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On the stability to perturbations of Stieltjes continued
fractions with complex elements

Hladun V.R."™, Dmytryshyn M.V.2

This paper investigates the conditions for stability to perturbations of Stieltjes continued frac-
tions with complex elements. An analytical approach is proposed that allows for the evaluation of
the influence of perturbations of the fraction’s coefficients and its complex variable on the value of
its approximant. Recurrence relations for the relative errors of the approximants are established and
presented in the form of a continued fraction. Sufficient conditions for stability to perturbations are
obtained, as well as explicit estimates for the relative errors of the approximants. Sets of stability to
perturbations are constructed, in particular, semi-circular and circular sets in the complex plane.
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Introduction

Continued fractions [3,12,39,41] and their multidimensional generalizations, particularly
branched continued fractions [7,27,28], are an important tool for approximating functions in
various fields of science, including the theory of special functions [1, 2, 16, 18, 22], economics
[38], quantum mechanics [10,44], computational mathematics [17,31,32], and computer science
[5,6,11,43,45], and education [14]. One of the key advantages of continued fractions and their
generalizations are their approximative properties, convergence, and speed of convergence,
which in many cases make them more effective than classical approximation by power series
(see, for example, [4,20,21] and also [24, 26,29, 36]).

However, their effectiveness also depends on the stability of the algorithms used to find the
values of the approximants. Even minor rounding errors that occur during implementation
on a computer can lead to a significant accumulation of errors and, consequently, a loss of
accuracy in the results [27,31]. The backward recurrence algorithm deserves special attention
in this context, as it often demonstrates stability in contrast to the forward recurrence algorithm
[9,13,42]. The stability of algorithms for computing continued fractions has been the subject of
research by W. Jones, W.]. Thron, W. Gautschi, and others [30,40]. The stability of expansions
of some hypergeometric functions has been considered in works [19,34,35].

At the same time, the study of the stability to perturbations of continued fractions and
their multidimensional generalizations remains a relevant and less-studied area. The works
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investigating this issue focus on numerical continued fractions [15, 33,37]. However, the case
of functional continued fractions with complex elements requires the development of new
approaches to the investigation, particularly for Stieltjes continued fractions (S-fractions) and
their generalizations [8,23,25,27].

The purpose of this work is to establish the conditions for stability to perturbations of S-
fractions and to construct sets of stability to perturbations, within which the boundedness of
the approximant errors is guaranteed, and to establish explicit estimates for the approximant
errors. For this, the analytical theory of continued fractions is used, in particular, the method
of element sets and their corresponding value sets of the approximant tails.

The paper is organized as follows. Section 2 presents the main concepts, definitions, and
formulas for the relative errors of the S-fraction approximants. In Section 3, the main theo-
retical result is proven — sufficient conditions for the stability of S-fractions are obtained, and
estimates for the relative errors of the approximants are established. In Section 4, sets of stabil-
ity to perturbations are constructed. Finally, Section 5 formulates the conclusions and outlines
prospects for further research.

1 Basis notations and definitions

Let us consider the continued fraction

a9
mz 1)

arz
1+ .

1+

1+

which is called an S-fraction, where a; € R, k > 0,z € C. The nth approximant f,,(z) of (1) is

denoted as .
0
f?l (Z) = a1z
1+ 14+ arz

1+ . anz
+_‘+n

1
The so-called tails of the nth approximant f,(z) are defined as follows

a z
Q,((’”(z):lju1 Gs—, 0<k<n
+1—1—_ anz

For the tails Q](:') (z), the following recurrence relations hold

(m) .\ _ Ak+12
Q(z) =1+—5— 0<k<n—1,
Qp1(2)

with initial condition Q,(qn) (z) =1.
Let ay, Z be the perturbed values of the coefficients a5 and the variable z of the S-fraction
(1), respectively. Then we obtain the perturbed S-fraction
g
i

()

| D>

1+

14 %%

1+.

to the S-fraction (1).
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Definition 1. The S-fraction (1) is called stable to perturbations at the point zg € C if for any
e > 0 there exists a 6, > 0 such that for every 4y € C, k > 0, such that |, — ax|/|ax| < 6, and
every 2y € C, such that |2y — zg|/|29| < &¢, the inequalities |f,(20) — fu(z0)|/|fu(20)| < € hold
for alln > 1, where

ap 2 /s )
foleo) = b i) -
1+ iz 1+ 0
1+ [ —— 1+ axzg
+ ..' + anZO 1 + . ﬁnzf\o
1 -+ 1

