ISSN 2075-9827 e-ISSN 2313-0210 https://journals.pnu.edu.ua/index.php/cmp
Carpathian Math. Publ. 2026, 18 (1), 78-98 KapmnaTcpki MaTeM. my6a. 2026, T.18, Nel, C.78-98
doi:10.15330/cmp.18.1.78-98

[\ J

Topological isomorphism of a countably generated algebra of
entire functions on /, and the algebra of symmetric entire

functions on L20,1]

Vasylyshyn S.I.

In the paper, we establish some general results on countably generated algebras of entire func-
tions of bounded type on a complex Banach space. Specifically, we study the Fréchet subalgebra
Hyp(X) of the algebra of all entire functions of bounded type H(X), generated by a countable set P
of continuous algebraically independent complex-valued homogeneous polynomials on a complex
Banach space X such that some finite number of elements of the set P can share the same degree of
homogeneity. We investigate the form of elements of this subalgebra. Furthermore, we show that
every linear multiplicative functional, acting from Hyp(X) to C, is completely determined by its val-
ues on the elements of P. We also establish an upper estimate for the value of such a functional on an
arbitrary n-homogeneous polynomial in Hyp(X). We apply these results to some specific algebras.

Let Loo[0,1] be the complex Banach space of all complex-valued Lebesgue measurable essen-
tially bounded functions on [0, 1]. Let LZ,[0, 1] be the Cartesian square of Le[0,1]. We consider the
Fréchet algebra Hy (L2,[0,1]) of all entire symmetric functions of bounded type on L2,[0,1]. In the
paper, we construct a countably generated Fréchet subalgebra of the Fréchet algebra Hj({s), which
is topologically isomorphic to Hy,(L2,[0,1]), where /s is the complex Banach space of all bounded
sequences of complex numbers. Namely, let Z = (L1, Iip, I1, o, Iz, - -, Ity Loy oo Lygas - ),
where Iy (x) = x1, Iia(x) = %2, In(x) = 13, bn(x) = x, Is(x) = 23, Inn (x) = 3, na(x) = %3,
Is(x) = x3, Ia(x) = x3,... forx = (x1,%2,...) € leo. We denote by Hy7({so) the Fréchet subalge-
bra of the algebra Hy (4« ), generated by the sequence of polynomials Z. We construct a topological
isomorphism between the algebras Hyz({e) and Hys(L%[0,1]).

Results of the paper can be used for investigations of the algebras of symmetric analytic functions
on Banach spaces.

Key words and phrases: n-homogeneous polynomial, symmetric function, analytic function, spec-
trum of algebra.
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Introduction

The problem of the description of the spectrum of the Fréchet algebra H(X) of entire func-
tions of bounded type on a complex Banach space X is one of the most important problems in
nonlinear functional analysis and remains unsolved in the general case (see [1,27]). However,
the description of the spectrum is simplified for certain subalgebras of the algebra H,(X). Im-
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portant examples of such subalgebras include the subalgebras of symmetric elements of the
algebra Hy(X) in the case when X has a symmetric structure. For many of such algebras ex-
plicit descriptions of spectra have been obtained (see [3-5,24]). This is primarily due to the
fact that these algebras are finitely or countably generated, that is, the corresponding dense
subalgebras of symmetric continuous polynomials have finite or countable algebraic bases.
In particular, the algebraic bases of the algebras of continuous polynomials on the spaces £,
where p € [1,+00), and Lo [0, 1] are the sequences of homogeneous polynomials with exactly
one polynomial of each degree of homogeneity (see [4,6,14]). Such types of algebras have been
investigated in the general case in [7, 8, 15, 18]. However, in the case of algebras of symmetric
polynomials on Cartesian powers of certain Banach spaces (see [19-23, 25, 26]), or in the case
of algebras of so-called block-symmetric polynomials (see [2,9-12,28]) the algebraic bases may
contain multiple polynomials sharing the same degree of homogeneity. In this paper, we in-
vestigate the general case of such algebras. Section 1 presents the fundamental definitions and
preliminary results from the theory of polynomials, the theory of symmetric analytic func-
tions, and the theory of Fréchet algebras of analytic functions on Banach spaces. The main
results of the paper are presented in Section 2. Specifically, in Subsection 2.1 we study the
Fréchet subalgebra Hy,p(X) of the Fréchet algebra Hy,(X), generated by a countable set

P= (P11/P12r~~~rP1m1rP21/P22r~~~/P2m2/---rPn1/Pn2r~~~rann/---)

of continuous algebraically independent complex-valued polynomials on a complex Banach
space X, such that P,1, Py, ..., Pum, where m, € IN, are n-homogeneous polynomials for
every n € IN. We prove that each term of the Taylor series expansion of entire function that be-
longs to the subalgebra Hyp(X) can be uniquely represented as an algebraic combination of the
elements of P. Furthermore, we show that every linear multiplicative functional, acting from
Hpp(X) to C, is completely determined by its values on the elements of P. We also establish an
upper estimate for the value of such a functional on an arbitrary n-homogeneous polynomial
in Hpp(X). In Subsection 2.2 we consider a particular case of the sequence of polynomials P
on the space /o. Namely, let

T=(h1,ho b, Do b, Ly Ly oo Tungts - )

where

hi(x) = x1,  ha(x) = x,

Li(x) =3, In(x) =x3, Ds(x) =43

Li(x) =23, In(x)=x3, Inp(x)=x3, hL(x)=x,...
for x = (x1,x2,...) € leo. We denote by Hyz({«) the Fréchet subalgebra of the algebra Hy,({w ),
generated by the sequence of polynomials Z. We investigate some properties of the algebra
Hypz(l), in particular, we describe the spectrum of this algebra. In Subsection 2.3 we construct

a topological isomorphism between the Fréchet algebra of all entire symmetric functions of
bounded type on L2,[0, 1] and the Fréchet algebra Hy7({co).

1 Preliminaries

Let us denote by IN the set of all positive integers, by Z . the set of all nonnegative integers
and by Q™ the set of all nonnegative rational numbers.
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Polynomials on Banach spaces. Let X be a complex Banach space. Let a mapping P : X — C
be such that there exist 1 € IN and some n-linear form Ap : X" — C such that
P(x) = Ap(x,...,x) for every x € X. Then the mapping P is called an n-homogeneous poly-

n
nomial.

