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Approximation with nonlinear Lototsky-Durrmeyer type
operators

Altin H.E., Karsli H.

The main objective of this study is to construct nonlinear Lototsky-Durrmeyer type operators
and to investigate the approximation properties of these newly constructed operators. Research on
Lototsky operators began with the work [Canad. J. Math. 1966, 18, 89-91] by ]J.P. King and approxi-
mation with nonlinear integral operators of convolution type was introduced by J. Musielak in 1983.
In recent years, both theories have gained popularity through the work of many scientists. In this
context, our primary motivation is to introduce the nonlinear Lototsky-Durrmeyer type operators
arising from the combination of these two theories and subsequently examine the approximation
properties of these operators, particularly for functions with bounded variation and derivatives
with bounded variation.
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Introduction

The basis of the theory of approximation of functions of a real variable is due to Weierstrass;
it states that every continuous real-valued function h defined on [4, b] can be approximated by
algebraic polynomials. The original proof of this theorem was long and complicated. There-
fore, the result of Weierstrass provoked many famous mathematicians to find simpler and
more constructive proofs.

For a bounded real-valued function & defined on the interval [0, 1], the Bernstein operators
(Bnh) are defined by

Zh< >Pnk z), n>1,

where p, (z) = (})z2F(1 -z is the Bernstein basis, 0 < z < 1. These polynomials were
introduced by S.N. Bernstein [3] in 1912 to give the first constructive proof of the Weierstrass
approximation theorem.

Even though these operators are probably the most studied linear positive operators, due
to the importance of the Bernstein polynomials, a variety of their generalizations and related
problems have been investigated. Let /1 be a Lebesgue integrable function defined on the in-
terval [0,1] and let N = {1,2,3,...}. The classical Durrmeyer operators D, applied to & are
defined as

)n—k

1
(Duh)(2) = /O W) Hy(z, t)dt, 0<z<1,
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where "
Hu(z,8) = (1+1) Y- puil@)pni(t)
k=0

and {p,, x(z)} is the Bernstein basis. These operators are the integral modification of the Bern-
stein polynomials and were introduced by J.L. Durrmeyer [4] to approximate Lebesgue inte-
grable functions on the interval [0, 1].

Let I C R. As usual, we denote by B(I) the space of all bounded functions and by C(I)
the space of all continuous functions defined on I, endowed with the usual sup-norm. In 1966,
J.P. King [9] introduced the Lototsky-Bernstein operators L, : B[0,1] — C[0,1] for n € N as

follows
Zh( )ﬂnk 26[0;1];

using the basis functions a, x(z) obtained from the following relation

n

[Ty +1-gi(z) Zank W, yER,
i=1
where
an,k(z) = Z H 1 _gz ng (1)
JUJ=N, i€] ic]
Card(J)=k

(gi)ieN is a sequence of continuous functions g; : [0,1] — [0,1], and ago(z) = 1, a9x(z) = 0 for
k > 0. J.P. King established necessary conditions on the sequence (g;);cn that guarantee that
(Ly)n>1 forms an approximation process on C[0, 1]. This result can be stated as follows: if

lim — o Z gi(z) =z uniformly for z € [0,1],
then
nh_r}n (Lyh)(z) = h(z) wuniformly for z € [0,1],

for every h € C|0,1]. It is clear that, in the special case g;(z) = z for all i € N, the functions
(ank)o<k<n, 1 € N, coincide with the Bernstein basis (p, x)o<k<n. Consequently, the operator
L, reduces to the Bernstein operator B,. In recent years, many authors have studied these
Lototsky-Bernstein operators (see, for example, [12-14]). Furthermore, U. Abel and O. Agra-
tini [1] presented an integral Durrmeyer-type extension and investigated some approximation
properties of these operators. They defined a particular Durrmeyer-type construction that in-
volves both the Lototsky-Bernstein and the classical Bernstein bases.