Let e](f), k>0, e, e%f ), n>0, ¢lC) 0 < k < n, be the relative errors of the coefficients ay,

kn’
the variable z, the approximant f,,(z), and the quantities

1<k<mn,

respectively, i.e. the following relations hold

= a(1+e"), k>0, 2=z(1+¢9),

where X o
e =2 G (2) = — UE_ 1 <k<n,

0y (2) 0" (2)
and

A(n) k412

=1
Qk (Z) + 14 Af 422
1+ . anz
1

are the tails of the perturbed approximant f,(2).
(G)

We will prove that the following recurrence formulas hold for the relative errors ¢

(@)
1+¢
€y = 1+ OIEWGEE ®)
14gy ' (2)ey
(a) (2)
1 1
f0) — 14| +81(<n))( i ) 1<k<n-n, (4)
1+ 8ci1(2)eky
En,Gn _ egf) +e® 4 egla)g(z), (5)
where the quantities glgn) are given by the formula
(n)
G
R ©)
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Since Q1" (z) = o (2) =1, then G,(f)(z) =a,z, G,(qn)(i) = 4,2 and e%cn) — ¢l | e(2) 4 (Wel2),
For1l < k <n—1we have

(©_G"0-6" _ ag%%n__ﬂxrw9m+s> Q" (z)
k/ - n - A
" 6" (2) 20" (2) 1+ 67 (2)

(2)

=1+

)
/0" (2) + G (2)/Q" (2) (1 + ) )

(1+e)(1+¢
Q"
(1+6")(14¢@)

(1+e)(1+€@)

—gh @ +ahE+6,) L+ @85,
For k = 0 we have
@ e -6"e . adl e . a+e)
€0 = =0 I e 7 P (R
(z) 0Qy (2) 1+ (2)81,;7

From formulas (3)—(5), we obtain the formula for the relative error of the quantity G]E”) (z)
in the form of a continued fraction

(1461 +¢@)
(n) g (1)) (1 +e)
8kt @ @ @
(n) Srio(1+e ) (1+€%)
T=gint )

L-giat . a4 e!) (1 +e0)

(G) _
8k,n = -1+

, (7)

1
where1§k<n—1
Since f,(z) = G\")(2), fu(2) = G{" (2), then
(a)
ef) = e® = 14 1+¢

1+ g\ (2)el)

and, by setting k = 1 in formula (7), we obtain the formula for the relative error of the nth
approximant of the S-fraction (1)

(@)
1
quf):_l_{_ (n)?;‘:(i (@)(1_}_ (Z)) (8)
€ £
1-g" + T

g (14 e8) (1 + )

1-g8" + - g1+ e)(1 4 @)
' 1

2 Sufficient conditions for stability to perturbations of S-fractions

In the study of stability to perturbations of the S-fraction, we will use the following state-
ments.
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Lemma 1 ([34]). Let p, q be positive real constants. The modified approximant
p

hy (w) =q9- p
q J—
q— P n 9)
I
q+w
takes a positive value if
4p < ¢* (10)
and one of the following conditions is met
— 2_4
w > —% (1)

orw < —q.
Lemma 2 ([34]). The sequence of modified approximants {h),(w) },en, where
() = - 7
1 p " (12)

R

whose elements satisfy inequality (10), converges to one of the values:
—(q—Vq*—4p)/2 ifw # —(q+/§? —4p)/2 and 4p < ¢°,
—(q+ /> —4p)/2,ifw = —(q++/q? —4p)/2 and 4p < ¢?,

—q/2,if4p = ¢°.
The following theorem holds.