A mapping P : X — C is said to be a polynomial of degree at most n, where n € Z, if it can
be represented as
P=P+P+...4+P,,

where P; is a j-homogeneous polynomial acting from X to C forevery j = 1,...,nand Py isa
constant mapping acting from X to C.
For each polynomial P : X — C we shall set

IP[] = sup{[P(x)[ : x € X, [|x[| <1}. e

It is known that a polynomial P : X — C is continuous if and only if || P|| < co.

Polynomials Py, Py, ... that act from X to C are called algebraically independent polynomi-
als when the following condition is satisfied: for every n € IN and for every polynomial
g:C"—=C,if

q(Pi(x),Pa(x),...,Pa(x)) =0

for every x € X, theng = 0.
A polynomial P : X — C is called an algebraic combination of elements of the set
P = {Py, P,,...} if there exist n € IN and a polynomial q : C" — C such that

P(x) = q(Pi(x),...,Py(x))

for every x € X.

Let A be some subalgebra of the algebra of all continuous polynomials on X. A finite or
countable subset G C A is called an algebraic basis of the algebra A if the elements from the set
G are algebraically independent and every element of the algebra A can be represented as an
algebraic combination of the elements of G.

Spectrum of an algebra. Let A(T) be a topological algebra of some functions on a nonempty
set T over a field C. A nontrivial continuous linear multiplicative functional ¢ : A — C is
called a character of the algebra A. The set of all characters of the algebra A is called the
spectrum of the algebra A. For x € T let 6, : A(T) — C be defined by dx(f) = f(x), where
f € A(T). The mapping d, is called a point-evaluation functional. Note that Jy is linear and
multiplicative.

The algebra Hy(X). Let X be a complex Banach space. Let H,(X) be the Fréchet algebra of all
entire functions f : X — C which are bounded on bounded sets endowed with the topology
of uniform convergence on bounded sets. Let

Ifllr = sup |f(x)]. 2

llxll<r

The topology of Hy(X) can be generated by an arbitrary set of norms {|| - ||, : ¥ € '}, where T
is any unbounded subset of (0, +0).
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The algebra H(C). Note that every entire function on C is a function of bounded type. There-
fore, H,(C) = H(C). Thus, H(C) is the Fréchet algebra of all entire functions f : C — C with
the topology of uniform convergence on bounded sets.

The Cartesian square of L»[0,1]. Let Ls[0, 1] be the complex Banach space of all Lebesgue
measurable essentially bounded functions y : [0,1] — C with norm

[ylleo = esssup [y(t)].
te[0,1]

Let L%[0, 1] be the Cartesian square of L« [0, 1] with norm

[Ylleo,2 = max {[|y1[leo, [[y2leo }
where y = (y1,y2) € L%][0,1].

Symmetric functions on the space L% [0,1]. A function f : L2)[0,1] — C is called symmetric if

flyoo) = f(y)

for every y = (y1,y2) € L%]0,1] and for every bijection ¢ : [0,1] — [0, 1] such that both ¢ and
o~ ! are measurable and preserve the Lebesgue measure, i.e.

p(e(4)) = pule1(A)) = u(A)
for every Lebesgue measurable set A C [0, 1], where y is the Lebesgue measure and
yoo=(y100,y200).
Let the mapping R,, i : L%,[0,1] — C be defined by the formula

—k k
Rosaly) = [ ()" (wa0) at ©
for every y = (y1,y2) € L%[0,1], where n € N and k € {0,1,...,n}. Note that R, jj is
a continuous symmetric n-homogeneous polynomial and ||R,,_xk|| = 1 for all # € N and

ke{0,1,...,n}
Let us consider the sequence of polynomials
R = (R10,Ro1, Roo, R11, Roa, - - -, Ruo, Ru—11, - - -, Rons - - - )
on the space L%[0,1]. By [21, Corollary 3] the polynomials from the sequence R form an

algebraic basis for the algebra of all symmetric continuous polynomials on L% [0, 1].
We shall use the following particular result of [24, Theorem 3].

Theorem 1. There exists K > 0 such that for every sequence of complex numbers

c= (Clor €01,€20,€11,€02/ - - - s €10, Cn—1,1s - - - » COns - - )
such that
sup [cp kil '" < +oo
ne

k=0,...,n

there exists y. € L%[0,1] such that

Ry_ik(Ye) = Cn—ik

foralln € N andk € {0,1,...,n} and
[Yecllop < K sup [c, gk
nelN
k=0,...n

where polynomials R,,_i  are defined by (3).

|1/n
7
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The algebra of all entire symmetric functions of bounded type on the space L2,[0,1] and its
spectrum. Let Hy,(L2,[0,1]) be the subalgebra of the algebra H;(L%[0,1]) that consists of all
entire symmetric functions of bounded type f : L2,[0,1] — C.
From [24, p. 17] it follows that every function ¢ € Hy,(L2[0,1]) can be uniquely represented
as
gly) =ap+ ) ) XL don

"= ot o1+ 210+l Hoz) et (Ino+l—1,1Hon) =n

- 4)
x JT (Ru—kx(y))™ "
;{nzzol,...;z

for every y € L20,1], where X100, € Cand Iy, ..., lo, € Z. Here we assume that 00 = 1.
We denote by M,,, the spectrum of the algebra Hy,(L2[0,1]). For every character ¢ € My, by
(4), we have that

[ee]

P(g) =m0+ ), Y. Xp0.. o

n=1 110-‘1-101+2(120+111+102)+...+n (ln0+l,1,1,1+...+lon) =n

x 11 <1P(Rm—k,k) ) Zmik’k,

m=1,...,.n
k=0,...,m

since 1p is continuous, linear and multiplicative, and ¢(1) = 1. Thus, every character ¢ € My, is
completely defined by its values on the polynomials R,y x, wheren € Nand k € {0,1,...,n}.
Hence, we can uniquely identify every character i € M;; with the sequence

v(yp) = <¢(R10),¢(R01),¢(R20),¢(R11),¢(R02),...,¢(Rn0),¢(Rn,L1),...,¢(R0n),...>.