Let L1([0,1]) stand for the Banach space of all real-valued integrable functions on [0, 1]
endowed with the norm |||, = fol |h(z)|dz. Then LDy, : L1([0,1]) — C(]0,1]) can be defined
by the formula

(LDuh)(z) = (n+1) Z ns(2) [ pust ze (0], @
where a,, x(z) is defined by (1).

In recent years, approximation by nonlinear operators has become as popular as its linear
part. In fact, this popularity have started with the principal work of J. Musielak [11]. Thereafter,
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in [2], the approximation theory was extended to nonlinear operators through the significant
contributions of C. Bardaro and G. Vinti. By using the techniques due to J. Musielak [11],
the authors studied the rate of pointwise convergence of nonlinear Bernstein and nonlinear
Durrmeyer type operators [5-8] for functions of bounded varation on [0,1]. Also, for fur-
ther reading, we refer the reader to new paper [10] on Durrmeyer type Lototsky-Chlodowsky
operators.

In this study, our primary motivation is to introduce the nonlinear Lototsky-Durrmeyer
type operators arising from the combination of these theories and subsequently examine the
approximation properties of these operators, particularly for functions with bounded varia-
tion and derivatives with bounded variation. Next section comprises essential notations and
definitions. In Section 2, we present a result that is necessary for proving the main theorems.
In the last section, we state the main theorems of this work and provide their proofs, along
with some corollaries.

1 Preliminaries

Now we assemble the main definitions and notations which will be used in construction of
the operator.

Let ¢ : Rj — RJ be a continuous and non-decreasing function such that 1(0) = 0 and
P(u) > 0foru > 0. We call such a function a -function, and denote the class of all i-functions
by ¥. Let X be the set of all bounded Lebesgue measurable functions # : [0,1] — R.

Let {Hu(z, t,u) }nen be a sequence of functions Hy(z, t, u) defined by

n

Hn(Z, £, u) = (” + 1) I;)an,k(z>pn,k(t)l<n(u)r

where K, : R — R is a function such that K;,(0) = 0, p, x(#) is the Bernstein basis, and a,, x(z)
is defined by equation (1).
We formulate the conditions that will be used in the sequel.

(@) The function K;, : R — R is such that the inequality
K (1) = K (0)] < 9(|u —0])
holds for every u,v € Rand n € IN, where ¢ € ¥. That is, K, satisfies a (L-1)-Lipschitz

condition.
(b) Set
Hy (2,8) = (n+1) k}:k (2) o (1)
and (1;0
Az = [ H (20 de
=T

forz € (0,1), where B > 0, v > 1. The use of the function A, (z) concerns the behaviour
of the approximation near the point z. Suppose that there exist constants § > 0 and
v > 1 and a finite function B, (z) such that

n?/B(LD, |t —2|P) (z) <Bu(z), z€(0,1)

uniformly with respect to n € IN.
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(c) Denote r,(u) = Ky, (u) — u for u € R, n € N, and assume that

dim 7 (1) = 0

uniformly with respect to u. Equivalently, for all sufficiently large 1, we have

1
u(n)’

where y : N — R is an increasing and continuous function satisfying lim p(n) = co.
n—oo

sup [r ()| = sup [Ky () —u| <
u u

Let DBV(I) denote the class of differentiable functions on I C R whose derivatives are of
bounded variation on I, that is,

DBV(I) = {h: K € BV(D)}.

2 Auxiliary Results

Now we present several results which are necessary to prove our theorems.

Lemma 1 ([1]). Let LD,, be the operators defined by (2). The following identities

LDHE():EO,
n 1
LDwer = T bner + 02
n? 3n 2
LD,e) = L,ey4+ ——M e+ —————
2T A 2)(n+3) " n+2)mn+3) " n+2)(n+3)

hold for eachn € IN.

Lemma 2 ([1]). The second-order central moments of the operators LD, satisfy the following
relation

2 n’ 2 1 ¢
(DR = Gy (50 + o L 01 - 5:))
3nuy(z) +2

(n+2)(n+3)

where
ay(z) = % Zn;gi(z), z €[0,1], and  ¢.(t)=t—z (tz)€]0,1] x[0,1].

