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Strictly convex abelian metric groups are normed spaces

Banakh T.0.2, Mazurenko O.V.!

We prove that every strictly convex abelian metric group has a canonical structure of a normed
space over the field of real numbers. We deduce this fact from the IR-normability of strictly convex
metric groups. Moreover, we prove that a strictly convex (more generaly, R-normable) metric group
is a finite-dimensional normed space if and only if it is locally compact if and only if it is (compactly)
finite-dimensional. Also we prove that every strictly convex metric space is geodesic.

Key words and phrases: strictly convex metric space, normed space, abelian metric group,
geodesic metric space, finite-dimensional normed space, locally compact metric group, R-normable
metric group.

! Ivan Franko National Univerisy of Lviv, 1 Universytetska str., 79000, Lviv, Ukraine
2 Jan Kochanowski University of Kielce, 5 Zeromskiego str., 25369, Kielce, Poland
E-mail: t.o.banakh@gmail.com(Banakh T.O.), oles.mazurenko@lnu.edu.ua (Mazurenko O.V.)

1 Introduction

The strict convexity is a fundamental geometric property of Banach spaces, ensuring uni-
queness of best approximations, playing a central role in duality theory, and underpinning
applications in optimization, approximation theory, and fixed point theory (cf. [3,4,8,9]). In
spite of the fact that the strict convexity usually is defined for normed or Banach spaces, it is a
purely metric property and can be defined without involving the linear or convex structure.

Definition 1. A metric space (X,d) is defined to be strictly convex if for any points x,y € X
and any positive real numbers a,b with a +b = d(x,y), the intersection B[x,a] N B[y, b] is a
singleton.

Here we denote by B[x,a] := {z € X : d(x,z) < a} the closed ball of radius a centered at a
point x of the metric space (X, d).

In this paper, we study strictly convex metric groups and prove that every strictly convex
metric abelian group (G, +,0,d) possesses a canonical structure of a normed space. The latter
means that it admits a unique function

-t RxG>3 (tx)—t-xegG,
that turns G into a linear space over the field of real numbers and also turns the function
|-Il:G3xm x| :=d(x,0) € R

into a norm on the linear space (G, +,0, -).
This structure result is applied in the paper [1] devoted to studying plastic metric spaces
and groups (a metric space is plastic if every its non-expanding permutation is an isometry).
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2 The Main Result

Our study will mainly consider the strict convexity in metric groups. Let us recall the
definition of this mathematical structure.

Definition 2. A group is an algebraic structure (G, +,0), consisting of a set G, a binary opera-
tion + : G x G — G and an identity element 0 € G, satisying the following axioms:

(1) Vx,y,z€ G (x+y)+z=x+(y+z) (associativity),
2)VxeG x+0=x=0+x (identity),
B VxeGdyeG x+y=0=y+x (inverse).

If, in addition, x + y = y + x for all x,y € G, then (G, +,0) is called an abelian group.

Definition 3. A metric group is a group (G, +,0) equipped with a metricd : G x G — R,
which is translation invariant in the sense thatd(x +c,y+c) = d(x,y) = d(c + x,c + y) forall
elements x,y,c¢ € G. The metric d can be recovered from the norm || - || : G > x — d(x,0) € R
generated by this metric.

The main result of this paper is the following IR-normability theorem.

Theorem 1. Every strictly convex metric group (G, +,0,d) admits a unique scalar multiplica-
tion operation - : R x G 3 (t,x) — tx € G, such that

1) Vxe G 1x=x (identity),
(2 Vt,veR Vxe G (tv)x = t(vx) (associativity),
@) Vt,veR Vxe G (t+v)x =tx+ox (distributivity),
4 VteR Vx,ye G x+y=y+x=tx+y) =tx+ty (codistributivity),
and the function || - || : G 5 x — ||x|| := d(x,0) € R satisfies the usual axioms of a norm:
B) VxeG x| =0 < x=0 (non-degeneracy),
6) Vx,ye G |lx+y| <|x]|+ vl (triangle inequality),
(7) VteR Vx € G |tx|| = |t] - || x| (homogeneity).

Theorem 1 will be proved in Section 7 after some preliminary work made in Sections 3-6.

Now we discuss some implications of this theorem. A metric group G admitting a binary
operation - : R X G — G that has properties (1)—(7) of Theorem 1 will be called R-normable.
In this terminology, Theorem 1 says that every strictly convex metric group is R-normable. If
a strictly convex metric group G is abelian, then the property (4) of Theorem 1, called codis-
tributivity!, becomes the standard distributivity of multiplication over vector addition, and
then the metric group G endowed with the scalar multiplication becomes a normed space
over the field of real numbers. Therefore, R-normable abelian metric groups are underlying
additive groups of normed spaces (all normed spaces considered in this paper are over the
tield of real numbers). In this case, we will say that such abelian groups are normed spaces.
Therefore, in commutative case, Theorem 1 implies the following corollary.