Theorem 1. The S-fraction (1) is stable to perturbations if there exist constantsa, ,0 < a < 1,
0 < B <1,a+ B # 0, such that the relative errors of the coefficients a; and the variable z of
the S-fraction (1) satisfy the conditions

eV <a, k>0, [€¥)] <, (13)
there exists a positive constant, 0 < n < 1, such that
g <y, 1<k<n, n>1, (14)
(n)

where the quantities g, are determined according to (6), and
4y < (1+1)% (15)

where v = (1+ a)(1 + B). In this case, for the relative errors of the approximants of the
S-fraction (1), the following estimate holds

ye(n)’ < L—n—2yp— \/(1+77)2 _477’)/’
27(1+p)

n>1, (16)

if 4ny < (1+7)?2, and

W 1@ =1-2AG=0+2)
S y-1-2A0 -+

€ (17)

if dny = (1+ 17)2.
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(G)

Proof. Let n be a fixed natural number. We will estimate the relative errors ¢, ' of the quanti-
ties G]S ),

From formula (5), the estimate \s,(ﬁ,) | < a+ B+ ap follows. Using the method of mathe-
matical inductiononk, fork =n—1,k—2,...,1, we will show that

Y
< S S
‘Skn ’ o hn—k(_q), (18)

fork=n—1,k—2,...,1, where the modified approximant /,_;(—7) is determined according
to (9), and its elements p, g are given by the formulas

p=ny, q=1+mn. (19)

From inequality (15), it follows that 7y < (1 + 7). Then for k = n — 1, considering (4), we
have

e 4@ 46l () — M)

u+wﬁgx1+ddw_

|e |=|—-1+ =
n—1,n 1 +gr(1n)€£§n) 1 +g;(1n)€$£1)
(1+a)(1+p) v 0
< -1+ < 14— =1
1—n(a+p+ap) L4+n—ny hi(—n)
Assuming that the estimates (18) hold for somek =m+1,1 <m <n -2,
Y
<-14+—"
’ m+1n‘ hn—m—l(—ﬂ)

we will prove them for k = m. From (15), it follows that the elements of the modified approx-
imant h,—,,(—n) satisfy conditions (1) and (10). Then, according to Lemma 1, h,—,,(—7) > 0
and

a a n G
ESIE —-14-(1'%€£R>(14—€ )__)Sm)4‘5()—FE%)SQ)__g%lJE;iLn
mn . -
1_%g;ilem+ln 1%—g;ile;an
(14+a)(1+pB) ¥y
-1 + - _1 n
1=n(=1+7/hu—m-1(-1)) 111 — 17/ w1 (—1)
Y
g —1 + _,
hnfm(—ﬁ)

which proves the estimates (18).
From formula (3), the estimate follows

G
() _ 1.(6) 146" e — 81" (2)el")
e "] = leoy | = =14+ —5"—0; = (0
1+¢4 (2)31,n T+g4 (Z)Sl,n
1+« 1+
< -1+ =—-14+—-
T+ —9/hp—1(—1n) hn(—17)
Let us consider the continued fraction
1
14 LE 20)
1+7n— 7k
1+ -

L=
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and the sequence of its modified approximants {4, (—%) },en, where

AG)
n(1+p)

and h),(—7) are determined according to (12), with elements p, g given by (19).

For the difference between the modified approximants /;,_ ;(—#) and h;/(—7) of the con-

tinued fraction (20), the following formula holds

R G e T G/ VS "yt (y = 1)
1 1 n—1 ’
n(1+p) 7( +'B)hn(—n) Zoh%i(_”)

T (=1) = —

w1 (=1) =y (=n)

Since 7 > 0, v > 1 and, according to Lemma 1, for all n > 1, h,(—7) > 0, then {h),(—7) }nen
is an increasing sequence and

€] < tim K/(—p).

n——+o0

Assume that 47y < (1 +77)2. Since —57 # —(1 + 1+ /(1 +71)2 — 4577) /2, then according
to Lemma 2, we get

. 1! _ _ _# . / _
n1—1>1}-100h Yl( 17) =-1 17(1_|_5> ngTwhn( 17)
2 2
1+f7—\/(1+17) —4177:1—17—21713—\/(1+17) — 4y

= 21(1 1 B) 21(1 1 B)

Thus, for the relative errors of the approximants of the S-fraction (1), the estimate (16) holds.
Let us consider the function