Lemma 3 ([5]). Forallz € (0,1) and each n € IN, one has

B,(z)

w
A(z,w) = /0 Hy(z,u)du < W, 0<w<z 3)
and . B, (2)
1—AH(Z,W)—AHH(Z,u)dUSm, z<w<1.
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3 Convergence Results

Now we consider the following type of nonlinear Lototsky-Durrmeyer operators

1
(NLD,h) (2) = /0 H, (2,81 (1)) dt @)

with

n

Halz,th(8)) = (141) Y a0(2) s (DKn ((8)) = Ha(z, DK (h(2)).
k=0
We assume that these operators are defined for every h € Dom NLD,,, where Dom NLD,,
is the subset of X on which NLD,, is well-defined. Some existence theorems for these type
nonlinear operators can be found in [2]. For any function & with finite one-sided limits /(z+)
and h(z—) at every pointz € (0,1), let

h(t) —h(z+), z<t<1,
h.(t) =<0, t=z, (5)
h(t) —h(z—), 0<t<z.

1

Let \/ ¢ (|iz]) denote the total variation of ¢ (|h|) on [0,1], and let the symbol [a] denote
0
the greatest integer not exceeding a.

Theorem 1. Let ¢ € ¥ and h € X be such that o |h| € BV ([0,1]). Suppose that H,(z,t,u)
satisfies conditions (a), (b) and (c). Then, for each z € (0,1) such that the one-sided limits
h(z+) and h(z—) exist, we have

(NLDJ) (2) {’# (‘h(er) ;Lh(z_) D L (‘h(er) —h(z—) D]

2
1 %+ nlv7zﬁ Z+ ;{/73
< B*(Z)”Wﬁ[\/lﬁ(\hz\) +)y V IP(\th] +An(z) V9,
0 k=152 z——2~
n’Y/ﬁ n'Y/IS

where B*(z) = By(z) max {z P, (1 —z)"F} and B > 0.
Proof. For any h € X, using (5) we can write

n(t) = h(z+) —;h (z—) () + h(z+) ;h (z—) sgn(t — 2)

V4 z— (6)
+68.(1) {h(z)—h( +);h( )

where

1, z=t,
0, z#t
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Applying the operator (4) to (6), using condition (a), we have

1 1 1
(NLD,h)(z) = /0 Hy(z,t, h(t)) dt = /0 Hy(z, ) Ko (h(1)) dt < /0 Ha(z, ) g(|h(1)]) dt
<y < h(z+) + h(z—) )/01 Hn(z,t)dt—l—/ol H,(z,t)p(|hy ()]) dt

2
+ /01 Hy(z,t)y ('MH) gh(z_> | sgn(t —z)!) dt
5Z(t)> dt.

+ /01 Hy(z, t)y ('h(z)  h(z4) ‘;h(z_)

By the definition of d,(t), the last integral is zero. Then, using that |sgn(t — z)| < 1 and

1
[ Hu(z, t)dt =1, we get
0

(VLD @) — [ (|MELTHE )y (MR 2SN < e g o)

Using condition (b), we can separate the last integral as follows

[ e npnna = ([ '”“+/ .

n/B
Since h,(z) = 0 and ¢ (0) = 0, using condition (b) we can estimate I, as

) YP(|hz(8)]) dt = [+ I + I.