(5)
Therefore, the following lemma is true.
Lemma 1. From the equality v(¢) = v(¢) it follows that ¢ = 1 for arbitrary ¢, € My,.
In [24, Theorem 4, p. 18] it is proved that for every character ¢y € M, we have
sup {/|$(Ry—gr)| < +oo. 6)
kgg,...,n
Let us consider the following set of sequences of complex numbers
A= {c = (€10,€01, - - €10, Cn—11,- -, COns - - -) € C* 1 sup |cn_k,k|1/” < +oo}. (7)
ne
k=0,...n

The inequality (6) implies the following result.
Corollary 1. The sequence v(y), defined by (5), belongs to the set A, defined by (7).

Let us define the mapping v : My; — A by
vip = v(p), (8)
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where v(1) is defined by (5).
By (8), where we set ¢ = ¢, it follows that

V(8y.) = {8y (Ru—ick) } oy = {Ru—ik W)}y

where k € {0,...,n} and the polynomials R, x are defined by (3). Thus, Theorem 1 implies
the following result.

Corollary 2. There exists K > 0 such that for every ¢ = {c,_ix}"; € A, wherek € {0,...,n},
there exists y. € L%[0,1] such that
v(dy,) =c
and
Iyellcop < K sup eyl

nelN
k=0,...n

Theorem 2. The mapping v, defined by (8), is a bijection.

Proof. From Lemma 1 it follows that the mapping v is injective. From Corollary 2 it follows
that the mapping v is surjective. O

Thus, the mapping v is a bijection between the spectrum M, of the algebra Hy(L2[0,1])
and the set of sequences of complex numbers A, defined by (7).
In [24, Theorem 5, p. 18] it is proved that every ¢ € M, is a point-evaluation functional.

2 Main results

2.1 On the algebra Hyp(X)
Let X be a complex Banach space. Let

P= (P11/P12r~~~rP1m1rP21/P22r~~~/P2m2/---rPn1/Pn2r~~~rann/---) (9)

be a sequence of continuous algebraically independent complex-valued polynomials on the
space X such that Py, Py, . . ., Pym,, where m,, € IN, are n-homogeneous polynomials for every
n € IN.

Let us denote by Pp(X) the algebra of all polynomials which are algebraic combinations of
elements of the set P. Let us denote by Hyp(X) the closure of the algebra Pp(X) in the metric
of the algebra Hy(X). It is easy to check that the algebra Hyp(X) is a Fréchet subalgebra of the
Fréchet algebra Hy(X).

Theorem 3. Each term of the Taylor series of a function f € Hyp(X) can be uniquely repre-
sented as an algebraic combination of elements of the set P. Consequently,

f(x) = &o + Z Z 40 SR -

n=1 k11+k12+---+k1ml +2(k21+...+k2m2)+...+i’l(kn1+...+knmn):i’l

where x € X, ap, € Candkyy, ... kym, € Z+.

knm
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Proof. Let f € Hyp(X) and ag = f(0). For any n € IN let the polynomial f,, be the nth term
of the Taylor series of the function f. Let us prove that the polynomial f, can be uniquely
represented as an algebraic combination of the polynomials Pyy, . .., Pup, .

Denote by Pp("X) the space of all n-homogeneous polynomials which are algebraic com-
binations of the polynomials Py, . .., Pup,.

Note that the set of polynomials of the form

k11 Kty k1 K
PPl pha L phe,

where k11, . .., kum, are nonnegative integers such that
kin +kip+ .o A ki + 20k + koo .o F ko) o (ke o k) =1,

is a Hamel basis of the space Pp("X). Since there is a finite number of such polynomials, the
space Pp("X) is finite dimensional. Therefore the space Pp("X) is complete with respect to
each norm. In particular, the space Pp("”X) is complete with respect to the norm || - ||;.

Since the algebra Hyp(X) is the closure of the algebra Pp(X), there exists a sequence
{a1}72, C Pp(X) that converges to the function f with respect to the metric of the algebra
Hy,(X). Let a,, be the nth term of the Taylor series of the polynomial ;. Note that 4;, € Pp("X)
for every I € IN.

Let us prove that the sequence {a;, }$° ; converges to the polynomial f, with respect to the

norm || - |1
According to the Cauchy integral formula with = 1, we have
1 f(x)
= — d
fﬂ (X) 271i IZ]=1 Cn+1 g
and , ()
_ aj\cx
ali’l(‘x> - 277i /g:l €n+1 dC
Therefore

o) =) = | [ P8 gl < L ipen) —a@olaz an

If we take x € X such that ||x|| < 1 and { € C such that || = 1, we have ||{x| < 1.
Therefore,
[f(Cx) —a ()| < [If —arllh (12)
By (11) and (12), it follows that
1
1 fn = amlly = sup |fa(x) —am(x)] < —||f—ﬂz|!1/€_1 dg = || f —alls

- 27
[lxlI<1

Since a; — f, it follows that ||f — a;||1 — 0 as | — oo. Therefore || f, — a;,||1 — 0as ] — oo.
Thus a;, — f, as ] — oo with respect to the norm || - [|1.

Since the space Pp("X) is complete with respect to the norm || - ||;, we have f, € Pp("X).

Therefore

falx) = Y ke 11 (Pi()",

k11+k12+...+k1m1+2(k21+...+k2m2)+...+n(kn1+...+knmn):}’l ‘1211,...,7’1
J=1,...,m;

where x € X, ag,, k.. € Cand ki, ... knm, € Z.
This representation is unique, since the polynomials Pyy, ..., Pyy, are algebraically inde-
pendent. O
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Let us denote by Myp the spectrum of the algebra Hyp(X). According to Theorem 3 ev-
ery function f € Hyp(X) can be uniquely represented in the form (10). Therefore for every
character ¢ € Mp we have

¢(f) = wo + i ) Lo | ((P(Pz‘j))k"j,

n=1 k11+k12+...+k1m1 +2(k21++k2m2)++1’l(k"1++knmn):n ]lfll,ﬁ
=1,...m;

since ¢ is continuous, linear and multiplicative, and ¢(1) = 1. Thus we see that every char-
acter ¢ € Myp is completely defined by its values on the polynomials P;;, where i € IN and

j € {1,...,m;} for every i € IN. Hence, every character ¢ € M;p can be uniquely identified
with the sequence

(9(P11), @(Pr2), -, @(Pumy ), @(Po1), @(P22), -, @(Pomy), -+, 9(Pur), @(Pu2), - -, @(Pumy,), - - )

Let HEEO) (X) be an arbitrary subalgebra of the algebra Hj,(X) such that for every function
that belongs to the subalgebra, all the terms of its Taylor series also belong to this subalgebra.

