2. For x > y > 1, we obtain the same as in (1).
Also, T has a fixed pointas w € Tw.

2 Applications

In this section, we discuss our results on finding a common solution to functional equations
that are used in dynamic programming. The study of dynamic programming divide into two
parts that are state space and decision space. In this theory firstly, the problem of dynamic
programming is transformed into functional equations:

8(x) = max{N'(x,y) + ] (x,y,8(1(x,y)))} for x € 4, 2
§'(x) = max{N'(x,y) + K(x,y,8((x,y)))} for x € 4, 3)

where W and V are Banach spaces such that A C Wand U C V and,
n:AxU—A, N:AxU—-R, JJK:AxUxR—-R

are bounded. Assume A and U are state space and decision space, respectively. Assume B(A)
denotes a set of all bounded real-valued maps on A and CB(A) denotes a subset of all closed

and bounded classes on A. Leth € CB(A) and

h|| = max |h(x)].
17]] = max k()]
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Then, (CB(A), | - ||) is a Banach space and v is the Hausdorff metric defined as

H(h, k) = max |h(x) — k(x)|.

xeA

By Proposition 1, H(, k) is an ultrapseudo metric.

Suppose the following conditions hold:
(i) N',J and K are bounded;
(ii) forx € Aand h € CB(A), define P,Q : CB(A) — CB(A) by

Ph(x) = max{N'(x,9) + ] (x,,h(y(x,y))} for x € 4,

Qh(x) = max{N'(x,y) + K(x,y,h(y(x,y)))} for x € 4;
y
note, that P and Q are well-defined, because of item (i);
(iii) forallh,k € CB(A), (x,y) € AxU,t € Aand T : CB(A) — CB(A) we have
TGy, h(8)) — K(x,y, k(£))] < M(h, k) + N(h k),

where

N(h, k) = ¢(D(h, Th), D(k, Tk), D(h, Tk), D(k, Th))

and

h, Th)D(k, Tk) + D(h, Tk)D(k, Th)

M(h,k) = ¢<v(h,k),D(h, Th),D(k, Tk), D( 1+ o(h, k)

D(h, Th)D(k, Tk) + D(h, Tk)D(k, Th)

1+ H(h k)

(4)

Lemma 1 ([12]). Let (CB(A),|| - ||) be a Banach space and v be the Hausdorff metric de-

tined by
H(J,h) = |I] = hl| = max|J(a) —h(a)|, J.h € CB(A).

Then (CB(A),|| - ||) is a complete metric space. Since H(],h) is an ultrapseudo metric by

Proposition 1, hence (CB(A), H) is a spherically complete ultrametric space.

Theorem 5. Let the conditions (i)—(iii) hold. Then functional equations (2) and (3) have a

bounded solution.

Proof. We know by Lemma 1, that (CB(A), H) is a spherically complete ultrametric space, v
is stated by (4), and (7) say that P, Q : CB(A) — CB(A). Choose any positive number A and

hi,hy € CB(A). Take x € A and y1,y, € U, such that

Phy < N'(x,y2) + J(x,ye, he(7(x,2))) + A,
Qhy < N'(x,y1) + K(x,ye, he(n(x,11))) + A,
Phy > N (x,92) + ] (x, y2, 11 (1(x,12))),
Qhy > N'(x,y1) + K(x, 11, ha (57 (x, 1))

(5)
(6)
(7)
(8)
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Then using (5) and (8), we obtain

Phy(x) — Qha(x) < J(x,y1,m(n(x,y2))) — K(x,y1, ha(17(x, 1)) + A
< |J(x,y1, m(n(x,y2))) — K(x, y1, ha(n7(x,y1)))| + A )
< M(h1(x), ha(x)) 4+ N(hi(x), ha(x)) + A.

Similarly, by (6) and (7), we get

Qha(x) — Phy(x) < M(hy(x), ha(x)) + N(h1(x), ha(x)) + A (10)

Combining inequalities (9) and (10), we obtain

|Phy(x) = Qha (%) < M(R1(x), h2(x)) + N(h1(x), ha(x)) + A

for all A > 0. Hence H(Phy, Qhy) < M(hy,hy) + N(hy, hy) for each x € A.

As every condition of Corallary 1 is fulfilled, therefore T has a bounded solution of the

equations (2) and (3). This completes the proof. O

Acknowledgment

First and second author have been supported by the Scientific and Technological Research

Council of Turkey (TUBITAK) (1002-Project 122F316).

References

(1]

(2]

(3]

(4]

(5]

6]

(7]

(8]
[9]
[10]

(1]

[12]

Acar O., Ozkapu A.S. Multivalued rational type F-contraction on orthogonal metric space. Math. Found. Comput.
2023, 6 (3), 303-312. d0i:10.3934/ mfc.2022026

Acar O. Some fixed point results on ultrametric space. Topol. Algebra Appl. 2022, 10, 227-232. doi:10.1515/ taa-
2022-0129

Agarwal R.P.,, O'Regan D., Shahzad N. Fixed point theorems for generalized contractive maps of Mei-Keeler type.
Math. Nachr. 2004, 276 (1), 3-12. doi:10.1002 /mana.200310208

Berinde V. On the approximation of fixed points of weak contractive mappings. Carpathian J. Math. 2006,
19 (1), 7-22.