Corollary 1. Every strictly convex metric abelian group is a normed space.

! coined by removing “mmutative” from the commutative distributivity
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We do not know whether Corollary 1 generalizes to nonabelian groups, which motivates
the following open problem.

Problem 1. Is every strictly convex metric group abelian? Is every R-normable metric group
abelian?

In this paper, we provide an affirmative answer to this problem for strictly convex (more
generally, R-normable) metric groups which are locally compact or (compactly) finite-dimen-
sional. A metric group G is locally compact if every point of G has a neighborhood with compact
closure. A metric space X is called compactly finite-dimensional if all compact subets in X are
finite-dimensional. By dimension we will here and henceforth mean the small inductive di-
mension of a topological space.

Theorem 2. Every locally compact R-normable metric group is abelian and hence is a finite-
dimensional normed space.

Theorem 2 will be proved in Section 8. We will deduce from Theorem 2 another partial
answer to Problem 1 that yields also a characterization of finite-dimensional normed spaces
among R-normable metric groups.

Theorem 3. For an R-normable metric group G, the following conditions are equivalent:

(1) G islocally compact;
(2) G is finite-dimensional,
(3) G is compactly finite-dimensional.

The equivalent conditions (1)—(3) imply that G is abelian.

We expect that Problem 1 has negative answer, so can be reformulated in the following
“constructive” fashion.

Problem 2. Study structural properties of (strictly convex) R-normable metric groups.

In fact, the R-normability established in Theorem 1 is one of such structural properties.
It implies that strictly convex metric groups have no small subgroups and hence are close to
being Lie groups. Let us recall that a topological group has no small subgroups if some neigh-
borhood of the identity contains no nontrivial subgroups. By the classical characterization
of A.M. Gleason [7], Lie groups are exactly locally compact topological groups without small
subgroups. The homogeneity of the norm implies that IR-normable metric groups cannot have
small subgroups. This (trivial) fact, combined with the (nontrivial) Theorem 1 implies the
following (nonobvious) property of strictly convex metric groups.

Corollary 2. Strictly convex metric groups do not have small subgroups.

3 Strictly convex metric spaces are geodesic

Definition 4. Let (X,d),(Y,p) be metric spaces. A map f : X — Y is called an isometry if
p(f(x), f(y)) = d(x,y) for all points x,y € X.

Definition 5. A metric space (X,d) is called geodesic if for all x,y € X there exists a unique
isometry 7y : [0,d(x,y)] € R — X such that y(0) = x and y(d(x,y)) = y.
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The main result of this section is the following (probably known) proposition.
Proposition 1. Every strictly convex metric space (X, d) is geodesic.

Proof. Take arbitrary points x,y € X and let ¢ := d(x,y). Consider the function y : [0,c] — X
that assigns to each real number a € [0, ¢] the unique point in the intersection of the closed
balls B[x,a], B[y, c — a] in the strictly convex metric space X. The triangle inequality ensures
that d(x,y(a)) = aand d(y,y(a)) = ¢ — a. This implies that ¢(0) = x and y(c) = y. We claim
that the map -y is an isometry.

Take any two real numbers a,b € [0,c]. Without loss of generality we can assume that
a < b. Consider the closed balls B[x,a] and B[y(b),b — a]. Since X is strictly convex and
a+ (b—a) =b=d(x,y(b)), the balls intersect at exactly one point z € X. Using the triangle
inequality, we obtain

c=d(xy) <d(x,z)+d(z,y) <a+d(zy)

and hence ¢ —a < d(z,y). Using triangle inequality again in the different setting, we obtain
d(z,y) <d(z,v(b)) +d(v(b),y) < (b—a)+ (c—b) =c—a.

Combining the results together, we conclude that d(z,y) = ¢ —a. Then the point z belongs
to the intersection of closed balls B[x, a] and B[y, ¢ — a]. Since this intersection is the singleton
{7(a)}, the point z coincides with (a). Hence d(y(a),y(b)) = d(z,v(b)) = b — a. This proves
that -y is an isometry.