For every linear continuous functional ¢ € (HISO) (X))" there exists r € Q7 such that the
functional ¢ is continuous with respect to the norm || - ||, where (HISO) (X))" is the space of all
continuous linear functionals on the algebra H PEO) (X).

Let us define the radius function on the space (Héo) (X)) " similar to [1, p. 53]. We define

the radius function R on (Héo)(X)) " by declaring R(¢) to be the infimum of all ¥ € Q* such
that ¢ is continuous with respect to the norm || - ||;. Thus

0 < R(¢) < oo.
Theorem 4. For every character ¢ € Myp there existsr € Q" such that the estimate

l9(Q) < r*IQlh
holds for every n-homogeneous polynomial Q that belongs to the algebra H,p(X).

Proof. Let ¢ € Myp and R(¢) be the radius function of the character ¢. Since ¢ is continuous,
it follows that 0 < R(¢) < 0.

Let r > R(¢). Then, since the norm of each nonzero continuous complex-valued homo-
morphism is equal to 1, the estimate

lp(QI <l
holds for every n-homogeneous polynomial Q that belongs to the algebra Hyp(X).
Thus
[9(Q)] < sup |Q(x)]. (13)

x| <r
Substituting x = ry into the right-hand side of (13) and taking into account that Q is an
n-homogeneous polynomial, we obtain

sup |Q(x)| = sup |Q(ry)| = sup r*|Q(y)| =" sup [Q(y)| = r"[|Qll.  (14)
Jxll<r Iryli<r rllyli<r Iyl <1

By (13) and (14), we obtain
lp(Q) < r[|Ql]1-
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2.2 The algebra Hy7 (£« ) and its spectrum

In this subsection, we consider a particular case of the sequence of polynomials P, defined
by (9), on the space X = /. Let us first establish some auxiliary results.
Let A= {(n,k) € Nx Zy :n > k}. Let us define the mapping 7 : A — IN by the formula

T(n,k) = W +k+1. (15)
It can be checked that the mapping 7, defined by (15), is a bijection. Consequently, for every

x = (x1,%p,...) € {s we have

sup [xj| = sup |x¢(upls
jEN neN
k=0,...n
that is,
[x]| = sup ’xr(n,k) E (16)
nelN
=0,...n
Let I, k41 : o — C be defined by
Ly (x) = X, 0 (17)

for x = (x1,x2,...) € beo, wheren € N, k € {0,1,...,n} and 7(n, k) is defined by (15). For
example,

In(x) =x1, Inp(x)=x, In(x)=x3 In(x)=x] h(x)==x3

for x = (x1,x,...) € le. Itis clear that I, ;1 is an n-homogeneous polynomial. For n € IN
and k € {0,1,...,n},by (1) and (17), we get

Il = sup Ly (0] = sup [x, 0] =1, (18)
[[x[[<1 [x[<1

and so I, x+1 is continuous.
Let

1= (111/ 112/ 121/ I, Ins, .. ., Inll Ino, ..., In,n+1/ s ) (19)

Since the mapping T is injective, it follows that the elements of the sequence (19) are alge-
braically independent.

Then, according to Theorem 3, every function f € Hy7({«) can be uniquely represented in
the form

f(x) = &0 + Z Z alllr---rln,n+1

n=1111+lp+2(Ip+loo+13)+...+n(ly+.. 4l yp1)=n

where x € {, Xpq,l € Candly,..., ln,n—i—l €eZ;.

Let

n,n+1

fo = ao, (21)
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where ag € C, and

fi’l - Z alllr---rln,n+l H (Imlk+1)l”1lk+l (22)
m=1,...,.n
k=0,...,m

l4lo+2(lr+Hoo+13) +. il + .ol 1) =n

for every n € IN.
Then f can also be uniquely represented in the form

=Y o
n=0

Let us denote by M,z the spectrum of the algebra Hyz(f). Then, from the results of the
previous section, we have that every character ¢ € M;7 can be uniquely identified with the
sequence

(@) = (¢(hn), (h2), (1), 9(I22), @(L23), - .-, (1), @(Ln2), - - @(Lums1), - ) (23)
Lemma 2. From the equality n(¢) = n(¢) it follows that ¢ = 1 for arbitrary ¢, € Myz.

Proposition 1. For every character ¢ € M,z there existsr € Q7 such that the estimate

[@(Lnjes1)| < 7"
holds for every polynomial I, 11, wheren € N and k € {0,...,n}.
Proof. Theorem 4 and the equality (18) imply the statement of the proposition. O
Corollary 3. The sequence 1(¢), defined by (23), belongs to the set A, defined by (7).

Let us define the mapping 7 : M7 — A by

n:e = n(e), (24)
where 77 () is defined by (23).
Theorem 5. For every ¢ € A there exists x € {« such thatn(dyx) = c.

Proof. Let ¢ = (c10,c01,€20, €11, €02, - - -, C10s Cn—11, - - -, COns - - -) € A, where A is defined by (7).
Let

X = (Cl()/ €01, V€20, V€11,V €02/ - - - \n/ Cn0s /Cn—1,17++ -, \n/ Conys - - -)/
where /z = {/|z] exp(iar%) forz € C.
Since ¢ € A, it follows that

yl/n

[x][ = sup |cp—krl"" < 4o0.

ne
k=0,....n

Therefore x € fco.
Foralln € Nand k € {0,...,n}, by (17), the following equality

5x(ln,k+1) = In,k+1(x) = xg(n,k) - (\”/ Cnfk,k)n = Cn—kk (25)
holds. Then from (23) and (25) it follows that 1 (6y) = c. O
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Theorem 6. The mapping 1, defined by (24), is a bijection.