1—n—2yp— /(A +n)?—4n(1+a)(1+p)
2n7(1+B) '

e, p) =
continuous at the point (0,0). Since

) 2000y PP =
for any ¢ > 0 there exists a § > 0 such that foralla > 0, B > 0 and /a? + B2 < ¢, the
inequality ¢(«, 8) < € holds. If & < 5/V2, B < 5/+/2, then for every 4y € Ry, k > 0, and
every 2 € C, such that | (4, —ay)/ar| < a < 6/V2, [(2—2)/z| < B < 5/+/2, the inequalities
|e,(1f )| < ¢(a, B) < €hold for the relative errors of all approximants of the S-fraction (1). Thus,
according to Definition 1, the S-fraction (1) is stable to perturbations, and the estimate (16)
holds for its relative errors.
Assume that 47y = (1 + 17)%. Then according to Lemma 2, we have

: "ne _ 1- /. 277!3
nl—lglooh”( )= 2n(1+pB) ’
where 1 = 2y — 1 —24/v(y —1). Thus, for the relative errors of the approximants of the

S-fraction (1), the estimate (17) holds, from which, as in the previous case, its stability to per-
turbations follows. O
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3 Sets of stability to perturbations of S-fractions

Let us consider the continued fraction

Co
- : 1)

5
dr+ .

do +
dy +

Let {Pk}ke]NU{O}' @ # P, C C?,k > 0, be a sequence of element sets of (21), i.e. (dy, cxr1) € Pk,
k> 0.
Definition 2. A sequence {Wi }rewuqoy, @ # Wk C C, k > 0, is called a sequence of value

sets for the tails Q,((n) of the approximants of the continued fraction (21), corresponding to the
sequence of element sets { Pt }renuqoy, if

dp € Wi (22)
for every (dy,cxi1) € Py, k > 0, and
dy + ”‘7“ e W, (23)

for every w € Wy, and every (dy, cxi1) € Py, k > 0.
The following theorem holds.
Theorem 2. The set
Opy={ze€C: |argz| < 71/2, |z]| <M}, M>0O, (24)

is a set of stability to perturbations of the S-fraction (1), if there exist constants«, §,0 < a < 1,
0 < B <1, a+ B #0, such that for the relative errors of the coefficients a and the variable z,
the inequalities (13) hold; there exists a constant A, A > 0, such that

<A, k>0, (25)

and the inequality (15) holds, whereny = MA/+/1+ (MA)2. In this case, for the relative errors
of the approximants of the S-fraction (1), the estimate (16) holds if 47y < (1 +17)?, and the
estimate (17) holds if 4ny = (1 + 7).

Proof. Let us consider the continued fraction

ror140

5 , (26)
a1z

nt 120,z

rn+.
where rg # 0, 1 # 0. Let us denote by
/ Tor14o
fn (Z) = >
- a1z
! r2ayz
r+ 1

r+ . r%anz
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the nth approximant of the continued fraction (26), and by

2
rya Z
QM (z) = + Lt

2
{422

1’1+

r+ - r2a,z
"
the tails of the approximant f;,(z).

In [12, Theorem 4.1], it was proven that g,/((n)(z) = glgn)(z), 1 < k < n, where g;((n)(z) =
G]i(”) (z) /Qli(ﬂ (2), G]i(”) (z) = r%akz/Q;((”) (z),1 < k < n, and the quantities g,((") are determined
by formula (6).

Let rg = \/z, 11 = 1/+/z. Then the continued fraction (26) will have the form

a0

- (27)

1/Vz+

ap

1/ﬁ+71/\/2+ )

Let us make a change of variable = 1/4/z in the continued fraction (27). Then we obtain the

following continued fraction
a0

i . (28)
B
t
+ t+ .
Let us denote by
a0
r/l/(t) - ai
t+ i
t+
t+ S an
ot
the nth approximant of the continued fraction (28), and by
QM =t+— 0<k<n
P k2
t+ . ay
.. + T

the tails of the approximant f}, (¢), G;{l(”) (t) = ak/Q]/(/(")(t), 1<k<n.
If z € Qp1, where the set (0 is determined according to (24), then t € W), where

Wy ={z€C: |argz| < /4, |z| > 1/VM}.

Let us prove that W) is a set of values for the tails of the continued fraction (28), corresponding
to the set of elements Py, 4, where

Pya=A{(z1,22) e CxRy: |argzi| < /4, |z1]| > 1/VM, zp < A}.