Finally, let us prove that v is a unique isometry from [0, c| to X such that y(0) = x,v(c) = v.
Assume that f : [0,c] — X is another isometry with f(0) = x and f(c) = y. Then for
an arbitrary real number a € [0,c] we have d(x, f(a)) = d(f(0),f(a)) = d(0,a) = a and
similarly d(f(a),y) = ¢ —a. Hence f(a) belongs to the intersection of closed balls Bx, 4]
and B[y,c — a]. Since this intersection contains exactly one point (a), we conclude that
f(a) = 7(a). Therefore v is a unique isometry with wanted properties, and as a result, the
metric space (X, d) is geodesic. O

4 2-divisibility in strictly convex metric groups

In this section we use the existence of midponts in strictly convex metric groups in order to
prove that such groups are uniquely 2-divisible.

Definition 6. Let (X, d) be a strictly convex metric space. For two points x,y € X the midpoint
between points x and y is the unique point of the singleton B|x, @} NBly, M] :

Lemma 1. Let (G, +,0,d) be a strictly convex metric group. For all points x,y € G the midpoint
z € G between x and y satisfies the algebraic identity z = x — z + y.

Proof. Let us consider the real number ¢ := 1d(x,y) = d(z,x) = d(z,y) and the element
z = x —z+y of the group G. Since the metric d is translation invariant, we obtain
d(z',x) =d(x —z+y,x) = d(y,z) = ¢ and similarly d(z’,y) = d(x,z) = c. Since G is strictly

convex, z' must coincide with z. Hence, z = x — z + y. O

Definition 7. An additive group (G, +,0) is called (uniquely) 2-divisible if for every x € G there
exist a (unique) elementy € G such thaty +y = x.
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The main result of this section is the following proposition.
Proposition 2. Every strictly convex metric group is uniquely 2-divisible.

Proof. Let (G, +,0,d) be a strictly convex metric group. First we prove that the group G has no
elements of order 2.

Claim 1. An element x € G equals zero if and only if x +x = 0.

Proof. The “only if” part is trivial. To prove the “if” part, assume that x + x = 0. Let z be the
midpoint between 0 and x. Lemma 1 ensures that z = 0 — z + x and hence z 4+ z = x. Consider
the element y := z + x and observe thatz+y =z + (z+x) = (z+2z) +x = x + x = 0. Then
d(0,y) = d(z,z+y) = d(z,0) = 3d(0,x) and d(y,x) = d(y + x,x + x) = d(z,0) = 3d(0,x),
which implies that y is a midpoint between 0 and x. The uniqueness of the midpoint ensures
thatz =y =z+xand x = 0. O

Now we are able to prove that the group G is uniquely 2-divisible. Given any element
x € G, consider the midpoint z between 0 and x. Lemma 1 implies z + z = x. Assume that
y € G is another element with y +y = x. Consider the element z’ := y + z — y of the
group G. The translation invariance of the metric d ensures that d(0,z') = d(0,y +z — y)
= d(-y+y,z) = d0,z) = 1d(0,x) and d(z/,x) = d(y+z—y,x) = d(z,—y+x+Y)
=d(z,—y+y+y+y) =d(z,y+y) = d(z,x) = 3d(0,x), which means that z’ is the mid-
point between 0 and x. The uniqueness of a midpoint between 0 and x guarantees that
z = 7/ := y+z—y, which implies y + z = z + y. Then we obtain the following equalities
(y—2)+(y—2z)=W+y)—(z+2z) =x—x=0and y — z = 0, by Claim 1. Therefore, y = z
and z is a unique element of G such that z 4+ z = x, witnessing that the group G is uniquely
2-divisible. g

5 Every strictly convex metric group is a Z[}]-comodule

Let R be a commutative unital ring. A metric group G admitting a binary operation
- R X G — G that has properties (1)—(4) of Theorem 1 will be called an R-comodule. In this
terminology, every commutative R-comodule is an R-module. In this section, we prove that
every strictly convex metric group is a comodule over the ring Z[%] ={:meZmnecN}of
dyadic fractions.

Proposition 3. Every uniquely 2-divisible additive group (G, +,0) is a Z[1]-comodule.

Proof. Define a binary operation - : Z x G 3 (n,x) — nx € G by the following recursive
formulas: 0-x =0, (n+1)-x =n-x+x,and —(n+1)x = —nx —x foralln € NU {0}. A
straightforward verification of properties (1)—-(4) ensures that with the defined operation the
following claim holds.

Claim 2. Every additive group is a Z-comodule.

The unique 2-divisibility of the group G ensures that we can extend the - operation by
setting 7 to be the unique element with 2(3x) = x and putting 5:x = 1 (5;=7x) foralln € N.

n
Then the following claim holds by induction.