Proof. From Lemma 2 it follows that the mapping 7 is injective. From Theorem 5 it follows that
the mapping 7 is surjective.

Thus, 7 is a bijection between the spectrum M7 of the algebra Hy7 (/) and the set of all
sequences of complex numbers A, defined by (7). O

Theorem 7. The spectrum M7 of the algebra Hy7({s) coincides with the set of all point-
evaluation functionals at points of the space {s.

Proof. Let ¢ € Myz. Let us define c € A by

c=1(9), (26)

where A is defined by (7). By Theorem 5, there exists x € /« such that

17(0x) = c. (27)
From (26) and (27) it follows that 77(¢) = #(dx). Then from Lemma 2 it follows that ¢ = J,. O

2.3 On topological isomorphism of the algebras Hy7 (£ ) and Hys(L%[0,1])
Lemma 3. Forevery y € L2[0,1] there exists x € {« such that

Oy(Ry—g ) = Ox(Lyjs1) (28)

and
2]l < [y lleo2s (29)

where the polynomials R,_ and I, ;.1 are defined by (3) and (17) respectively for every
neNandke {0,...,n}.

Proof. Lety € L2,[0,1]. Let us consider the sequence of complex numbers

Ty = (Rio(y), Ro1(y), Roo(y), R11 (), Ro2(y), - - -» Ruo(¥), - - -, Ru—ie(y), - - -, Ron(y), ... ). (30)

By (6), where we set ¢ = J,, we have that {, € A, where A is defined by (7). Then by
Theorem 5, where we set ¢ = (y, there exists x = (x1,x2,...) € s such that

1(0x) =y, (31)
where the mapping 7 is defined by (24).
By (23), where we set ¢ = 6, we have
7(6x) = {6x(Lups1) }ys (32)

wherek =0,...,n.
Then, by (31), (32) and (30), it follows that

{0x(Ly 1) };ozl = {Ry—rk(¥) }rz1, (33)

wherek =0,...,n.
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Since for every n € IN and k = 0,...,n we have d,(R,_rx) = Ry_ix(y), from (33) we get
the desired equality (28).
Next, let us prove the inequality (29). By (17), we have

\xﬁ(n,k)} = L1 (%) | = 02 (L pr1) |- (34)
By (28), we get
16 (L jr1)| = |8y (Ru—ii) | = |Ru—rx(y)]- (35)
Since R, is an n-homogeneous polynomial and ||R,,_¢ k|| = 1, we have
IRk < IRurilllvllt = Iyl 2 (36)

Therefore, from (34), (35) and (36) it follows that

X2 ] < 1Y),z
Then
|xr(n,k)| < ||]/||00,2-
Therefore, by (16), we have the desired inequality (29). O

Lemma 4. For every x € /o, there exists y € L2,[0,1] such that

Ox(Lyjv1) = Oy (Ry—k k) (37)

foreveryn € N and k € 0,n and
[Ylleoz < Kl|x[], (38)

where the polynomials R,,_ y and I, 1 are defined by (3) and (17) respectively, and K is given
by Corollary 2.

Proof. Let x € ls. Consider the sequence 7(dy), defined by (23), where we set ¢ = Jy. By
Corollary 3, the sequence 77(dy) belongs to the set A, defined by (7). By Corollary 2, where we
set ¢ = 1(x), there exists y € L%[0,1] such that v(6,) = 7(dx). Then, by (8), where we set
¢ = 4y, and by (24), where we set ¢ = 6y, we have the desired equality (37).

Let us prove the inequality (38). By Corollary 2 and by the equalities (17), (16), we have that
there exists K > 0 such that

HyHOO,Z <K sup \n/ ‘5X(In,k+1) =K sup \n/ ‘In,k+1(x> =K sup ‘xn,k‘ = KHXH
nelN nelN

N nelN N
k=0n k=0n k=0n
O
Let us define the mapping @ : Hy(L%[0,1]) — Hyz(feo) by
O(g) =ao+ ), Y. Xlyo. don
n=1 110-‘1-101+2(120+l11+102)+...+n (ln0+l,1,1,1+...+lon) =n (39)
Ly
X 1__[ (Im,k+1) kk/
m=1,n
k=0,m

where g € Hys(L2,[0,1]) is of the form (4) and the polynomials I, s 1 are defined by (17).
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Theorem 8. The mapping ©, defined by (39), is a topological isomorphism between the alge-
bras Hy,(L2,[0,1]) and Hyz(feo)-

Proof. Let us show that the mapping © is well defined. Let ¢ € Hys(L2[0,1]). By (4), g has a
Taylor series representation

[ee]
g=) 8 (40)
n=0
where
Lk k
g0o=®&o,  §n= ) X1, on (Ry—k) ™ (41)
Lo+l +2(lo+ 11 +Ho2) +... 1 (Lot +lon) =0 m:ﬁ
k=0,m

forn € IN, where ag € C,a;,, 1, € Cand Ly, ..., loy € Z. Let x € l~. By Lemma 4, there
exists y € L%[0,1] such that the equality (37) and the inequality (38) hold. Then by (39), (37)
and by the linearity, continuity and multiplicativity of the character J, € M, we have that

O(g)(x) =a+ Y. Y Wty L1 (I (x)) 1

n=1 111+112+2(121+122+123)+...+?l(ln1+...+lnln+1):I’Z m=1,n
k=0,m
i lm,k+1
=ap+ ) ) T B <5x(1m,k+1)>
n=1111+lp+2(l1 +Hoo+loz) +o A n (Lt np1)=n m=1n
k=0,m
© lm,k+1
=+ Z Z PP <5]/(Rm—k,k))
=111+l +2(Ipy+lo+1lps) +..+n(lyy+.. 41y yp1)=n m:l
k=0,m
- I
_ m,k+1
=6y o+ ), ) e ) (Ry—kx)
=111+l +2(In+lo+los) +o o n(lyr+otly 1) =n m=1Ln
k=0,m
= dy(8).

(42)

Therefore, since § € Hys(L3[0,1]) and 8, € My, it follows that 6,(g) is well defined and
therefore the function ©(g) is also well defined for every x € (.