Choudhury B.S., Metiya N., Khatua D., de la Sen M. Fixed-point study of generalized rational type multivalued
contractive mappings on metric spaces with a graph. Axioms 2021, 10 (1), 31. d0i:10.3390/axioms10010031

Ciri¢ Lj.B. A generalization of Banach’s contraction principle. Proc. Amer. Math. Soc. 1974, 45 (2), 267-273.
doi:10.2307 /2040075

Gaji¢ L., Arshad M., Khan S.U., Rahman L.U. Some new fixed point results in ultra metric space. TWMS J. Pure
Appl. Math. 2017, 8 (1), 33—42.

Gaji¢ L. A multivalued fixed point theorem in ultrametric spaces. Mat. Vesn. 2002, 54 (3-4), 89-91.
Gaji¢ L. On ultrametric spaces. Novi Sad J. Math. 2001, 31 (2), 69-71.

Giniswamy, Jeyanthi C., Maheshwari P.G. Fixed point theorems under F-contraction in ultrametric space. Adv.
Fixed Point Theory 2017, 7 (1), 144-154.

Hardy G.E., Rogers T.D. A generalization of a fixed point theorem of Reich. Canad. Math. Bull. 1973, 16 (2),
201-206. do0i:10.4153 / CMB-1973-036-0

Hussain A., Kanwal T. Existence and uniqueness for a neutral differential problem with unbounded delay via fixed
point results. Trans. A. Razmadze Math. Inst. 2018, 172 (3), 481-490. doi:10.1016/j.trmi.2018.08.006



28

Ozkapu A.S., Acar O.

[13]

[14]

[15]

(16]

(17]

(18]

[19]
[20]

(21]

Karapinar E., Fulga A. A fixed point theorem for Proinov mappings with a contractive iterate. Appl. Math. J.
Chinese Univ. 2023, 38 (3), 403—412. doi:10.1007 /s11766-023-4258-y

Matkowski J. Fixed point theorems for mappings with a contractive iterate at a point. Proc. Amer. Math. Soc. 1977,
62, 344-348.

Nazam M., Aydi H., Hussain A. Existence theorems for (¥, ®)-orthogonal interpolative contractions and an applica-
tion to fractional differential equations. Optimization 2023, 72 (7), 1899-1929. doi:10.1080/02331934.2022.2043858

Rao K.P.R., Kishore G.N.V., Ranga Rao T. Some coincidence point theorems in ultra metric spaces. Int. J. Math.
Anal. 2007, 1 (18), 897-902.

Rhoades B.E. Some theorems on weakly contractive maps. Nonlinear Anal. 2001, 47 (4), 2683-2693. doi:
10.1016/50362-546X(01)00388-1

Suzuki T. A generalized Banach contraction principle that characterizes metric completeness Proc. Amer. Math. Soc.
2008, 136 (5), 1861-1869.

Van Roovij A.C.M. Non-Archimedean functional analysis. Marcel Dekker, New York, 1978.

Wardowski D. Fixed points of a new type of contractive mappings in complete metric spaces. Fixed Point Theory
Appl. 2012, 2012, 94. doi:10.1186/1687-1812-2012-94

Zhang Q., Song Y. Fixed point theory for generalized p-weak contractions. Appl. Math. Lett. 2009, 22 (1), 75-78.
d0i:10.1016 /j.aml1.2008.02.007

Received 21.07.2025
Revised 18.09.2025

Oskany A.C., Akap O. 3acmocysants 00 OuHAMIUHO020 NPOPAMYBAHHA HE0PeMIL NP0 HePYXOMY MOUKY i3
BUKOpUCTAHHAM payioHarvHozo muny // KapmaTcbki maTtem. my6a. — 2026. — T.18, Nel. — C. 19-28.

Y 1IbOMy AOCAIAXKEHHI MM BBOAMMO Ta AOCAIAXYEMO KOHIIEMIIIIO y3araAbHEHMX 6araTo3HaUHMX
palioHaAbHOrO THITy F-CcTMCHeHb Ha cdpepMUHO MOBHMX YABTpaMeTpUUHMX IpocTopax. Crmparo-
4yCh Ha iCHYIOUi paMKM Teopii HepyXOMOi TOUKM, MU BCTAHOBAIOEMO HOBI TeOpeMI PO HEPYXOMY
TOUKY AASI TaKMX BiA06paskeHb Ta IIPOMOHYEMO KiAbKa HaCAiAKIB, sIKi pO3IIMPIOOTH Ta YHi(pikyIoTh
BiaOMi pe3yabTaTy 3 AiTeparypn. II1o6 miaKpecAnTH 3aCTOCOBHICTD HAIIMX BMCHOBKIB, MI ITPEACTAaB-
ASIEMO 1ATOCTpaTMBHMIA IPUKAAA, SIKMIA AeMOHCTPYE OOIPYyHTOBaHICTh 3aITPOIIOHOBAHOTO ITIAXOAY.
Kpim Toro, Mu AOCAiAXYEMO 3aCTOCYBaHHSI AO AMHAMIUHOTO IIPOTpaMyBaHHS IIASIXOM (POPMYATO-
BaHHSI (PYHKIIOHAABHMX PiBHSIHB, PO3B’SI3KM SIKMX MOXKHA OTPVMMAaTH 3a AOTIOMOTOIO PO3PO6AEHIX
METOAIB HepyXoMOl TOUKM. Pe3yAbTaTyt He AMIIIe pO3IIMPIOIOTE 06AACTD 3aCTOCYBaHHS MPVHIVITY
CTUCHEHHSI Y HeapXiMeAOBMX yMOBaXx, aAe i IMAKPECAIOIOTh KOPUCHICTh YABTPAMETPUYHIX CTPY-
KTYp B OITHMi3allil Ta 06UMCAIOBaABHIN MaTeMaTHIIi.
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