Claim 3. J:x is the unique element with 2"(5;x) = x forallx € G andn € N.
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Claim 4. If forx,y € G we have x +y = y + x, then 3x + 1y = 1y + Ix.

Proof. Since x +y = y + x, we obtain x + y — x = y, which implies that 2(x + 3y — x) = v.

Then the identity x + 1y — x = Jy must hold by the unique 2-divisibility of G. This gives

Iy 4+ x— Jy = x, which implies 3y + Jx — 1y = 1x by the same argument. Then we get

%x + %y = %y + %x, which completes the proof. ]
Claim 4 ensures the following claim holds by induction.

Claim 5. If for x,y € G we havex +y =y + x, then%x—l—z%y:z%y—l—zinxfora]]ne]N.
Claim 6. 2 (x +y) = %x + 5y forallx,y € G withx+y =y +xandn € N.

Proof. Claims 2, 3, and 5 ensure that 2" (s x + 5y) = 2" (s5x) + 2" (5y) = x + V. O
Claim 7. 5 (Zﬁ,x) 2n+mx forallx € G andn,m € IN.
Proof. Claims 2 and 3 ensure that 2"+ (3 (x)) = 2" (Lx) = x. O

Finally, let us further extend the multiplication operation to - : Z[1] x G — G by setting

Ix = % (mx) forallm € Z,n € N. The following assertion implies that this operation is

well-defined.
Claim 8. % (mx) = %x = m(5x) forallx € G and & € Z[}].
Proof. Statement holds by induction on m using codistributivity proven in Claim 6. O

Now we are able to prove that (G, +,0, -) satisfies properties (1)-(4) of the Z[}]-comodule.
(1) Forevery x € G the equality 1x = x holds by the definition of - operation.
(2) Forevery x € G and 7, 2—;7{ € Z[}] the equality

2 (5) =G0 e) =G () =) = 25

holds by Claims 2, 7, 8, and the definition of - operation.

(8) Forevery x € G and %,2—’1 € Z[}] we have

2”+k<2nx + %x) =2k <2” (2—nx)> + 2" <2k<%x>) = m2kx + p2"x = (m2* + p2")x

by Claims 2 and 3. This implies

Mx:<ﬂ )

1
Mt Px= <(m2k + p2”)x> =~k +

omn 2k on+k
by Claim 3 and the definition of - operation.
(4) Forevery x,y € G withx +y =y + x and % € Z[}] the equality

on ok )t

g (50 0) = g (m(x+9)) = g5 e+ my) = gt oy = Fo T

holds by Claims 2, 6, the definition of - operation, and the fact that mx + my = my + mx if
xX+y=y+x U

Propositions 2 and 3 imply the following corollary, which is the main result of this section.

Corollary 3. Every strictly convex metric group is a Z[3]-comodule.
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6 The norm is Z[}]-homogeneous

In this section we prove that the norm of a strictly convex metric group is compatible with
the Z[}]-comodule structure.

Proposition 4. For every stricly convex metric group (G, +,0,d), the norm
|-Il: G2 x> |lx]| :=d(x,0) € R
has the following properties:
(1) VxeG x| =0 < x=0,
2 v,y e G x+yl <llxll+lyl.
@) VteZ[z] VxeG |tx| = |t |«

Proof. Let (G,+,0,d) be a strictly convex metric group and | - || be its norm. The first two
properties follow immediately from the axioms of a translation invariant metric. The proof of
the third property is more complicated and is preceded by four lemmas.

Lemma 2. ||2x|| = 2||x|| for every x € G.

Proof. By Lemma 1 and Proposition 2, the point x is a midpoint between 0 and 2x = x + x,
which implies 2||x|| = 24(0,x) = d(0,2x) = ||2x||. O
Lemma 3. |2"x|| = 2"||x|| forallx € G andn € Z.

Proof. Fix any x € G. By induction, Lemma 2 implies ||2"x|| = 2"| x| for all n € IN U {0}.

Then for every n € N U {0}, we have ||x|| = || %x|| = 2"||2x| and hence [|27"x| = 27"||x]||.
Therefore, ||2"x|| = 2"||x|| for all n € Z. O

Lemma 4. ||nx|| = n||x|| forallx € G andn € N.