Next, let us prove that @(g) € Hyz({w) for every ¢ € Hy(L%[0,1]). Let ¢ € Hy(L%[0,1]).
Then g is of the form (40). According to [13, Section 8, p. 61, Proposition 8.6 and Theorem 8.7]
and taking into account that every function of bounded type is locally bounded, in order to
prove that ©(g) € Hp7({w) it is sufficient to show that ©(g) is a G-holomorphic function of
bounded type.

Firstly, let us show that the function ©(g) is G-holomorphic. According to the definition of
a G-holomorphic function (see [13, Section 8, p. 58, Definition 8.1]) we need to prove that for
all b, c € £ the function h : C — C, defined by

h(p) = ©(g)(b + pc), (43)
where u € C, is entire on the set C, thatis, h € H(C). Let b = (by,bp,...) € ls and
c = (c1,¢2,...) € leo. Let h be defined by (43). For any n € IN, let

(1) = Y Saydyrn 11 (g (b i)™, (44)
=1n
0,m

lll+112+---+n(ln1+m+ln,n+l):n m
k=0,m
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where u € C. By (44) and (17), we get

lnl
hn(p) = Y prtinss L1 (Or(mp) + Be(mry)
111+112+...+n(ln1+...+lnln+1):n m=1n

k=0,m

So, hy is a polynomial of u. Therefore, h,, € H(C).
Letp € N,ap € Cand

P
Sp(p) =ao+ Y halp), (45)

n=1
where y € C. Itis clear that S, € H(C) since h, € H(C).
For yi € C by Lemma 4, where we set x = b + ic, there exists y,, € L%[0,1] such that

5b+yc(1n,k+1> = 5y;¢(Rnfk,k) (46)
for every n € N and k = 0, and
[Ypelloop < K][b+ pic]), (47)

where the polynomials R,y x and I, x11 are defined by (3) and (17) respectively, and K is given
by Corollary 2. From the properties of the norm it follows that

16+ pell < [|b]] 4 [pellle]l- (48)
Therefore, from (47) and (48) it follows that

[Ypelleo < K(IIBI+ [l liell)- (49)
Thus, by (43), (46) and (42), we obtain

h(p) = ©(8)(b + pc) = 6y, (8)- (50)
By (45) and (44), we get
4
I
Sp(u) =aog+ ) Y. LT R (L kg1 (b + pc)) ™1, (51)
n=111+ho+..+n(ly+... 4+l pp1)=n m:l_,7
k=0,m
By (39), we have
4
lﬂl
o + Z Z A0 RPN (Im,k+1(b + VC>) o
n=11l+lp+..+n(ly+...+lyyp1)=n m=1n
k=0,m (52)
4
=0( X g1)(b+po),
n=0

where g, is defined by (41) for every n € N U {0}. By Lemma 4, where we set x = b + jic, there
exists y, € L2]0,1] such that (46) holds. Then by (42), we obtain

®< égrz) (b+pc) = 5%4( égrz)- (53)
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Thus, by (51), (52) and (53), we have that

p

p
Sp(u) = ®< ;)gn)(b + pc) = 5yy< ;)gn)~ (54)

Let I € IN. By (2), (43), (54), (50) and (49), we have

|h—=Splli=sup  [h(p) —Sp(p)]
{eC: |u|<1}

< sup 0(s)(ew) - 0 3 81) @)

{wele: [Jwl[<[lb]+Iell} n=0
p

d2(8) — 52( Z gn)

n=0

< sup
{z€L%[01]: [lz]lcop<K([[Dl[+Ilell) }

P
= sup 3) ~ L n(2)

{zeL&[01] : |zl o2 <K(I[Bl[+1[Ic]])}
p
B Hg_nx_‘bg"HK(

since § € HbS(L%<> [0,1]). Therefore by [17, Chapter 2, p.53, Theorem 5.2], we conclude that
h € H(C). So, the mapping ©(g) is G-holomorphic.

Now let us show that ®(g) is bounded on bounded sets, that is, ©(g) is a function of
bounded type. Consider a ball B(0,7) C f«, where r > 0. Prove that the function ©(g) is
bounded on B(0,r), that is, ||©(g)]|; < +oc. By (2), we obtain

1©(8)llr = sup [©(g)(x)|- (55)

[l x| <r

—+0 as p — oo,
[bl1+1]lcll)

By Lemma 4, for every x € (o there exists y» € L% [0, 1] such that
Ox(Inje+1) = Oy, (Ry—kk) (56)
foreveryn € Nand k € {0,...,n} and
[y lleo,2 < K]|x]], (57)

where the polynomials R, x and I, x11 are defined by (3) and (17) respectively, and K is given
by Corollary 2. Since ||x|| < r, from (57) it follows that

[Yxlleo2 < K. (58)
Then by (55), (56), (42) and (58), we have

10(g) [l = sup |O(g)(x)| < sup 16,(8)]
x| <r 12 [0,1]: [yllwa<Kr}
= sup 18W)| = lIgllkr < o0

{yeL%[0]: yllcop<Kr}

since ¢ € Hys(L3,[0,1]) is the function of bounded type. We have thus proved that ©(g) is
bounded on an arbitrary ball of the space /. Therefore, @(g) is bounded on every bounded set
of £« and so, ®(g) is a function of bounded type. Thus, we have proved that ©(g) € Hyz (o).
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It can be checked that the given mapping ©® preserves the operations of the algebras
Hys(L%,[0,1]) and Hyz(feo)-

Next let us show that © is continuous. It is sufficient to prove that there exist C > 0 and
72 > 0 such that for all ; > 0 and g € Hy(L%[0,1]) the inequality

0@l < C- gl

holds. Let us give an estimate of ||©(g)||;,- By Lemma 4, for every x € /(o there exists
y € L%[0,1] such that (37) and (38) hold. Then by (2) and (42), we have

@@l = sup  [O(g)(x)] < sup 6y (8)]
{x€leo:|x]| <1} {yeLZ[01):|yllwp<Kr1}
= sup g = lIgllxr -

{yeLZ[01):]|yllcop<Kr1}

Thus C = 1 and r, = Krq and so, the mapping © is continuous.

