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Bi-Lipschitz embedding properties of lamplighter graphs on
weighted and unweighted trees

Melby C., Randrianantoanina B.

In 2021, F. Baudier, P. Motakis, Th. Schlumprecht and A. Zsak proved that if a sequence (Gg)ren
of graphs contains the sequence of complete graphs with uniformly bounded distortion, then the se-
quence of lamplighter graphs on G;’s contains Hamming cubes with uniformly bounded distortion
and asked whether the converse holds.

They suggested that a sequence of trees with edges replaced by paths of “moderately growing”
lengths may be a counterexample. We prove that indeed this is the case, and that a sequence of
“moderately” weighted trees is another counterexample.

Further, we prove that diamond graphs do not embed with uniformly bounded distortion into
lamplighter graphs on trees with edges replaced by paths with sufficiently fast growing lengths.

Key words and phrases: distortion of a bi-Lipschitz embedding, lamplighter group, Lipschitz map,
metric embedding, Ribe program, superreflexivity.
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1 Introduction

Given metric spaces (M, dy;), (N,dy), and a constant C > 1, amap f : M — N is called
a bi-Lipschitz embedding with distortion at most C if there exists a scaling factor A > 0 so that for
all u,v € M we have

Adui(1,0) < dy(F(u), £(0)) < CAdy(u,0).

We denote
en(M) = inf {dist(f) : f : M — N is a bi-Lipschitz embedding }.

If (Mg)ken and (Ng)renw are sequences of metric spaces, we say that (My)ken equi-bi-
Lipschitzly embeds into (N )xen if there exists a constant C > 0 such that for all k € IN there
exists n € IN such that cy, (M) < C.

The theory of bi-Lipschitz and metric embeddings has many interactions with geometry,
analysis, probability, combinatorics, group theory, topology, and theoretical computer science.
It has been studied intensively over the last four decades (see [19, 22]) and continues to be a
very active and growing area of research (see, e.g., the recent workshop on Metric Embeddings
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at the American Institute of Mathematics and the Merkin Center for Pure and Applied Mathe-
matics (https://aimath.org/pastworkshops/metricembeddings.html), organized
by A. Eskenazis, A.Naor and S.-Y. Ryoo). In this theory, one aims to study a structure of an
object by analyzing its embedding properties with respect to simpler metric or geometric ob-
jects, such as trees, which are one of the simplest, yet very rich and important objects, both
in the geometric group theory and in computer science (cf. [15] and its references). Here, by
a tree we mean a (weighted or unweighted) connected graph T that does not contain any cy-
cles, i.e. such that for any x,y € T there exists exactly one shortest path from x to y. Trees
play a fundamental role in hyperbolic geometry and also in computer science (see [15] and its
references). The bi-Lipschitz structure of trees has been studied extensively. In particular, in a
seminal paper [4], ]. Bourgain proved that the sequence of finite complete unweighted binary
trees By of depth k equi-bi-Lipschitzly embeds into a Banach space X if and only if the space
X is not superreflexive (i.e. does not admit an equivalent uniformly convex norm), including
X = {;. This characterization of a linear property of Banach spaces in terms of their metric
structure was one of the influential results that gave rise to the Ribe program and started a
considerable amount of work in related directions (cf. [19,22]). Notably, W.B. Johnson and
G. Schechtman [14] proved that the sequence of diamond graphs (Dy)ren (see Definition 2.1
below) equi-bi-Lipschitzly embeds into a Banach space X if and only if X is not superreflexive.

In the present paper, we are interested in lamplighter graphs, whose systematic study
was initiated by F. Baudier, P. Motakis, Th. Schlumprecht and A. Zsék in [2]. Given a graph
G = (V(G),E(G)), the lamplighter graph La(G) is the graph whose vertices are of the form
(A, x), where x is a vertex of G and A is a finite subset of V(G). Two vertices (A, x), (B,vy)
of La(G) are connected by an edge if and only if (i) A = B and (x,y) is an edge in G, or
(ii) x = yand A A B = {x}, where A /A B denotes the symmetric difference of the sets A, B,
ie. AAB = (A\B)U(B\ A) (see [2]). Intuitively, a vertex (A, x) € La(G) “consists” of the set
A C V(G) that represents the set of lamps that are “on” and x € V(G) represents the current
position of the lamplighter. The lamplighter can make one of two types of moves: either move
to vertex connected by an edge to the current position, or switch the light “on”/“oft” at the
current position (cf. [27]). By [2, Proposition 2.1], the metric on La(G) is given by

diac) (A x), (B,y)) = tspg(x, AAB,y) + |AA B, @)

where |S| denotes the cardinality of the set S, and tsp(x, A A B, y) denotes the solution of the
traveling salesman problem, that is, the length of the shortest possible walk on G that starts
at x, ends at y, and passes through all verticesv € A A B.