Proof. From the triangle inequality it follows that ||nx| < n]||x||. Assuming to the contrary that
|nx|| # n||x|, we conclude ||nx|| < n|/x||. Choose any k € N with n < 2¥. Lemma 3, the
Z-comodule structure of the group G, and the triangle inequality ensure that

2Mlxll = 125 = flnx+ 2° = m)x| < el + (|25 = m)x| < ]| + (2 = m) ]| = 2] ],
which is a contradiction. Hence, our initial assumption is wrong and ||nx|| = n||x||. O
Lemma 5. ||nx|| = |n| - ||x|| forallx € G and n € Z.
Proof. If n > 0, then the equality ||nx| = n - ||x|| = |n]| - ||x|| follows from Lemma 4.
If n = —1, then
[nx[} = || = x| = d(0, =x) = d(x, —x + x) = d(x,0) = d(0,x) = |[x[| = [ =1 - [[x]| = |n] - [|x],

by the translation invariance of the metric d.
If n <0, then ||nx| = |||n]- (—=x)|| = |n|- || —x|| = |n|-| x]|, by the two preceding cases. [

Taking into account that G is a Z[3]-comodule, we can apply Lemmas 3, 5 and conlcude

that }
- B - - n
| 2] = @5 = I - 275 = P - 2 el = 2

foralln € Z,k € Nand x € G, completing the proof of the third property of Proposition4. [J
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7 Proof of Theorem 1

Now we are able to present the proof of Theorem 1. Let (G, +,0,d) be a strictly convex

metric group and || - || : G 3 x — ||x]| := d(x,0) € R be its norm. By Proposition 3, G admits
a binary operation - : Z[1] x G 3 (t,x) — tx € G, turning G into a Z[}]-comodule such that
|tx|| = |t| - ||x|| for all t € Z[}] and x € G. This binary operation will be called the dyadic

multiplication on G.
Now we are going to extend the dyadic multiplication to the operation

x:RxG>(tx)—txx€QG,

which is defined as follows. For every t € Ry := {x € R: x > 0} and x € G, let f * x be
the unique point of the intersection B[0, t||x||] N B[rx, (r — t)||x||], where r € Z[1] is any dyadic
fraction with r > t. Let us show that t * x does not depend on the choice of r.

Given any dyadic fractions r,7’ € Z[3] N [t, %), we have to show that the singletons

{z} := B[O, | x]] N Blrx, (r— H)x|]] and {2} == B[O, ¢]lx]]] N B, (' — £)||x]]

are equal. We lose no generality assuming that » < #’. Observe that d(0,z) = t||x|| = d(0,2).
Using the triangle inequality and Proposition 4, we obtain

d(z,7'x) <d(z,rx) +d(rx,7’'x) = (r —t)||x|| + (* —7)||x]| = (* = t)||x|| = d(,7'x).
On the other hand, we have
r'l|x|| = d(0,7'x) < d(0,2) +d(z,7'x) = t||x|| + d(z,7'x)

and hence, d(z,7'x) > (r' — t)||x|| = d(, 'x).

Combining the two inequalities yields d(z,7'x) = d(z/,r'x). Since G is strictly convex,
z = 7/, witnessing that B[O, t||x||] N B[rx, (r — t)||x]|]] = B[O, t||x|]] N B['x, (*' — t)||x]|] and the
element ¢ * x is well-defined.

For a negative real number ¢, put ¢ % x := || * (—x).

Thus we have defined the binary operation * : R X G 3 (f,x) — t* x € G, which will be
called the metric multiplication on G.

If t € Z[}]N[0,00), then for every x € G, we can take r = t and conclude that

txx € B[O, t]|x]|]] N Bltx, (t — t)||x||]] = {tx} and (=) *x = tx(—x) = t(—x) = (—t)x,
witnessing that the metric multiplication * : R x G — G extends the dyadic multiplication
1 Z[3]x G = G.

It remains to check that the metric multiplication has the properties (1)—(7) of Theorem 1.
The properties (5) and (6) follow from (1) and (2) of Proposition 4. The other five properties
will be derived from the following lemmas.

Lemma 6. Forallt,v € Ry andx € G we have ||t xx —v*x|| =d(t xx,vxx) = |t — 0| - ||x]|.

