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Some fixed point results for rational contraction
on perturbed metric space

Erdogan E.12™ Nazam M.3, Acar O.12

This work is devoted to the study of fixed point theory for F-perturbed mappings in complete
perturbed metric spaces. Specifically, we introduce the concept of rational type F-contraction and
prove the existence and uniqueness of fixed points for such mappings. Our findings generalize
several known results in the literature, extending the scope of the classical Banach contraction prin-
ciple. The validity of the main results is demonstrated by means of an illustrative example.
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1 Intoduction and preliminaries

Fixed point theory is a cornerstone of nonlinear analysis, with Banach’s contraction prin-
ciple as a prototypical result. Banach’s theorem states that any self-map 7 on a complete
metric space (), d) satisfying a contractive inequality (77, Tu) < Ad(y,p) with0 < A < 1
has a unique fixed point [4]. This principle is widely used to establish existence and unique-
ness of solutions for differential, integral, and matrix equations in science and engineering
(see, e.g., [8,9,11]).

Over the decades, many authors have generalized Banach'’s result. For example, D.W. Boyd
and J.5.W. Wong [5], L.B. Ciric [6], and others introduced more general contractive conditions,
while S. Czerwik [7] and later researchers studied fixed points in various generalized metric-
like spaces such as b-metric or modular spaces. In this vein, D. Wardowski [12] introduced
a new type of contraction, called an F-contraction, which further extends Banach’s principle
by using a real-valued function F to measure contractivity. According to D. Wardowski, any
F-contraction on a complete metric space still admits a unique fixed point, thus generalizing
Banach’s theorem.

An F-contractions is defined via a function F : R™ — R satisfying certain conditions:

(F1) F is strictly increasing;
(F2) F(an) — —o0if and only if a, — 07;
(F3) there exists k € (0,1) such that lim a*F(a) = 0.

a—07T
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A self-map T : Y — Y is called an F-contraction if there exists T > 0 such that
T+ F(d(Tn, Tw) < F(d(y,u), Vi #p

D. Wardowski demonstrated that every F-contraction on a complete metric space has a
unique fixed point. Importantly, the function F allows for a more flexible comparison than the
linear factor in Banach’s classical contraction. For instance, choosing F(a) = Ina recovers the
standard Banach contractive inequality, i.e. (77, Tu) < e~ 7d(#, u). Thus, the F-contraction
concept not only generalizes Banach'’s classical result but also unifies many known contractive
conditions, providing a versatile tool for fixed point theory.

As a further generalization of Banach’s classical contraction principle, perturbed metric
spaces provide a natural extension of classical metric spaces by allowing distances to include
systematic perturbations while retaining an underlying exact metric. This framework offers a
flexible setting for fixed point theory and has applications in areas where measurements are
subject to intrinsic errors, such as physics, engineering, and applied mathematics (see [9]). In
the following, we present essential definitions, lemmas, and illustrative results that form the
foundation for the fixed point analysis conducted in this study:.

In recent years, various generalizations of contraction principles, including results on gen-
eralized metric-like spaces [3] and rational-type F-contractions [1, 2], have been successfully
established in the literature. The purpose of this research is to establish new fixed point re-
sults for rational-type F-contractions in the context of perturbed metric spaces. By leveraging
the flexibility of F-functions, we provide convergence results that unify and generalize several
known fixed point theorems.

Throughout this paper, ) denotes an arbitrary nonempty set, while IN stands for the set of
all non-negative integers.

Definition 1 ([10]). Suppose that S and P are mappings defined on ) x ) with values in [0, o).
We define S as a perturbed metric on ) concerning P if

S—P:YxY =R, (n,u)— Sy pu)— P, p
isametricon Y, i.e. for ally, 1,z € Y we have
@) (S=P)(n,p) =
(i) (S=P)(n,p) =0<=n =y
(iii) (S—P)(y, u) = (5= P)(u,1);
(iv) (S=P)(n,u) < (S—P)(1,2) + (S— P)(z,p).

Then P is called a perturbed mapping, d = S — P is called an exact metric, and (), S, P) is
called a perturbed metric space (PMS).

It is worth noting that a perturbed metric (PM) on ) does not necessarily satisfy the condi-
tions of a metric on Y. To illustrate this fact, consider the following examples.

Example 1 ([10]). Let S: R x R — [0, 00) be the mapping defined by
Sty u) =n—pul+7%ut, nueR

Thus, S denotes a PM on R induced by the perturbed mapping P: R x R — [0, %) given
by P(, 1) = i, 1, p € R.
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Example 2 ([10]). Define the mapping S: C([0,1]) x C([0,1]) — [0, c0) by
S(k,1) = /01 lk(t) — 1(t)| dt + (k(0) —1(0))%, kI € C([0,1]),

where C([0,1]) denotes the set of all functions k : [0,1] — R that are continuous on the inter-
val [0,1]. Therefore, S represents a PM on C([0,1]) corresponding to the perturbed mapping
P:C([0,1]) x C([0,1]) — [0, 0) given by P(k,1) = (k(0) —1(0))?,k,1 € C([0,1]).