This definition of lamplighter graphs coincides with the standard definition of the wreath
product Z; G in the case when G is (a Cayley graph of) a group and it is its very natural
generalization to the setting of arbitrary graphs (not necessarily Cayley graphs). Since their
introduction, the lamplighter graphs have already been used to prove results about the lamp-
lighter groups themselves (see [8,9]).

Lamplighter groups are a very interesting class of groups that has been a rich source of
important examples and counterexamples in geometric group theory (see [1,8,9] and their ref-
erences). In particular, the study of embedding properties of wreath products into the Hilbert
space Ly and into L1 has received a lot of attention in the last 20 years; we refer interested read-
ers to an excellent overview of the literature in [21] (cf. also [2,3,8,20] and their references).
Here we mention only a few results most closely related to the topic of the present paper.
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R. Lyons, R. Pemantle and Y. Peres [17] (see [2,23] for alternate short proofs) proved that the
sequence of complete binary trees (By ), equi-bi-Lipschitzly embeds into the lamplighter group
Zy Z (and therefore, by the characterization of Bourgain mentioned above, Z; ! Z does not bi-
Lipschitzly embed into any superreflexive Banach space). A. Naor and Y. Peres in [20] gave two
proofs that the sequence of wreath products (Z3 ! Zy)ren equi-bi-Lipschitzly embeds into ¢4,
and so does Z ! Z (here Z; denotes the cyclic group of order k). In [23], it was shown that the
sequence (Zp ! Zy)reN and Zy ! Z equi-bi-Lipschitzly embed into every nonsuperreflexive Ba-
nach space, thus identifying another metric characterization of superreflexivity. Y. Cornulier,
Y. Stalder and A. Valette [6] showed that for every finitely generated free group F, the wreath
product Z, ! F, and therefore the lamplighter group La(T) on any tree T, bi-Lipschitzly embeds
into /1 (see also [2] for a purely metric, constructive proof).

The starting point for the present work is the paper [2]. One of the main results of [2] is the
following theorem.

Theorem 1.1 ([2, Theorem 1.3]). The sequences (La(By))reN, (Hi)ken, and (Ky)ren pairwise
equi-bi-Lipschitzly embed into each other, where Kj is a complete graph on k vertices and Hy,
is the Hamming cube on the set {1, ...,k} fork € IN (for full definition see Section 2 below).

As one of the tools for proving Theorem 1.1, the authors of [2] showed the next result.

Theorem 1.2 ([2, Lemmas 6.2 and 5.1]). If a sequence of complete graphs (Ky); equi-bi-
Lipschitzly embeds into a sequence of graphs (Gy )k, then the sequence (Hy)y of Hamming
cubes equi-bi-Lipschitzly embeds into (La(Gy) )x-

The authors of [2] asked whether the converse of Theorem 1.2 is true.

Problem 1.3 ([2, Problem 7.1]). Given a sequence (Gg)ren of graphs such that the Hamming
cubes (Hy)ren equi-bi-Lipschitzly embed into (La(Gy))ken, does it follow that (Ky)ren equi-
bi-Lipschitzly embed into (Gy)ren?

They suggested that a counterexample might be a sequence of trees W;,, obtained by
replacing each edge of level k of a binary tree B, by a path of length 2", as described in
[2, Example in Section 7], see Section 3 below for a precise definition. We prove that, indeed,
this construction leads to a counterexample for Problem 1.3 and that another counterexample
is a sequence of “moderately” weighted complete binary trees (WB; )., see Section 3 below.
Namely, we prove the following assertion.