Since t € W)y, condition (22) is satisfied. Let us prove that condition (23) is satisfied.
The function 1/z maps the set W), to the set

Wiy ={zecC: |arg| < /4, |z| < VM}.



574 Hladun V.R., Dmytryshyn M. V.

Then
Vum =ar Wy ={zeC: |argz| < /4, |z| < a1 VM}
and condition (23) is satisfied if
larg(t +z)| < /4, (29)

t+z| >1/VM, (30)

for all z € V). To prove (29), let us denote t = Ret +ilmt, z = Rez + iImz. From the fact
that |argt| < 71/4, |argz| < 1t/4, it follows that |[Im¢| < Ret, |[Imz| < Rez. Since Ret > 0,

Rez > 0, then
|Im (t+z)|  |Imt+Imz| < | Imt| 4+ | Im z| <1

Re(t+z)  Ret+Rez — Ret+Rez —
Thus, inequality (29) holds for all z € V).
Let us denote t = |t|e'¥1, z = |z|e!¥2. Then |t +z| = /[t]> + |z]2 + 2]t]|z] cos (1 — ¥2).
Since |1 — 2| < 71/2, then |t + z| > |t| > 1/+/M. This proves that condition (30) is satisfied.
Let us transform the quantities g]/(/(”) (t) = G]/(/(") (t)/ Q]/i"l) (t),1 <k < n,namely

00 = £ -1

QU™ (t+a/ QM) 1+l () /a
Let us estimate the quantities |1 + tQZ(n) (t)/ay| from below, for 1 < k < n. Let us denote

b= [, Q"™ () = |Q""(£)|e%"” . From the Definition 2, it follows that Q"™ () € Wy,
0 < k < n. Then

1+ 0QV " (1) /o = /1 + [H21QL™ (1)[2/a2 + 21#]| Q0" cos(r + ")) /ay.
Since |1 + w,g”)\ < 71/2, then

11+ Q)" () /ay| > \/1 +ER1QYM ()2 /a2 > (/14 1/ (MA)2.

Thus, ]g,/(/(")(t)] < MA/\/1+ (MA)?,1 <k < n. Since g,/(/(")(t) = g,((")(z), 1 <k <mn,we get
8 (2)] < MA/ T+ (MAZ1<k<n.

Let us denote § = MA//1+ (MA)2. If M > 0, A > 0, then 0 < 5 < 1. Furthermore,
if for the relative errors of the coefficients a; and the variable z, the inequalities (13) hold, and
the quantities &, 8, 1 satisfy condition (15), then according to Theorem 1, the S-fraction (1) is
stable to perturbations, and for the relative errors of its approximants, the estimate (16) holds
if 47y < (1+7)?, and the estimate (17) holds if 47y = (1 + 7). O

Finally, we have the following result.
Theorem 3. The set
Opa={z€C: [z2[|<p(1-p)/A}, 0<p<1/2, A>0, (31)

is a set of stability to perturbations of the S-fraction (1), if there exist constantswa, ,0 < a < 1,
0 < B <1,a+ B # 0, such that for the relative errors of the coefficients a; and the variable z,
the inequalities (13) hold, the coefficients ay, k > 0, satisfy condition (25), and the inequality
(15) holds, where y = (1 — p)/p. In this case, for the relative errors of the approximants of
the S-fraction (1), the estimate (16) holds if 41y < (1 + 1), and the estimate (17) holds if

4y = (1+n)%
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Proof. 1f the coefficients a; of the S-fraction (1) are bounded by a constant A > 0,and z € (), 4,
where the set (), 4 is determined according to (31), then lagz| < p(1—p), k > 1. Let us denote
cx = axz, k > 1. Consider the continued fraction

Co
— (32)

C2
1+ .

1+
1+

and denote by Q,((”), 0 < k < n, the tails of the nth approximant of (32).
Let us prove that the set
Wy={zeC: |z—1| <p} (33)

is a set of values for the tails of the approximants of the continued fraction (32), corresponding
to the set of elements P, = {(z1,220) E R xC: z1 =1, |z < p(1—p)}.

Since 1 € W), condition (22) is satisfied. Let us prove that if the elements of the continued
fraction (32) satisfy the inequality

ol <pl—p), k=1, (34)

then condition (23) is satisfied.
Since 0 < p < 1/2, then 0 ¢ W,, and the function 1/z maps the set W, to the set

Wy={zeC: [z=1/(1-p*)| <p/(1-p*)}.