1-z

z+ ~
b :/ " (I (8)]) = Iz (2)])] Ha(z, 1) dt
Zin'Y/ﬁ
z+ 172 . z4 172 (7)
") ’ 2t /B n B
<V l/’(|hz|)/ " Hu(z,)dt < Au(z) \/  ¢(|he]).
2_1172//3 Z_n'y/ﬁ Z_n'yz/ﬁ

Next we estimate I;. By using Lebesgue-Stieltjes integration by parts withy =z — —%5 , we
get

h= [ 9D Halz D dt = 9 () DAn(z ) = [ An(z 8 dilp (D)

Using the fact that ¢ (|hz(y)|) = |¢ (|h=(v)|) — ¥ (|h=(2)])] </ ¢ (|hz|) and (3), we obtain
y

z ¥ z
1<V 9 (D A )+ [ A ) e =V (e )
y 0 t

t

y 2
$(hl) B (@) P88 B, @ [ oty P (= V () ).
0

<<N
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In the last integral, first using integration by parts and then substituting z — — for the
variable t, we consequently get

L1 <\ ¢(|he])Bu(z)z Pur (P17

< By (2P| 2 \ p(hl) + 2P p(ls))
Z_ﬁ 0
+ \t/lP(\thmdt]
/8 p z Z,L/ﬁ z B (8)
_ —y — nY
B P[PV ) + | W(\hzw(z_t)ﬁﬂdt]
= B2 Py + 5 [ v ¢|h|du]
0
W 2
< Bu(z)n /b2 ﬁ[\/¢<|hz|>+z Y |>]
0 a2
Using the similar method, we find
1 i = 78
" SBn<z>n-*/ﬁ<l—z>—ﬁ[vwmwz \/ tp(rhz\)]. ©)
z k=1 z

Finally, combining (7), (8) and (9), we obtain

b4 [n"]  z
[} Hae 0wt < B2 |V (i) + XV p(lheD)
0

kzlszlz/ﬁ
1 (7] #3178
+ B P2 gk + XV ()]
z k=1 =z
z+nl;/%
+ An(z) \/ (|h=1)
Z_,nz/ﬁ
[H,Y]Z+k11/z

This completes the proof of the theorem. O
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Corollary 1. If we choose h € C [0, 1] in Theorem 1, then we get

(7] z+k1/ﬁ ernl;/jg
(NLDyh)(z) — ¢ (|h(z)]) < B*(z)n~ "/ \/ (|h=]) +Zl \/ Y(lh:])| +An(z) \ 9(|h:]).
2= 2= 7B

Theorem 2. Let p € ¥ and h € X be such that o |h| € BV ([0,1]). Suppose that H,(z,t,u)
satisfies conditions (a), (b) and (c). Then, for each z € (0,1) such that the one-sided limits
h(z+) and h(z—) exist, we have

z z— 1 [n7] G
(NLDyuh)(z) — hzt) ;h( )‘ < B*(Z)n”ﬁ[\/w(\hz\) +k_Zl V llJ(lth]

0 Y,

sy

1-z
z+ 77

Fan(a) il 4y (| FEER)

_ .z
z nY/B

=

=

u(n)’

where B* (z) = B, (z) max {z #,(1—2) P}, > 0.
Proof. For any h € X we have

h(z+) — h(z—)'
2

(NLDyh)(z) —

1 h(z+) — h(z—)
; Hy(z, t)Ky, (h(t))dt — 5 '

[ 22255
+/01 K, (h(z+) ;h(z—)) h(z+)
< [ Hule (s 1)
e (P51 )
+ /01 Hy(z, ) ('h(z) _ Met) ;h(‘H 5Z(t)> dt
+/01Hn(z,t) K,

(h(z—l—) —h(z—)) h(z+) —h(z—)‘

- dt.
2 2

By using the required results as in the proof of the previous theorem and in view of (c) we

get the desired result. O

;h(z_)‘dt

Corollary 2. If we choose h € C [0, 1] in Theorem 2, then we get

1 w”fmﬁ
[(NLDyh) (z) = h(z)| < B* () n P \/p (Ihz)) + )\ 9 (|he])
0 k=17 =2
nY/B
z+f{/2 1
+ A, (z h, .
@ Vel + o
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Corollary 3. If we choose h € C[0,1] and ¢ (t) = t (that is, strongly Lipschitz condition) in
Theorem 2, then we obtain

1
[n7] #5178

|(NLDyh)(z) — h(z)| < B*(z)n’”y//3 \/ |h2]) + Z \/ (|hz])
=1

Z+’17—/ﬁ 1

+ Ay(z h|) + .