Example 3 ([10]). Let S : N x N — [0,00) be the mapping defined by S(a,b) = (a —b)?,
a,b € IN. Accordingly, S represents a PM on IN associated with the perturbed mapping
P: N xIN — [0,00) given by P(a,b) = (a —b)> —|a —b|, a,b € N, and the exact metric
d:IN x N — [0,00) is given by d(a,b) = |a — b|,a,b € N.

Proposition 1 ([10]). LetS,P,Q : Y x Y — [0, 00) be three given mappings and « > 0.
(i) If (V,S,P) and (Y, S, Q) are PMS’s, then (), S, (P+ Q) /2) forms a PMS as well.
(ii) For a PMS (), S, P), the triple (¥, aS, aP) is likewise a PMS.
Definition 2 ([10]). Let (), S, P) be a PMS, {z, } be a sequencein ), and T : Y — Y. Then

(i) we define a sequence {z, } to be pertubed convergent in the space (), S, P) if it converges
under the exact metric d, where d = S — P, in the metric space (), d);

(ii) a sequence {z,} is considered perturbed Cauchy in (), S, P) if it satisfies the Cauchy
property with respect to the exact metricd in (Y, d);

(iii) the perturbed metric space (), S, P) is called complete if the metric space (),d) is com-
lete; in other words, every perturbed Cauchy sequence in (), S, P) also converges as a
perturbed convergent sequence within (), S, P);

(iv) amap T is said to be perturbed continuous if it is continuous when measured using the
exact metric d.

Theorem 1 ([10]). Suppose (Y, S, P) is a comlete PMS and T : Y — ) is mapping assuming
the following conditions are met:

(i) T is a perturbed continuous mapping;
(ii) there exists A € (0,1) such that S(Tn, Tu) < AS(n,u) forally,u € Y.

Consequently, T has a unique fixed point.

2 Main results

Within this section, we first introduce the definition of a rational type F-contraction and
establish a corresponding fixed point theorem derived from this notion. Subsequently, illus-
trative examples and related consequences are presented to demonstrate the applicability and
significance of the obtained result.
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Definition 3. Let (),S,P) bea PMSand T : Y — ) be a mapping. Then T is defined as a
rational type F-contraction if there exists F € F and T > 0 such that

T+ F(S(Tn, Twu)) < F(M(11, 1))

for alln, u € Y, where

_ S, T)[1 +S(w, Ty)
M(n7, p) = max {5(77,#), 1% ST, TH) }

Theorem 2. Let (), S, P) be a complete PMS, and T : Y — ) be a rational type F-contraction
with respect to d. Suppose the following conditions are satisfied:

(i) T is a perturbed continuous mapping;

(ii) the mapping 7T is a rational type F-contraction.
Consequently, T has a unique fixed point.

Proof. Let g € ). We can show the existence of a fixed point. Take an 179 € ) and create the
sequence {1, } starting at 7o. If 17, = 1,11, then 7, is a fixed point of 7 and therefore, the
proof is finished. So we suppose 1, # #,,+1 foralln € N U {0}. We have T#,,_1 = 5, for all
n € IN. Since 7 is a rational type F-contration, we get

F(S(n,1nv1)) = F(S(THn—1, Tnu)) < F(M(1u—1,1n)) — T

S e ,T n— 1 +S I’ZrT n
- F(max {5(77111"7”)’ ! 11 +175(71-37E7—1 7'(117711) = }> o

= F(S(u-1,1n)) — T

for all n € IN. Taking a,, := S(#,,—1,») for all n € N and using (1), we obtain

1)

F(ay) < F(ay,—1) — 1t < F(ay—p) —2t < --- < F(ap) — nt. (2)
Based on statement (2), we get r}gn F(an) = —oo. Consequently, using (F2), we obtain
nh_r>r010 a, = 0. 3)

By the property (F3), there exist k € (0,1) such that

lim alF(a,) = 0. (4)
By (2), the following inequalities
a’F(ay) —a¥F(ap) < —aknt <0 (5)

hold for all n € IN. Letting n — oo in (5) and using (3) and (4), we obtain nlgn akn = 0.

Therefore, there exists n; € IN such that naﬁ < 1 for all n > ny. So, we have a, < 1/n1/k.

By applying a standard reasoning, the inequality above demonstrates that {7, } forms a
Cauchy sequence in the metric space (), d); in other words, {7, } is a perturbed Cauchy se-
quence within the PMS (), S, P). Due to the completeness of the PMS (), S, P), this implies
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the existence of #* € ) such that nlgrolo d(74,n7*) = 0. We now show that * is a fixed point
of T. Since 7 is a perturped continuous mapping, this yields nh_r>r010 d(T1n, Ty*) = 0, that is
nlgrolo d(#u41, Ty*) = 0. Since d = S — Pis a metric on Y, by the uniqueness property of the
limit, we have #* = Ty*, namely #* is a fixed point of 7.