Theorem 1.4. For any 6 € IN with 6 > 2, the sequence (Ki)ren of complete graphs does
not equi-bi-Lipschitzly embed into the sequence of trees (Wp ,)ueN or into the sequence of
weighted trees (WBg ,,)neN-

Theorem 1.5. For every ¢ > 0, the sequence (Hy)ren of Hamming cubes bi-Lipschitzly embeds
into (La(Wy,,) )nen and into (La(WB; ;,)),en with distortion at most (1 + ¢).

As pointed out in [2], since there exist nonsuperreflexive Banach spaces that do not equi-
bi-Lipschitzly contain the sequence of Hamming cubes (see [5,12,13,24]), the above counterex-
amples also provide a negative answer to [2, Problem 7.3].
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Corollary 1.6. The sequences (W, ), and (WBy ), of trees do not contain the sequence (K )y
equi-bi-Lipschitzly, but both sequences of lamplighter graphs on them (La(W,x))ken and
(La(WBy,,))n equi-bi-Lipschitzly contain the sequence of Hamming cubes, and thus do not
equi-bi-Lipschitzly embed into every nonsuperreflexive Banach space.

We note that both sequences (W,,), and (WB;,), embed equi-bi-Lipschitzly into the
Hilbert space Ly. This follows from [15, Theorem 1.1], which says that a metric tree admits a
bi-Lipschitz embedding into Hilbert space if and only if it does not equi-bi-Lipschitzly contain
the sequence (By), of complete binary trees. Indeed, since the sequence (Kj); of complete
graphs equi-bi-Lipschitzly embeds into the sequence (B,), (see [18]), Theorem 1.4 implies
that (By,), does not equi-bi-Lipschitzly embed into either (W, ), or (WB,,), (alternatively,
one can note that the trees (W ,,),, and (WBy ;) are doubling and use an earlier result [10, The-
orem 2.4]).

Thus sequences (W, )x and (WBy ), are new examples of graphs, other than (K}),, that
equi-bi-Lipschitzly embed into Hilbert space and such that the lamplighter graphs on them do
not equi-bi-Lipschitzly embed into every nonsuperreflexive Banach space.

We note that, as is easy to see, the sequence (W, )r embeds equi-bi-Lipschitzly into the
sequence of diamonds and also into the sequence of Laakso graphs. Thus, by [2, Lemma 5.1],
Theorem 1.5 implies the following corollary.

Corollary 1.7. The sequence of Hamming cubes embeds equi-bi-Lipschitzly into the sequence
of lamplighter graphs on the diamond graphs and also into the sequence of lamplighter graphs
on the Laakso graphs.

Next we prove that Theorem 1.5 fails for (La(Wy ,,))n, when 6 > 3, in the following much
stronger sense (recall that the sequence of diamond graphs (Dy); equi-bi-Lipschitzly embeds
into the sequence of Hamming cubes (Hy )y, see [11,14]).

Theorem 1.8. For all 6 > 3, the sequence (Dy)ren of diamonds does not equi-bi-Lipschitzly
embed into the sequence (La(Wp ,))neNn of lamplighter graphs.

Since (Wp ,, ) are trees, it follows from [6] (cf. [2, Theorem 1.1]), that the sequence (La(Wp ) )«
embeds equi-bi-Lipschitzly into ¢;. However, we do not know whether (La(Wj,)),, when
6 > 3, embed equi-bi-Lipschitzly into every nonsuperreflexive Banach space. If yes, the se-
quences (La(Wy,))n for 6 > 3, would be a new metric characterization of superreflexivity. If
no, this would be an even more interesting example.

We do not know whether Theorem 1.8 is true for the sequence of lamplighter graphs on the
weigthed complete binary trees (La(WBg ,)), for all or some 6 > 3.

2 Preliminaries

We use standard notation as may be found, e.g., in [16,22].

Recall that a graph G = (V, E) is a pair of the set of vertices V = V(G) and the set of edges
E = E(G) C V x V. Frequently, with a slight abuse of notation, we will write v € G instead
of writing v € V(G). A walk in G is a sequence (xg, X1, ..., X;) of vertices of G such that for
every i with 1 < i < m, (x;_1,%;) is an edge of G. We will only consider connected graphs,
that is, graphs such that for every x,y € G there exists at least one walk in G from x to y.
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The unweighted connected graph G is endowed with the shortest path metric d;, where for all
x,y € G we have

dg(x,y) = min {m : there exists a walk of length m from x to y }.