Proof. Choose any dyadic fraction r € Z[}] such that r > max{t,v}. Property (3) of Propo-

sition 4 ensures that ||rx|| = r||x||. By Proposition 1, the metric space (G, d) is geodesic and
hence there exists an isometry 7 : [0, ||rx||] — G such that y(0) = 0 and y(||rx||) = rx. The
definition of the element t  x, the equality ||rx|| — t||x|| = (r — t)]|x||, and the strict convexity

of the metric space (G, d) ensure that both elements ¢ * x and y(¢|x||) belong to the singleton
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B[O, t||x||] N B[rx, (r — t)||x||] and hence t *x x = y(t||x||). By the same reason, v * x = y(v||x||).
Since vy is an isometry, we get

[t 5 x — v xf| = d(txx, 0% x) = d(y(tl|x]), v (2llx]))) = [tlx]| = ollxll] = [t =] - ]
U
The following lemma establishes the property (7) of Theorem 1.
Lemma 7. Forall t € R and x € G we have ||t x x|| = |t] - [|x]|.
Proof. If t > 0, then ||t x x|| = |[txx —0*x|| = |t — 0| - ||x|| = || - ||x||, by Lemma 6. If t < 0,
then ||t * x|| = |||t] * (—x)|| = |t| - || — x[| = |¢] - ||x]|, by the “positive” case and the definition
of the multiplication by a negative real number. O

Lemma 8. Forall t,v € Rand x € G we have |t xx —vx*x| < |t —o| - [|x].
Proof. Ift,v > 0, then ||t * x —v* x| = |t — v| - ||x||, by Lemma 6. If {,v < 0, then
£ x = v x| = [[[t] % (=x) = [o] * (=)l = [[t] = [ol] - | = xI| = [t — o] - ||x]
by Lemma 6 and the definition of the multiplication by negative real numbers. If t - v < 0, then
ltxx —vxx|| =d(t*x,0xx) <d(t+x,0)+d0,0xx)=|t|-||x]| +|o| - [|x]| = |t — 0| - ||x]],
by Lemma 7 and the triangle inequality. O
Lemma 8 implies the following assertion.
Lemma 9. For every x € G, the function *y : R > t — t x x € G is continuous.
Lemma 10. —(t*xx) =t (—x) forallt € Rand x € G.

Proof. For every x € G, the continuity of the functions *,, *_y, and G > g — —g € G implies
that the set {t € R : —(tx) = t(—x)} is closed. Since this set contains the dense subset
Z[3) of dyadic fractions, we conclude that it is equal to R, witnessing that —(tx) = t(—x) for
allt € R. O

Now we are able to prove the properties (1)—(4) of Theorem 1.

(1) For every x € X the equality 1 xx = 1-x = x holds, because 1 is a dyadic fraction.

(2) Givenany x € G, we should prove that ¢ % (v*x) = (tv) % x for all real numebrs t, v € R.
This equality is trivially true if x = 0. So, assume that x # 0, which implies ||x|| > 0.

First we consider the case t,v > 0. Choose any dyadic fraction r € Z[%] such that
r > max{t,v,t-v}. Lemma7 ensures that ||t x (v x)|| = |t|- |[oxx]|| = |t]| - |o| - ||x|| = |tv] - ||x]|-
We claim that || * (v * x) —rx|| = |tv —r| - ||x]|. To derive a contradiction, assume that
||t * (v*x) —rx|| # |tv —r| - ||x]| and consider the positive real number

1
e = e (o) = rxl = Jro = | [+

Choose any dyadic fractions #,v' € Z[}] such that #'v’ < r and the real numbers

=] Jlosxl, [£]-lo=o[-|x| and  |to—tD]-|x],
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all are smaller than £||x||. Applying Lemma 8 and the triangle inequality, we conclude that
Itx (0xx) =t % (0 xx)|| < |t*(vkx) =t x (vxx)|| + ||t * (v*x) —t' * (V% x)|
<|t—t|-Joxx||+ ||t - (v*xx—0 xx)|
< gellxll + 1] Jo =o' - lx]| < zellx]l + Fellxll = Sellxl.
Since G is a Z[4]-module and the metric multiplication extends the dyadic multiplication,
t'x (v xx) =1t (v'x) = (Fv')x and
[£5 (0" s x) = rx|| = [[(£0")x —rx|| = [|(£0" = r)x|| = |[F'0" =] - [Ix[| = (r = #'0") - =],
according to Lemma 7. The above equality and the triangle inequality imply
[t (0% x) —rx|| = (r — to)||x||| < ||t (vxx)—t' % (0 % x)|
+ |||t % (0" % x) — rx|| — (r — to) | x]||
< Zellx|l + [ (r = #'0)[|x]| — (r — to) ]l
= Zellxl| + [to — '] - |1«
< Fellxll + zellxl| = ellx]l,
which contradicts the choice of ¢. This shows that ||t x (v * x) — rx|| = (r — tv)||x||. The latter
equality, Lemma 8 and the strict convexity of the metric group G imply
tx (v=*x) € B0, tv||x||] N Blrx, (r — tv)||x||]] = {(tv) * x}
and hence t x (v* x) = (tv) * x if t,v > 0. This case will be called “positive”.