n<>2_\/z/ﬁ<| o)+ o
nv

Theorem 3. Let ¢ € ¥ and h be a function with derivatives of bounded variation on [0, 1].
Then, for every z € (0,1) and sufficiently large n, we have

W(z+) +H(z—) (nan(z) +1—(n +2)z>
2 n+2

[0 =) ' (o) 22+ 2
4

[(NLDyh)(z) = h(z)| <

2 an(z) —2)% 4 = ! = F ! L
" (n * <( w(2) =2) +n> z(1—Z)> P (hz) + u(n)
Proof. We can write
(NLD,h)(z) — h(z) = /1K (h(t))Hp(z,t) dt — h(z)
_/ (Ko (h(£)) — 1(t)|Hy (2, £) dt+/ h(2)|Ha(z, ) dt = T + D,

Since  (t) € DBV |0, 1], we can write I, as

12:/02[h(t) — h(2)]Hy (2, 1) dt—l—/l h(t) = h(z)|Hy (2, ) dt

z z t
:_/ U K (u )du (2, 1) dt—l—/ /h’ Hy(z,t) dt = — I + L.
0 t z

For any & (t) € DBV [0, 1], we can decompose I’ (t) into four parts as in (6), so we can write
/ I(m
Iy — h(Z+)ﬂ2Lh(Z )/Z(Z_t)Hn(z,t)dt+/ {/ W () du] H (2, 1) dt
0 0 t
/ W (>
_ h (Z+) . h (Z ) /OZ(Z_ i’)Hn(Z,t)di'
/ I (>__ z z
+ [h/(z) K (z+) erh (z )] / [/ 5Z(u)du} H,(z,t) dt.
o L/t

z
From the fact / 0z (u) du = 0 and using a similar method for I5;, we have
t

I =—I +I»

_ ’”Z*);hl(z_) /Ol(t—z)Hn(z,t>dt+h/(Z+) ;h/(z_) /Ozlt—z\Hn(z,t) dt

—/()Z{/t W, (u )du]Hn(zt dt—l—/ / )du}Hn(z t)dt.
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Since
nay(z) +1—(m+2)z
n+2

/Ol(t—z)Hn(z,t)dt (LDy(t — 2))(2) =

and

1 4
/0 |t — z|Hy(z,t) dt = (LDy|t —z|)(z) < \/(LDn(t —2)2)(z) < \/(rxn(z) —z)2+ E'
we can write the absolute value of I, as

W(z+))+H(z
2

+‘—/OZ[/t h;(u)du] (2 1) dt'

Using (3) and partial integration, we get

[ o= [

W(z4)) -1
2

Uh' du] zt)dt'

|Io| <

'| LD, (t—2z)) (z)| +

(Z‘>\ (LD |t — 2]) (2)]

v NG
z z z
<[ Vs @) [ a
= ¢ 2z =7

Thus,

z z z
'—/0 M h;(u)du]Hn(z,t)dt‘ s/ }h;(t)}An(z,t)dt
_/ L ()] An (2, ) dt+/ NAGIENCOLE
Using K, (z) = 0, Ay (z,t) < 1 and the change of variables t = z — £, we have
z z
/ 1L (8)] A (z,t>dt:/ 1L (£) = . (2)| A (2, 1) dt
zfﬁ Z,ﬁ
z z z z
<[ Vas\ o[ a
Z_ﬁ t z—2 Z_ﬁ

Besides from (3) and using the change of variable t = z — £ again, we have

— (@) -22+2) /f\/ )"
— (@ () -2+ 1) %W V ()