A walk from x to y is called a (geodesic) path, denoted p(x,y), if its length is equal to the
graph distance between x and y.

Our main interest here is in graphs known as trees, Hamming cubes, and diamonds.

Recall that a graph G is called a tree, if G is connected and does not contain any cycles,
i.e. if for any x,y € G there exists exactly one path p(x,y).

For an arbitrary set I, the Hamming cube H is a graph with the vertex set {0,1}(!) consisting
of all functions x : I — {0, 1} with finite support. Two vertices x, y € H are joined by an edge
if and only if they differ in exactly one coordinate, i.e. there exists a unique i € I with x; # y;.
The graph distance on Hj is the ¢; metric given by

dr(x,y) = ) |xi —yil-
icl
Definition 2.1 (cf. [22]). The diamond graphs Dy, k € IN, are constructed inductively as follows.
Dy is a single edge. If the graph Djy_; is already constructed, the diamond Dy is obtained by
replacing each edge (u,v) of Dx_1 by a a quadrilateral u,a,v, b, with edges (u,a), (a,v), (v,b),
(b, u). Equivalently, for any m < k, one may think of a diamond Dy as obtained by replacing
each edge of a diamond D, by a diamond Dy_,,. Each (isometric) copy of Dy_,, inside Dy that
replaced an edge of Dy, is called a subdiamond of Dy.
We denote the graph metric on Dy by dp.

The following lemma follows directly from the definition of the diamond graphs.

Lemma 2.2. Letk,j € N withk > j+3,and u,v € Dy. Ifdp(u,v) > 2k=]  then there exists a
subdiamond D = Dy—j—3 C Dg that lies between u and v, that is, such that for all w € D, we
have dp (1, w) + dp(w,v) = dp(u,v).

3 Definitions of the trees Wy, and WBy ,

Givenn € N and 6 € IN, 0 > 2, to define the tree Wy ,,, we start with a rooted complete
binary tree B,,. We say that a vertex of B, is on the level k, 0 < k < n, if its distance from the
root is equal to k, and that an edge of B, is on the level k, 1 < k < n, if its lower (that is, further
from the root) vertex is on the level k.

The tree Wy, is constructed by replacing each edge of B, on the level k by a path of
length 6"~ (see Figure 1). Thus the tree Wy, may be seen, as described in [2], as a “binary
tree with variable size legs”. Alternatively, one may think of Wy ,, as a subgraph of the binary
tree B,,, where m = Y ', gn—k — (0" —1)/(0 — 1) and multiple branches of By, are removed.
Note that Wy , is an unweighted tree and that W, , is the same graph as the one described in
the example in [2, Section 7].

Vertices of Wy, that came from the original tree B,, will be called nodes or branching points
(note that all nodes, except for the root and the leaves of the tree, have degree equal to 3, and all
other vertices of Wj ,, have degree at most 2). We say that a node of Wy ,, isonlevel k, 0 < k < n,
if it was a vertex of level k in B,,.
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Figure 1. The tree Wy 4

Forn € N and 6 € IN with 6 > 2, the weighted tree WBy ,, is obtained by taking the
complete binary tree B, and assigning to each edge of B, at level k a weight equal to 6",
Note that the sets of edges and vertices of WBy ,, coincide with those of B, the only difference
are the weights assigned to all nonterminal edges.

To simplify notation, when the values of n and 6 are clear from the context, we will denote
the metrics on Wy ,,, WByg ,,, La(Wp ,,), and on La(WBy ,,) by dw, dws, dr., and dywg, respectively.

4 Proof of Theorem 1.4

We start from a simple fact that is surely known. Since we could not find it in the literature,
for the convenience of the reader, we inlude its short proof.

Lemma 4.1. For any integer m > 2, distortion of any embedding of K, into a path is at
leastm — 1.