Let us prove that 7 has a unique fixed point. We show by contraction assuming that
7, € Y are two distinct fixed point of 7. Thus,

F(S(n,u)) = F(S(Tn, Tw)) < F(M(n, 1)) — 7
_ S(7, T)[1 + S(w, Ty)] _
= ((max {50y, g0, S TUEE ST ) - o~ Fsiy ) -
which yields

F(d(y, p) + P(y,p)) < F(d(y, ) + P(y, p)) — 7.

Since 7 # pu, we get d(n, ) + P(y, 1) # 0 and from the inequality above it follows that
T < 0, which conflicts with the condition T > 0. It follows that 77" is the unique fixed point of
T, thereby completing the proof of the theorem. O

Example 4. Let S: [0,1] x [0,1] — [0, 00) be the mapping defined by

S, 1) = I —pl + (g — w)*.
Consequently, S is considered a PM on the interval [0,1] with the perturbed mapping
P:[0,1] x [0,1] — [0,00) defined as P(1, 1) = (1 — u)*.
Here, the exact metricd : [0,1] x [0,1] — [0, o0) is defined by
d(p,p) = [ —ul, Vn,p < [0,1].
Note that S is not a metric on [0,1]. Forn =0,u =2/5,p = 1/5, we have
S(0,2/5) = 0,4256, S(0,1/5) = 0,2016, S(2/5,1/5) = 0,2016,
and, therefore,
5(0,1/5) + S(2/5,1/5) = 0,4032,
which shows that
5(0,2/5) > S(0,1/5) + S(2/5,1/5).

Let us define a self-mapping T : [0,1] — [0,1] by Ty = 1n/2,n € [0,1]. Take F(y7) = logn,
which satisfies the conditions (F1)—(F3) and T = log2 > 0. Then

_ S(p, T)[1 + S(w, T )]

(I7]/2+7*/16)(1 + |#|/2+P‘4/16)}
T+ —ul/2+ (n—u)t/16

=ma><{lf7—ﬂl+(f7—y)4,
=ln—pul+ @ —pn*

and

. _\4
(T, T0) = 1Ty — Tl + (Ty ~ Ty = M #L g 1T
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Clearly, we have

T+ F(S(Ty, Tu)) =log2+1log(S(Ty, Tu)) =log(2-S(Tn, Tu))
= log[2(|7 — u|/2+ (1 — u)*/16)]
= log(|y — ul + (1 — 1)*/8)
<log(|y — p|+ (i —w)*) = F(M(1, ).

Hence T is a F-perturbed mapping. So by the above theorem T has a unique fixed pointin ),
whichisn = 0.

Corollary 1. Let (), S, P) be a complete PMS, and T : Y — Y be a F-contraction with respect
to d. Suppose the conditions listed below are satistied:

(i) T is a continuous mapping subject to a perturbation;
(ii) there exist F € F and a real number T > 0, such that
T+ E(S(Ty, Tw)) < E(S(p, 1))
forally,u € Y with S(y,u) > 0.
Consequently, T has a unique fixed point.

Corollary 2. Let (), S, P) be a complete PMS, and T : ¥ — Y be a mapping. Suppose the
conditions listed below are satisfied:

(i) T is a continuous mapping subject to a perturbation;
(ii) there exists A € (0,1) such that S(Ty,Tu) < AS(y,u) forallny,u € Y.

Consequently, T has a unique fixed point.

3 Conclusion

In this perspective, we establish a fixed-point theorem for rational type F-perturbed map-
pings in perturbed metric spaces, and then provide an illustrative example together with the
corresponding results. These findings are expected to stimulate further research and con-
tribute to the development of new results in the theory of PMS’s.
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LIst poboTa mpucBsiUeHa BUBYEHHIO TeOpil HEPYXOMIMX TOUOK AASI F-36ypeHuX Biao6paXkeHb y
TIOBHMX 36y peHNX MeTPUUHMX IPOCTOpax. 30KpeMa, M/ BBOAMMO HOHSITTsI F-cTuckyroduoro Biaobpa-
JKeHHSI pallioHAABHOTO TUITY Ta AOBOAMIMO iCHYBaHHsI Ta EAVHICTb HEPYXOMMX TOUOK AASI TAKMX BiAo-
6pakenb. Harrri pe3yAbTaTi y3araAbHIOIOTh KiAbKa BiAOMMX Pe3yABTATIiB 3 AiTepaTypu, posLIMpIo-
10uM 06AACTD 3aCTOCYBaHHS KAACMYHOTO IpyHIMITY baHaxa rmpo cruckyrodi Biaobpaxkersss. Crpa-
BeAAMBICTh OCHOBHMX pe3yAbTaTiB AGMOHCTPY€EThCS 32 AOTIOMOTOIO iAIOCTPaTMBHOIO IIPUKAAAY.

Koiouosi cnosa i ppasu: Hepyxoma Touka, F-cTmckyrode Biao6pakeHHs, 30ypeHIII MeTpPIIHIIA
TPOCTip.