Then
Vo =Wy ={z€C: [z—ce1/(1— )| < leggalo/ (1= p?)} (35)

and condition (23) is satisfied if
’CVP — CWP‘ + RVP < pr, (36)

where Cw,, Rw, are the center and radius of the circle (33), respectively, and Cy,, Ry, are the
center and radius of the circle (35), respectively. Inequality (36) is equivalent to inequality (34).
Since Q,En) € W,, then \Q,((n)] >1—-p,0 <k < n, and for the quantities g]((n), the following
estimates hold |g](<n)| = ck/(Q,((’i)lQ,((n)) <p/(1-p),1<k<n.

Letn =p/(1—p). If0 < p <1/2,then0 < 5 < 1. Furthermore, if for the relative errors of
the coefficients a; and the variable z, the inequalities (13) hold, and the quantities «, B, 1 satisfy
condition (15), then according to Theorem 1, the S-fraction (1) is stable to perturbations, and
for the relative errors of its approximant, the estimates (16) or (17) hold. O

4 Conclusions

In this paper, the stability to perturbations of S-fractions with complex elements has been
investigated. A method for analyzing the influence of perturbations of both the fraction’s coef-
ficients and its complex variable on the value of the approximant has been developed, which is
based on recurrence relations for the relative errors of the approximant of the continued frac-
tion. The relative error of the approximant is represented in the form of a continued fraction
(8), which allowed the application of results from the analytical theory of continued fractions
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to establish conditions for stability to perturbations (Theorem 1). It has been established that
the S-fraction is stable to perturbations if the relative errors of its coefficients and variable
are bounded, and the quantities glgn), which depend on the elements of the fraction, are also
bounded. The obtained explicit estimates for the relative error of the approximant allow de-
termining the maximum perturbation value of the approximant depending on the maximum
perturbation value of the fraction’s elements. Using the methodology of sequences of element
sets and sequences of value sets of tails, sets of stability to perturbations have been established
(Theorems 2 and 3), which is important for practical applications. The obtained results can be
used in the study of stability to perturbations of solutions to problems presented in the form
of S-fractions, particularly in the approximation of functions by such continued fractions. The
fulfillment of the stability conditions guarantees the accuracy and reliability of computations
that use the approximation of functions by S-fractions under conditions of machine arithmetic
with limited precision.

A promising direction for further research is the study of such generalizations of S-fractions
as C-fractions, particularly regular C-fractions, multidimensional S- and C-fractions, as well as
other classes of functional continued fractions — J-fractions, P-fractions, and T-fractions.
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Y cTaTTi AOCAIAXYIOTBCS YMOBHM CTilIKOCTi AO 30ypeHb HemepepBHMX Apob6iB CTiAbTbeca 3 KOM-
IIAEKCHVIMM eAeMeHTaMM. 3allpOIOHOBAHO aHAAITIYHIIA IAXIA, IO AO3BOASIE OLHMTI BIIAUB 36Y-
peHb sIK KoedillieHTiB Apoby, Tak i Oro KOMIIAeKCHOI 3MiHHOI. BMBeAEHO peKypeHTHI CIIiBBiAHO-
IIIeHHST AAST BiAHOCHVIX TTOXMOOK alpOKCMMAHT, IKi ITpeACTaBAEHO y BUTASIAL HeTlepepBHOTO Apoby.
Ha ocHOBi IbOro miaAXOAy OTpMMAaHO AOCTaTHI YMOBM CTilIKOCTi, & TaKOX SIBHi OLIHKM AAST IIOXM-
6ok anpoxcumaHT. [TobyA0BaHO MHOXMHM CTIiMKOCTi A0 36ypeHb, 30KpeMa MiBKPYTOBY Ta KPYTOBY
MHOXXVHV B KOMIIASKCHIV IIAOIIIVIHI.

Kntouosi cnosa i ¢ppasu: HemepepsHMIt Api6 CTiATbECA, CTiVIKICTD AO 36ypeHb, MHOXKMHA CTiIKOCTi
20 30ypeHb, BiAHOCHA OX1OKa, allpOKCUMALlis HellepepBHOTO APObY.