Proof. 1If m points are mapped into a path, there are two which are furthest apart, and m — 2
points between them. Denote by d the distance between the first and last points. The remain-
ing points partition this distance into m — 1 subpaths. Thus the minimum distance between
two of these points is at most %. Hence, the distortion of an embedding of K, is at least
d/ () =m—1. O

Theorem 4.2. Foranyn € N and 6 € IN with 6 > 2, the distortion of any embedding of Ky
into Wy ,, or into WBy ,, is at least %

Proof. Let f : K4 — Wy, be a map onto the set {vi};*:l C Wy . By Lemma 4.1, if 3 or more
points of this set are on a path, the distortion of f is at least 2. So, assume that there is never
3 points on a path. Thus there must exist a branching node s; between v; and v, such that s4
is on the geodesic paths p(v3,v1) and p(vs, v2). Further, there must exist a branching node s,
on one of p(sy,v;), i = 1,2, or 3, such that s, is on p(vy, v;) for each i = 1,2,3. Without loss
of generality we suppose that s, is on p(s1,v;) and we denote, as marked on Figure 2, a1 =
dw(s1,v3), ay = dw(s1,01), c1 = dw(s2,v4), c2 = dw(s2,v2), a = max{ay, a2}, ¢ = max{cy, 2},
and b = dw(s1,s2).

Without loss of generality we suppose that the branching level k of s; is greater than or
equal to the branching level of s;. Then b > #"~F and both vertices v; and v3 have to be below
vertex s, and hence we get

0"k —1

n—k
— < n—(k+]) - _ - .
a = max{ay, ap} < Jg 6 =1 < b (2)
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Figure 2. A possible configuration of an embedding of K4 into W, ,,,
where s; and s; are branching points

This implies that
n—k

-1
and therefore the shortest distance between vertices in the image of Ky is at most

a1+ ay; < min{ay,a} + < min{ay,a} + 0,

min{a; +az,¢1 + 2} < 2min{a,c}.

Since the longest distance between vertices in the image of K4 is at least a + b + ¢ and, by (2),
b > min{a, c}, we obtain
, a+b+c 3min{a,c} 3
dist(f) 2 2min{a,c} = 2min{a,c} 2’
which ends the proof for the case of Wj ,,.
The case of the weighted trees WBy ,, is very similar. The only difference is that in WBy ,
every vertex is a branching node, but, due to the assigned weights to edges at level k, the
distance between vertices s; and s; is still at least "%, Thus the rest of the proof is identical

as in case of Wy ,,. O

As a consequence of Theorem 4.2, by a standard Ramsey theory argument, we obtain a
proof of Theorem 1.4.

Proof. Suppose for contradiction that there exists C € R such that for all k € IN there exist
n € N and a bi-Lipschitz embedding ¢ of K} into Wy, (respectively, WByg ,,) with distortion
less than C.

Let m € N be the smallest integer such that (3/2)" > C. By the Ramsey’s Theorem
(see, e.g., [25, Theorem 3.6]) there exists the Ramsey number R(m,4) € IN such that for every
k > R(m,4), every m-coloring of edges of K contains a monochromatic copy of Kj.

Letk > R(m,4), and n € IN be such that there exists an embedding ¢ of Kj into W, ,, with
distortion at most C. Let [,L > 0 be optimal numbers such that for all u,v € K we have
I < d(¢(u),¢(v)) < L. Then L < CI < (3/2)"]. We color an edge (u,v) of Ky with color
ied{l,... m}iff

i—1 i
(5) 1<, o) < (3)1

Since k > R(m,4), there exist a monochromatic copy of Ky C Kj with respect to this
m-coloring. Since ¢ restricted to any monochromatic subset has distortion less than 3/2, this
contradicts Theorem 4.2, and ends the proof. O
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5 Proof of Theorem 1.5

Letn € N withn > 3. Forany k € {0,...,n — 1}, there are 2% nodes of level k in W, and
there are 2 downward paths of length 2"~ (*+1) from each node. We index these paths from left
to right by ani € {1,...,2""1}. We define the set F!; C Wy, to be the set of all vertices that
are in the ith path and below, see Figure 3.

Figure 3. The set Fﬁl C Way

Lemma 5.1. Foranyn € N,0 <k <n,and1 <i < 2k+1 the cardinality of the set Fi!; C Wy,
does not depend on i and equals

|E| o= w(n, k) = (n — k)2"~ <+, (3)

Proof. Indeed, the length of the path in W;, from a node at level k to a node at level k + 1
below is equal to 2"~ (k+1)_ The paths at the next level are of length 2"~ (¥*2) but there are two
of them. For each level, there are 2/~ paths, each of length 2"~ (*+/), Thus

—k
|Fl?i| _ nz 2j712n7(k+j) _ (n _ k)znf(kJrl).

j=1

Theorem 1.5 will follow immediately from our next result.