Ift >0and v < 0, then tx (vxx) = t* (Jv| * (—x)) = (t|v]) * (—x) = (tv) * x, by the
“positive” case and the definition of multiplication by negative real numbers.

Ift <O0Oandv > 0,thentx (v*xx) = [t x (—(v*xx)) = |t| * (v*(—x)) = (|t|v) * (—x)
= (tv) x x, by the “positive” case, the definition of metric multiplication by a negative real
number, and Lemma 10.

If t,o <0, thentx* (v*xx) = tx(Jo| * (—x)) = [t| * (—(|v| *x (=x)) = |t]| * (Jo[(—(—x)))
= (|t| - |[v]) - x = (tv) - x, by the “positive” case, the definition of metric multiplication by a
negative real number, and Lemma 10.

Therefore, in all four cases, we obtain the equality ¢ * (v * x) = (tv) * x, completing the
proof of the property (2) of Theorem 1.

(3) Given any x € X, we should prove that (f +v) xx = f*x +v*x forall t,v € R. The
continuity of the functions *, and + : G x G — G implies that the set

F={(t,v) e R:(t+v)*xx=txx+v*x}

is closed in the real plane R x IR. Since the metric multiplication extends the dyadic multipli-
cation and G is a Z[4]-module, the closed set F contains the dense subset Z[1] x Z[3] of R x R
and hence F = R x R, witnessing that (t + v) xx = txx +v=*x forall t,v € R.

(4) Givenany x,y € G with x +y = y + x, we have to prove that t x (x +y) = t*xx+t*y
for all t € R. The continuity of the functions *y, *;, *x+y, and + : G x G — G implies that the
set

F:={teR:tx(x+y)=t*xx+t*xy}

is closed in the real line. Since the metric multiplication extends the dyadic multiplication and
G is a Z[}]-comodule, the closed set F contains the dense subset Z[1] of dyadic rationals and
hence it coincides with R, witnessing that t « (x +y) =t*x+txyforallt € R.
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8 Proof of Theorem 2

Let (G, +,0,d) be an R-normable metric group with a scalar multiplication operation
:RxG>3(tx)—tx €G.
Claim 9. IfK C G is a compact subgroup of G, then K = {0}.
Proof. For every x € K the function || - || : K — R is continous, hence the image
B = {|x] : x € K}

is bounded in the real line. Assuming that K # {0} we could find a positive integer n such
that ||nx|| = n - ||x|| ¢ B and conclude that nx ¢ K, which is not possible as K is a subgroup
of G. O

To finish the proof we will use the result [10] of K. Iwasawa stating that a connected lo-
cally compact topological group contains a compact invariant neighborhood of the identity if
and only if the group is compact-by-abelian, i.e. contains a compact normal subgroup whose
quotient group is abelian.

Claim 10. Every R-normable metric group G is path-connected.

Proof. For every x,y € G, themap 7 : [0,1] > t — x+t(—x +y) € G is a continuous path
connecting the points x and y. O

Claim 10 ensures that G is connected. Since G is locally compact we can pick an open
neighborhood U of identity 0 € G such that U is compact in G. Let B C U be a closed ball
with center in 0 € G. Since B C U is closed, B is compact in G. Since the metric d is translation
invariant, the ball B is a compact invariant neighborhood of the identity.

Then G contains a compact normal subgroup K whose quotient group is abelian by
K. Iwasawa'’s result. Claim 9 ensures that K = {0}. Hence G = G/K is abelian and being
R-normable, is a normed space. By Riesz’s Theorem (see [6, Theorem 1.24]), the locally com-
pact normed space G is finite-dimensional.

9 Proof of Theorem 3

By The Coincidence Theorem (see [5, Theorem 1.7.7]), the small inductive dimension and
the covering dimension coincide for all metrizable separable spaces. In particular, those
two dimensions coincide for all compact metrizable spaces. By the Subspace Theorem (see
[5, Theorem 1.1.2]), the dimension is monotone in the sense that dim(X) < dim(Y) for any
closed subspace X of a metrizable separable space Y. By the Sum Theorem (see [5, Theo-
rem 1.5.3]), the dimension is countably additive in the sense that dim( |J X,) = sup dim(Xj)

new new
for any sequence (X )new of closed subspaces of a metrizable separable space.



Strictly convex abelian metric groups are normed spaces 209

Having in mind this information from Dimension Theory, we now are able to prove the
equaivalence of the conditions (1)—(3) of Theorem 3. In fact, the implication (1) = (2) has
been proved in Theorem 2. The implication (2) = (3) follows from the Subspace Theorem
(see [5, Theorem 1.1.2]). The implication (3) = (1) will be deduced from the following lemma.