Approximation with nonlinear Lototsky-Durrmeyer type operators 355

Hence, we have

z z z 4\ 1 z
- W, () du| Hy (z,t) dt| < — \/ (I, ( —2—>— .
], '—ﬁz\é“” o =245) BV ()
Since
z \/ﬁ] z
z Zz[
— ) <= n),
\/EZ\/%( Z) n k=1 z\/f( Z)
we obtain
[vr] 2
‘ /U . (u du] zt)dt' <2—Z+<(an(z)—z)2+é>1> \/ ().
n n)z) = e
Using a similar method, we get
\/ﬁ]er%
, 2(1-2) o, 4y 1! ,
[/h du] zt)dt' (T—i— (ay (z) — 2) +o )1 )y \Z/ (h.)
Collecting these estimates, we obtain
| < W(z+))+H (z—)| (nan (z) +1—(n+2)z
2= 2 n+2
!/
N W (z+)) ‘\/“n ) 2) é
n
i 2+ 1
2 , 4 1 [ ,
i <E+ (OX"(Z)_Z) +E> z(1—2)> =Y, (k)
27k
and, by condition (c), we get
1
|11|—‘/ Ky (h (1)) — 1 (£)] Hy (2, 1) dt‘ /|1<n (1) = ()] H (2 )t < s,
which completes the proof. O

Theorem 4. Let ¢ € ¥ and h € X be such that o |h| € DBV [0,1]. Then, for every z € (0,1)
and sufficiently large n, we have

((NLD,h) (z) — h (2)| < ((‘PO |h])" (z+) + (¢ o |h]) (Z—)) (n(xn (z) +1— (n+2)z>

2 n—+2
. <<¢o|h|>’<z+>>2—<¢o|h|>’<z—>> o
v
2 ay (z) — 2)? 4 ! ! !
+<n+<("() )+n>z(1—2)>k§12_ <hz)+ﬂ(ﬂ)
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Proof. We can write

1

((NLDuh) (z) —h(2)| = | | Ku(h(£))Hy(z,t) dt — h(z)

1 1
< [ 1Ka (1)) = K (h(2))| Halz, 1)t + [ Ka(h(2)) = h(E)| Ha(z, 1) d
< [F9n(t) ~HE) Hale ) dt+ [ |Kalh(z)) ~ h(2)] Hol )
= Il + 12.
For a non-decreasing function ¢ we have
—p (1)~ @) <p(r®)) ~ (h ).
Using this and the fact that ¢ (| (t)|) € DBV [0, 1], we can write

b= [ 1 (R0~ (@) e ) dt [ () — (1 )] s )

_/[/ o [])' (u) du ] ztm+/[/ o 1)) (u) du| Hy (2, ) dt.

In the last two integrals, using the decomposition of (i o |1|)’ (t) € DBV [0,1], namely

oy ) = I E @Ol ) oy

L ol ) = o )

+8.(0)] (o )y () - 21D <z+>>;(¢o!h\> ()]

and following the same approach as in the proof of the previous theorem, we obtain the de-
sired result. n

Acknowledgement

The first author has been supported by Scientific and Technological Research Council of
Turkey (TUBITAK)/2224-B-Grant Program for Participation in Scientific Meetings within the
Country. The author thanks to TUBITAK for their supports.

References

[1] Abel U., Agratini O. On the Durrmeyer-Type Variant and Generalizations of Lototsky-Bernstein Operators. Sym-
metry 2021, 13 (10), 1841. d0i:10.3390/sym13101841

[2] Bardaro C., Musielak J., Vinti G. Nonlinear integral operators and applications. De Gruyter Series in Non-
linear Analysis and Applications, Berlin, 2003.

[3] Bernstein S.N. Démonstration du théoreme de Weierstrass fondée sur le calcul des probabilités. Comm. Kharkov
Math. Soc. 1912, 13, 1-2.

[4] Durrmeyer J.L. Une formule d’inversion de la transformée de Laplace: Applications a la théorie des moments. Diss.
thesis, Faculte des Sciences de 1'Universite de Paris, 1967. (in French)



Approximation with nonlinear Lototsky-Durrmeyer type operators 357

[5] Karsli H. Approximation properties of a certain nonlinear Durrmeyer operators. Filomat 2017, 31 (5), 1367-1380.
doi:10.2298 /FIL1705367K

[6] Karsli H. On convergence of a sequence of nonlinear Durrmeyer operators. PanAmer. Math. J. 2014, 24 (2), 1-24.