Theorem 5.2. Let k € IN and ¢ > 0. Then Hy: bi-Lipschitzly embeds into La(W,,) with
distortion at most 1 + ¢, whenever n > (25+1/3¢) +k — 1.

Proof of Theorem 5.2. Let n > (25¥1/3¢) + k — 2. We define the map f : Hy — La(W,,) by
setting for each x € Hy

f(X) = < U F]:lflli/ UO)/ (4)
{i:xizl}
cf. Figure 4.
Given any x,y € HE, let I = {i € [2] : x; # y;}. Then |I| = dy(x,y), and

4L (f(x), f)) = di((UFL1,%0), (2,00))-

i€l
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Figure 4. Images of the four basis elements of Hy in La(Wy4);
in each of them the lampligher is at the root of W54

Note that a move in La(W, ;) from the element (&, vg) to (U;e; Ff'_ 4 ;, v0) requires that we
travel from the root to the top node of each of the sets F;’ ; ,, i € I, and back. The distance from
the root vy to any node of level k — 1 is equal to

k—1
P Z 2n—j —n _ 2n—k+1‘

j=1

The paths from the root to certain nodes may have significant overlaps depending on the rel-
ative positions of the nodes, but in any case, we have an upper estimate of the total travel
distance to all nodes for i € I and back by |I| - 205_;.

Also that for each i € I, we need to travel down from the top node of Fl?—l,i' i € I, switch on
all its lamps, and return back to the top node. As we computed in Lemma 5.1, such travel in
each set F' | ; requires 3w(n, k — 1) steps, and gives the total of |I| - 3w(n, k — 1) steps to cover
all sets F,?_l,i, iel

Since |I| = dy(x,y), we obtain

3w(n, k- )dp(x,y) < di(f(x), f(y)) < (Bw(nk—1) +20_1)du(x,y).

Therefore, by (3), we estimate the distortion of the map f as follows

. Bw(n,k—1) + 2051 2(2m — on—k+)
dist < =
Sf) < — 3tk —1) 3(n—k+1)2nk
2k+1
<1+ m <l+e,
which ends the proof. O

Remark. It is easy to check that Theorem 1.5 is valid also for the weighted trees WB; ;, with
only minor changes in the proof.

6 Proof of Theorem 1.8
We denote by F, the top “fork of depth 2” contained in Wy ,,, see Figure 5.

Lemma 6.1. Forall 6,n € IN with 6 > 3 we have

diam(La(Wp,) < 66". (5)
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o
o
o

N R
Figure 5. The set F, C Wj ,, — the fork of depth 2

Proof. Since Wy ,, is an unweighted tree, by [2, Theorem 3.1], we have diam (La(Wp ,,) < 3|Wp .
We estimate the cardinality of Wj ,, similarly as in the proof of (3), namely

LI ‘ 2N 2
< ] ?l—] — n - < n L= < n
|w9,n|_;29 9;<9) <" <20,
=1 =1
since f > 3, which ends the proof of (5). O

M. Stein and J. Taback [26] showed that La(Z) embeds bi-Lipschitzly with distortion at most
4 into a direct product of two infinite binary trees B, (see [2, Proposition 2.2] for a different
proof).

Given two pointed graphs G; = (V;, E;,v;) for i = 1,2, we define the vertex-coalescence
Gi1 * Gy of G1 and G; by taking V(G * Gp) to be the disjoint union of V; and V, with vertices v,
and v, identified with each other to form one vertex denoted by vy, and E(G; * G) is a disjoint
union of E; and E,. The graph metric on G; * G is given by

dg,(u,v), ifu,veG,,
dg,(u,v9) +dg,(vo,v), ifu € Gyandv e Go.

dGl*Gp_ (1/[, U) - {

For any n € IN, the fork graph F, C Wy, can be obtained by coalescing three path graphs
(at two different vertices), one of length 2 - "1 and two of length 2 - §"~2. It is well-known
that for any finite k € IN, the graph obtained by coalescing at a common vertex k copies of
paths of arbitrary finite lengths embeds into the tree B, with distortion at most 2 (cf. [18]).
Hence [2, Theorem 4.2] shows that for any n € IN, the lamplighter graph La(F,) bi-Lipschitzly
embeds with uniform distortion into a direct product of ten binary trees Be. A. Eskenazis
[7, Chapter 2] showed that the sequence of diamonds (Dy)ren does not equi-bi-Lipschitzly
embed into any finite direct product of infinite binary trees B,. The combination of these
results gives the following assertion.