Let us prove that @ is bijective. Firstly, let us show that for all g1, g2 € Hys(L%[0,1]) when-
ever O(g1) = O(g2), then g1 = go. Let us consider a function ¢ € Hy,(L2[0,1]) such that
¢ = g1 — &2 and g has a Taylor series representation (40), where g, is defined by (41). By
assumption ©(g1) = (g2 ), therefore

O(g) = O(g1 — $2) = O(g1) — O(82) = 0.

Let r > 0. By the Cauchy estimate, we obtain [|©(g,)|l; < [|©(g)]|s for every n € IN U {0}.
Then ||©(gx )|l = 0, since ©(g) = 0. Therefore ®(g,) = 0 for every n € IN U {0}. And so, by
(41), we get

O(g0) = O(ag) =g =0, (59)
and by (41) and (39), we obtain
Lk k
O(gn) = O ) X110, lon (Ry—k) ™ )
lio+lo1+2(lo+ 1 +o2) +-.. A1 (lyo+... 4y ) =n m:E
k=0,m
lmfk,k
= X110, don <®<Rm*k,k)>
lo+lo1+2(lo+11+02) +- A1 (Lot +lon) =0 m=1n
k=0,m
L—kk
= ) XLy, lon (Lnjg1) "™ =0
110+101+2(120+111+102)+...+n(ln0+...+lo,1):n mfl_,in
k=0,m

for every n € IN. Since the polynomials from the sequence Z, defined by (19), are algebraically
independent, from the last equality it follows that

XL10,edon = 0.
Therefore for every n € IN we have
Ln—kk
&n = Z Xl10,....lon (Rm—k,k) =0
lo+lo1+2(lo+11+H2)+- . A1 (lyo+...+lon) =n m:ﬁ
k=0,m
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and by (41), (59), we get
g0 = &p = 0.
Thus,

81— &2 =8 = Zgn:O.
n=0

So, g1 = g2 and the mapping O is injective.

Next let us show that the mapping @ is surjective, that is for every function f € Hy7(fw)
there exists a function ¢ € Hys(L2,[0,1]) such that ©(g) = f. Let f € Hy7({«) be an arbitrary
chosen function. Then f is of the form (20). Let us consider the function

g=wmo+ ), ) %o don 11 (Rmfk,k)lmik/kz (60)

n=11+ln+2(lo+h1+lo2)+-. 41 (lno+...+lon)=n m=1,n
k=0,m

where the polynomials R,,_ i are defined by (3), I, ..., lon € Z+, ap and a;,, 4, are given by
(20). Note that g can be represented in the form

§= ) 8&u (61)
n=0

where g, is defined by (41) for every n € IN U {0}. Let us show that g is well defined on the set
L%]0,1]. Lety € L2,[0,1]. By Lemma 3, there exists x € £« such that (28) and (29) hold. Then
by (60), we have

00
Ly
g(y> = & + Z Z “110,...,lon (RWI*k,k(y)) ok
n=1 110+101+2(120+111+102)+...+n(ln0+...+lo,1):n m=1n
k=0,m
= I
=ap+ ) Y XLy, lon (Ox (T 1)) "™
n=1 110+101+2(120+111+102)+...+n(ln0+...+lo,1):n m=1n (62)
k=0,m
- I
=ap+ ) Y. X110, lon (L g (x))
n=1119+lo1+2(lao+111+02) +-- -1 (lyg+-.+lon) =1 m=1n
k=0,m
= f(x).

Since x € l and f € Hy7(ls), it follows that f is well defined on the element x and so, the
given function g is well defined on the set L2,[0, 1].

Next let us prove that ¢ € Hy,(L2[0,1]). Firstly, let us prove that ¢ is G-holomorphic. Ac-
cording to the definition of a G-holomorphic function (see [13, Section 8, p. 58, Definition 8.1])
we need to prove that for all b, c € L2, [0,1] the function i : C — C, defined by

h(u) = g(b + pc), (63)

where u € C, is entire on the set C, that is, h € H(C). Let b = (b, by) € L2%][0,1] and
¢ = (c1,¢2) € L%]0,1]. Let i be defined by (63). For any p € IN, let

p
Sp(u) = Zogn, (64)
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where g, is defined by (61). Then by (61), we have

P
n=1110+1lp1+2(Ipo+1+102)+-..+n(lyo+... +lon)=n

where € C, Ly, ..., lon € Z+, a0, a1,,,.1,, are given by (60). By (65) and (3), we have

0

p
SP(V) = ap+ Z Z Xl10,... lon

n=1 lo+lo1 +2(120+lll +l()2) +...+n(ln0+...+10n) =n

Ltk
<TL ([, 0+ )" eatt + peae)'ar)

So, Sy is a polynomial of y. Therefore, S, € H(C).
For u € C by Lemma 3, where we set y = b + jic, there exists x, € {« such that

5b+yc(Rnfk,k> = 5x#(1n,k+1)
forevery n € Nand k € {0,...,n}, and

2l < 110+ pcleo2,

(65)

(66)

(67)

where the polynomials R,,_ x and I, x4 are defined by (3) and (17) respectively. By (48), we

have
16+ pclloo2 < [[blleo2 + [llIcloo,2-

Therefore by (67) and (68), we get

2]l < 11Bllos2 + |1l [|€]]oo,2-

Thus, by (65) and (66), we obtain

P
_ Lk k
Sp(u) =ap+ ) Y X110, lon (L (xp)) "5
n=11o+ln+2(lo+h1+ln)+...+1(lo+-...+lon)=n m=1n
k=0,m
By (21) and (22), we have
¢ Lim—kk 2
(XO + Z Z “110/«««/lOn (Im/k+1) = Z fi’l'
n=1 110+101+2(120+111+102)+...+n(ln0+...+lo,1):n m=1,n n=0
k=0,m

Therefore, by (69) and (70), we obtain

P
Sp(P‘) = ;)fn(x;t)-

(68)

(69)

(70)
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Then by (2), (63), (64), (29) and (62), we have