[7] Karsli H., Tiryaki I.U., Altin H.E. On convergence of certain nonlinear Bernstein operators. Filomat 2016, 30 (1),
141-155. d0i:10.2298 / F1L1601141K

[8] Karsli H., Tiryaki I.U., Altin H.E. Some approximation properties of a certain nonlinear Bernstein operators. Filomat
2014, 28 (6), 1295-1305. doi:10.2298 /FIL1406295K

[9] King J.P. The Lototsky transform and Bernstein polynomials. Canad. J. Math. 1966, 18, 89-91.

[10] Kutlu S.S., Karsli H., Tasdelen Y.F. Durrmeyer type Lototsky-Chlodowsky operators. Filomat 2025, 39 (13), 4585
4600. doi:10.2298 /FIL25135855

[11] Musielak J. On some approximation problems in modular spaces. Publ. House Bulgarian Acad. Sci., Sofia, 1983.

[12] Popa D. Intermediate Voronovskaja type results for the Lototsky-Bernstein type operators. Rev. R. Acad. Cienc.
Exactas Fis. Nat. Ser. A Mat. RACSAM 2020, 114, article 12. d0i:10.1007 /s13398-019-00748-8

[13] Xu X.-W., Goldman R. On Lototsky-Bernstein operators and Lototsky-Bernstein bases. Comput. Aided Geom.
Design 2019, 68, 48-59. d0i:10.1016/j.cagd.2018.12.004

[14] Xu X.-W., Zeng X.-M., Goldman R. Shape preserving properties of univariate Lototsky-Bernstein operators. J. Ap-
prox. Theory 2017, 224, 13—42. doi:10.1016/j.jat.2017.09.002

Received 30.09.2025

Antin X.E., Kapcai X. Anpoxcumayia HerinitiHumu onepamopamu muny Aomoyvkoeo-Aoppmeepa //
Kapmatcexi MmaTeM. my6a. — 2026. — T.18, Nel. — C. 345-357.

OCHOBHOIO METOIO LIBOTO AOCAIAXEHHSI € TObyAOBa HEAIHIHMX OIepaTopiB THITy AOTOIIBKO-
ro-Ajoppmeepa Ta BUBYEHHs aIlpOKCHMMALIfHIMX BAACTMBOCTEN IMX HOBO BBEAECHMX OIlepaTOpiB.
AocriaxeHHs onlepaTopiB AoTolbKoro posmodanocst 3 poboru [Canad. J. Math. 1966, 18, 89-91]
VLIT. KiHra, a ampokcuMalriisi HeAiHifHMMM iHTerpaAbHIMM OTIepaTOpaMy STOPTKOBOTO TUITy 6yAa
BBeaena M. Myceasikom y 1983 pori. B ocTanHi poku o6vaBi Teopii HabyAM 3HAUHOI MOMYASPHO-
CTi 3aBASIKM poboTaM 6araThbOX HAyKOBIIB. Y IIbOMY KOHTEKCTi OCHOBHOIO MOTMBAIIi€IO IILOTO AO-
CAiAKEHHS € BBeAeHHSI HeAiHiHMX onepaTopiB Tumy AoTombkoro-Aioppmeepa, IO BUHIKAIOTH i3
IO AHAHHSI LIX ABOX TeOPiif, Ta MOAAAbBIIIEe BMBUEHHS IX allpOKCHMMAIIHIX BAACTUBOCTEM, 30KpeMa
AAST PYHKITIN 31 cKiHUeHHOIO Bapialli€lo Ta IOXiAHMMM 3i CKiIHUEHHOIO Bapialliero.

Kntouosi cnosa i ppasu: omepatop AOTOIIBKOTO, HEAIHIVHMIT OllepaTop, o6MeXkeHa Bapiarist.