Corollary 6.2. The sequence of diamonds (Dy)xen does not equi-bi-Lipschitzly embed into
La(Z) or into the sequence (La(F,))peN-

We are now ready for the proof of Theorem 1.8.

Proof. Fix 6 > 3. Suppose, for contradiction, that there exists C € IN, such that for all k € N,
there exists n € IN with ¢, ) (Dx) < 2¢,
By Corollary 6.2, there exists kc € IN such that for any n € IN, we have

cLa(z)(Dkc) > 2 and  eiy(p,)(Die) > 2° (6)
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Figure 6. The subsets W(}/nfl, Wg'}ld, and py1 of Wy ,,

Fix k > kc +2C + 6 + 9, and let n be the smallest natural number such that there exist a
map ¢ : Dy — La(Wp ) and A > 0 so that for all u,v € Dy, we have

Adp (u,v) < dp(@(u), p(v)) < 2Adp(u,v). (7)
Thus, by (5) we get
A2K < dp(9(s), (t)) <6-0" = 66%-6" 2,
It is easy to check that if § > 3, then 662 < 2943, Therefore
A< 29+37k9n72_ (8)
By (6) and the minimality of n, for any v € {1,2}, we obtain
¢(Dx) £ La(F,) and (D) Z La(Wy,,_4)-

Thus there exist u,v € Dy, with ¢(u) = (a,A), ¢(v) = (b, B), such that there exist
x,y € {a,b} U(AAB) and v,u € {1,2} with x € Wg,f_z and y ¢ Wy, ;. Hence we
obtain dy (x,y) > 6"2 and any walk in Wy, from x to y has to contain the path p = p,
from t = tyutot = t,. Note that the length of p is equal to §" 2.

Define z = Zy,u, Z = Zy,y to be the points on p with

- "2 - T 1 1 n—2 def 7
dw(z,z) = Y and dw(t,z) =dw(z,t) = E(l - W)G =d. )
Note that, since C > 1, we have
dw(z,2) < 2%51‘. (10)

Let u = ug,uy,...,uy = v be a path in Dy from u to v, that is, m = dp(u,v) and for each
i <m, (uj_1,u;)is an edge in Dg. Since k — (C 4+ 6 4+ 3) > C + 4, by (8), for all i we have

d(@(ui1), @(u;)) <294 <2407 kgn=2 < idw@z)- (11)

For each i < m, let ¢(u;) = (A;,a;) and let p; denote a geodesic path from ¢(u;_1) to ¢(u;) in
La(Ws,). The length of each p; is estimated from above in (11). Since w = J!” p; is a walk in
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La(Wp ) from ¢(u) = (A,a) to ¢(v) = (B, b), w has to contain one or more elements of each
of the forms (I,z) and (J,z), where I, ] C Wy ,. Leta € {1,...,m} be the largest index such
that (I,z) € p, for some set I. Then dyy(a,, z) is less than or equal to the length of the path p,,
so, by (9), (10) and (11), we obtain

min{dw (an, t), dw(an, )} > min{dw(t,z),dw(f,2)} — dw(aa, z)

-1 -1 3. (12)
Zd—ZdW(Z,Z)Zd—Zc+2d>4d

Let B € {a,...,m} be the smallest index larger than or equal to « so that (],z) € pg for
some set J. By (11), we obtain

dr(g(ua), @(up)) = dr((1,2),(J,2)) —dL((L,2), p(ua)) — dr((J,2), @(up))
> dw(z,z) —length(py) — length(pﬁ)
1

2
> dw(z,z) — Zdw(z,z) dw(z Z) = 2c+39” 2,

Lety € {w,..., B} be the smallest index such that
1 1 _
dL(@(ua), 9(ty)) > 5e0"" = Sdw(z,2). (13)

Then, by (10) and (11), we get

dr(@(ta), ¢(1q)) < di(@(ta), ¢(tty1)) +dL(9(uy-1), ¢(uy))

p(u
1 1 3 1 3- (14)
< _ > — 7) — — < — - — .
>~ 2dw(Z,Z) + 4dw(Z,Z) 4dW(Z,Z) = ZC 4d
By (7), (8), and (13), we obtain
ot ty) > =Ly (plu), pluy)) > st - 001049
D\ta, ty) = Sy ALAPHa ), PAy)) = 53635043 —kgn—2 .