Lemma 11. For a compactly finite-dimensional metric group G the number
co-dim(G) = sup { dim(K) : K is a compact subspace of G}
is finite.

Proof. Assume to the contrary that there exists a sequence (K ),enN of compact subspaces of
G with dim(Kj;) > n. We aim to construct a compact subspace of G of infinite dimension. For
every n € N, the compact K,, admits a finite cover B, by closed balls of radius 1 centered at
points of the set K,,. By the countable additivity of dimension, dim(K;) > n implies that for
some ball B, € B,, the set B, N K,, has dimension dim(B,,) > n. Let b, be the center of the
ball B,,. Observe that the compact set C,, := —b,, + (B, N K},) is contained in the closed ball of
radius 1 around 0 and has dimension dim(C,) = dim(B, N K;) > n.

We claim that the subspace K := |J,cn Cn of G is compact. Given any open cover U
of K, choose an open set Uy € U containing 0 € K and find a number m € IN such that
{x € G:|x| <1} C Uy Then U,>,,Ci C Up. By the compactness of the set U, Cn,
there exists a finite subfamily V C U such that UZ:ll Cn CUV. Then {Up} UV C U is a finite
subcover of K, witnessing that the subspace K of X is compact. Since dim(K) > dim(C,) > n
for all n € IN, the compact space K is infinite-dimensional, which contradicts the compact
finite-dimensionality of the metric space G. O

Since G is path-connected by Claim 10 and compactly finite-dimensional, it is locally-com-
pact by the Key Lemma in the paper [2] of T. Banakh and L. Zdomskyy.
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Crpora omykAicTs € pyHAAMEHTaABHOIO Fe€OMETPIIHOIO BAACTUBICTIO 6aHAXOBMX IIPOCTOPIB, IO
3abesmedye eAVHICTh HallKpalllX allpOKCMMaLil, BiAirpae IIeHTpaAbHY POAb V TeOpil AyaAbHOCTI
Ta CAYTy€ IMAIPYHTSIM AAsI 3aCTOCYBaHb y ONTMMIi3allii, Teopil ampokcuMariii Ta Teopii HepyXoMmx
To4ok. He3paxxaroun Ha Te, III0 CTpOra OIyKAICTh 3a3BMdali 03HAUY€EThCS AAS HOpPMOBaHMX abo ba-
HaXOBMX IPOCTOPIB, Ie YMCTO METPIWYHA BAACTUBICTD, IKY MOKHA BIM3HAUMTH 6€3 3aAyJeHHs AiHil-
HOI 91 OIIYKAOI CTPYKTypu. Y Tili poboTi AOBeAEHO, IO KOXKHA CTPOro OIyKAa abeaeBa MeTpyMYHA
Ipylla Ma€e KaHOHIUHY CTPYKTYpy HOPMOBAHOTO IIPOCTOPY HaA IoAeM Alicemx umcen. IIlo6 aose-
CTU 1le TBePAKEHHsI, MU CIepIly MOKa3yeMO, IO KOXEeH CTPOro OMyKAMI MeTPUYHMI ITPOCTIp €
TeOAe3iHNM y TOMY CEHCi, IO 6yAb-sIKi ABi TOUKM 3'€AHYIOTBCSI €AVHVIM IPSIMOAIHIMHIM CeTMeH-
TOM, a TAKOX ITI0 KOXHa CTPOTO OITyKAa abeaeBa MeTpUUHA IPYyTIa € OAHO3HAUHO 2-TIOAiABHOO. Le
AO3BOASIE HAM HAAIAUTU TPYIy CTPYKTYPOIO Z[%]-KOMOAY}\H i MPOAOBXUTU OIEPALIil0 MHOXKEHHSI
Ha ABIJIKOBO-palliOHaABHI UMCAA AO OIepallii MHOXKeHHsI Ha AIVICHI UlCAa, BUKOPVICTOBYIOUM CTPOTY
OMYKAICTh METPUKIAL

Kontouosi cnosa i ¢ppasu: CTPOTO OIMYKAMIM METPUYHMIA IPOCTip, HOPMOBaHMIA IpocTip, abeaeBa
MeTpUYHa I'pyTa, FeOAe3iVHIIT MeTPIYHNIA POCTip, CKiIHYeHHOBUMIipHII HOPMOBAHMIA IIPOCTIp, AO-
KaABHO KOMITAaKTHa MeTpU4YHa rpyna, R-HopMoBaHa MeTpMyHa rpyIa.