[h—Splli=sup  [h(p) — Sp(p)|
{neC:|ul<I}

p
< sup )g(w) - X_:Ogn(w)‘

{wel[01]:]|wlco2<[blleo2+llelleo2}

< ey

{x€loo:|[ x| <[|blleop+l[clloo2} n=0

4
I ;)fH lloatleloz 0 o P
since f € Hyz({). Therefore by [17, Chapter 2, p.53, Theorem 5.2], we conclude thath € H(C).
And so, g is G-holomorphic.
Secondly, let us show that g is a function of bounded type, that is, g is bounded on bounded
sets of the space L% [0,1]. Consider a ball B(0,7) C L2]0,1], where r > 0. Prove that the
function g is bounded on B(0,r), that is, ||g]|; < +co. By (2), we get

Igll- = sup [g(y)]- (71)

[Ylleo <7

By Lemma 3, for every y € LZ[0,1] there exists x, € (o such that

Sy (Ru—kk) = Ox, (Lnjks1) (72)
foreveryn € Nand k € {0,...,n} and

12yl < Nl lleo,2, (73)

where the polynomials R,y and I,, ;. are defined by (3) and (17) respectively. Then by (71),
(72), (62) and (73), we obtain

lgll- = sup |g@)| < sup  |f(x)[ = [Ifllr < +oo

[Ylleop<r {x€leo x| <r}

since f € Hypz(lw) is the function of bounded type. We have thus proved that g is bounded
on an arbitrary ball of the space L2 [0, 1]. Therefore, g is bounded on every bounded set of
L%[0,1] and so, g is a function of bounded type. We have proved that ¢ € Hys(L%[0,1]). Thus
the function g is desired and the mapping © is surjective.

Finally, we have proved that the mapping @ : Hy,(L2,[0,1]) — Hpz({e) is well defined,
continuous, bijective and preserves the operations of the algebras Hy,(L%[0,1]) and Hyz({eo).
Then according to [16, Chapter 2, Corollaries 2.12] the inverse mapping

o 1. Hbz(goo) — Hbs(Lgo[Orl])

is also continuous. Thus the given mapping © is an isomorphism between the algebras
Hys(L%[0,1]) and Hyz (¢eo). O
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V AaHilf CTAaTTi OTPUMAHO A€SIKi 3aTaAbHi pe3yAbTaTH PO 3AIUeHHO-MOPOAXKEHI aATeOpH IIAVX
JyHKIIIIT 06MeXeHOro THITy Ha KOMIIAEKCHOMY HaHaX0BOMY IIPOCTOpi. 30KpeMa, AOCAIAXKEHO mia-
aarebpy ®pemre Hyp(X) aarebpu @petite Bcix mianx dpyHKIin obmexxeroro tuiy Hy,(X), mopoaxe-
HY 3AiUeHHOIO MHOXMHOIO P HenepepBHIX aATebpaiuHO He3aAeXXHIX KOMIIAeKCHO3HAUHMX OAHOPI-
AHVX IOAIHOMIB Ha KOMITAEKCHOMY 6aHaXxOBOMY IPOCTOPi X, TAaKOIo, IO AesiKa CKiHUeHHa KiAbKiCTh
€AeMEeHTiB MHOXXVHMI P MOoXe MaTy OAHaKOBWMIA CTEITiHb OAHOPiAHOCTI. BcTaHOBAEHO BUTASIA €AeMeH-
TiB Iiel miaaare6pu. KpiM TOro, moxasaHo, 110 KOXKHII AiHIHIIT MYABTUITAIKATUBHII (DYHKITIOHAA,
ki Ale 3 aarebpu Hyp(X) y mpoctip C, miAKOM BU3HAYEHVIT CBOIMY 3HAUECHHSIMM Ha eAeMeHTax
MHOXVHY P. TakoXX BCTaHOBAEHO OILIHKY 3BepXy AASI 3HAUEHHS TaKOTO (pyHKITiOHaAa Ha AOBIABHO-
My 1-OAHOPIAHOMY IHOAIHOMI, SIKVIE HaAeXuTh arrebpi Hyp(X). LIi pe3yAbTaTH BUKOPUCTAHO AAS
MAESIKIX anrebp.

Hexait Leo[0, 1] — KOMIIAEKCHMIT GaHAXOBII IPOCTIP YCiX KOMIIAEKCHO3HAYHMX BUMIPHUIX 3a Ae-
6erom CyTTeBO obMexenmx dyHKiit Ha Biapisky [0,1]. Hexait L% [0, 1] € AekapToBMM KBaapaTOM
npocTopy Les[0,1]. PosrasmyTo aarebpy ®pere Hy,(L2[0,1]) ycix miamx cumerpuarmx dpyHKmii
obMexenoro Turmy Ha mpoctopi L2 [0,1]. Y poboTi mobyaoBaHO 3AiUeHHO-TIOPOAXKEHY TaaAre6py
®pere arrebpu Hy({o), sika € TomoAoTiuHO i30MopdHOt0 20 Hys(L2,[0,1]), Ae Lo € KOMIAEKCHUM
baHAXOBMM IPOCTOPOM YCiX 06MeXeHNMX IMOCAIAOBHOCTE KOMIIAEKCHIX UMceA. A came, Hexat I =
(h1, ho by, o, bsy oo Lty gy oo Lyt -+ ), A€ I (x) = x1, [in(x) = x, by (x) = 13, In(x) = x3,
Ly(x) = x2, Iy (x) = x3, Ip(x) = x3, Ia(x) = x3, ba(x) = x3,..., A6 x = (x1,X2,...) € eo. [To3HA-
unmo vepe3 Hy7 ({e ) minaarebpy Opetiie arrebpu Hy (oo ), TOPOAXKEHY ITOCAIAOBHICTIO HOATHOMIB Z.
Y po6oti nobyaoBaHo TonoAoriunmit isomopdism Mix aarebpamu Hyz (foo) Ta Hys(L2,[0,1]).

Pe3yAbTaTyi CTATTi MOXYTb OyTH BUKOPMCTaHI AASL AOCAIAKEHD aArebp CMMETPUUHMX aHaAITH-
YHMX (PYHKII Ha 6aHaXOBMX IIPOCTOPaX.

Kntouosi cnoea i ¢ppasu: n-oAHOPIAHMIA TIOAIHOM, cMMeTpUYHa (PYHKIIisI, aHaAiTMUHA (pyHKITis,
CIIEKTp aATeOpIL.