Thus, since k > 2C + 6 + 9, by Lemma 2.2, there exists a subdiamond D = Di—(2c+o+9) C Dx
that lies between u, and u,, that is, such that, for all w € D, we have

dp (ue, w) +dp(w, uy) = dp (g, Uy). (15)
Thus, by (7), (14), and (15), for all w € D, we obtain

di(¢(ua), () +dL(g(w), p(uy)) < 2°A(dp (tta, w) + dp (w, 1))

16
= 2CAdp (g, uy) < 25d1 (@(uy), @(uq)) < ZJ. 1)

Recall that we denoted ¢ (uy) = (Aq, ay) and ¢(u,) = (A, a,). For each w € D we denote
¢(w) = (Aw, ay). Then, by (1) and (16), for j € {y, w} we have

max {dw(ﬂm a])'serEaAXA dw (aq,s )} < dr((Ax, aa), (A]', aj)) ?Id_
Hence, by (12), the vertices a,, 4, belong to the path p connecting t = t,, and F=t,
and (Ax A Ay) U (Ay A Aw) C p. Since Ay A Ay C (Ax A Ay) U (A A Ayw), we also have
Ay AN Ay C p. Thus ¢p : D — La(Wy,,) defined by ¢,(w) = (Aw N p,aw) is a bi-Lipschitz
embedding of D into La(p) with distortion at most 2.
Since D = Di—(2c+0+9) and k — (2C + 0 +9) > k¢, this contradicts (6), and thus ends the
proof of Theorem 1.8. O
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VY 2021 poui F. Baudier, P. Motakis, Th. Schlumprecht Ta A. Zsdk aoBeAnm, II0 SIKIIIO IOCAIAOB-
HicTb (Gy)keN TPadpiB MiCTUTB TOCAIAOBHICTB TOBHMX IpadyiB 3 piBHOMIPHO 06MEXXEHNM CIIOTBOpPe-
HHSIM, TO TIOCAIAOBHICTD rpadpiB AixTapHNKa Haa rpadpamu Gy MicTuTh Ky6u I'emMiHTa 3 piBHOMIpHO
06MeXeHNM CITOTBOPEHHSIM. BOHM TaKoX ITOCTaBMAY IMTaHHSI, YN CIIPaBAXYETHCSI ObepHeHe TBep-
AXKEHHSL.

ABTOpPU BUICAOBMAM TIPUMITYIIEHHS, IO KOHTPIIPMKAAAOM MOXe OyTU IOCAIAOBHICTD A€peB, Y
SIKMX KOXKHe pebpo 3aMiHEHO IITASIXOM AOBXMHM, IO 3pocTae “momipHo”. VY miit poboTi My A0BO-
AVIMO, IO 1Ie CIIpaBAl TaK, a TaKOX IIOKa3yeMO, IO iHIIIMM KOHTPIPUKAAAOM € TIOCAIAOBHICTD “II0-
MipHO” 3Ba’Ke€HMX AepeB.

Kpim Toro, Mm AOBOAMMO, IO AiaMaHTOBi Tpacpy He BKAAAAIOTBCS 3 PiBHOMIPHO OOMeXeHMM
CIIOTBOPEHHSIM y Tpadoy AiXTapHMKa Ha AepeBax, Y sSKMX pebpa 3aMiHEHO IIASXaMM AOCTaTHBO
IIBMAKO 3POCTAIOUMX AOBXKIH.

Kntouosi ciosa i ppasii: COTBOPEHHSI GiAIMIIIMIIEBOIO BKAAAEHHS, IPYyTIa AiXTapHMKa, Aimmiiese
BiaO6pakeHHsI, MeTpUYIHe BKAAAeHHsI, Tporpama Pibe, cyneppedpaeKcHBHICTE.



