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Entire functions of several variables: behaviour of directional
derivatives

Bandura A.L1, Dubei S.I.2, Salo T.M.3, Skaskiv O.B.2

Let h be a positive increasing on [0; +c0) function such that k (x + ﬁ) = O(h(x)) as x — +o0.

For a Lebesgue measurable set E C [0; +-00) of finite Lebesgue measure meas E = [ dx, we define
the asymptotic h-density of E on +o0 by

Dy(E) = RETEmh(R) -meas(E N [R; +00)).

Consider the class H” of an entire functions in C?, that are bounded in an arbitrary domain
Mg ={z = (z1,---,2p) €CP:Rez; < Rj}, R = (Ry,...,Ry) € R’ as wellasin G(r,A) = G +rA
for every fixed A € R? and for each r > 0, where G is a complete polylinear domain. For a function
F € HP and A € R?, let F); (w) denotes the derivative of F in the direction of A at the point w € C.
Let ng) (w) = (Flgk_l) (w))’, denotes the kth derivative in the direction of A at the point w € C. We
also denote

Se(r,A) :==sup {|F(z)|: z € G(r, A)} = sup {|F(2)|: 2 € 9G(r,A)}, Lp(r,A) = (InSg(r,a))’..

We prove the following statement. Let F € H? and A € R” be such that Lg(r, A) T +oco as
r — +co. Suppose that ® is a positive increasing on [0; +oc0) function satisfying u(r) > ®(r) for
all ¥ > rp, and h(r) = o(P(r)) as r — +oo. Then there exists a set E C R of zero asymptotical
h-density, i.e. Dy (E) = 0, such that for every k € IN we have

FO (w) = (14 0(1)) Lk(r, A) F(w) as r — +oo, 7€ Ry \E,

for all points w € dG(r, A) satisfying the inequality |F(w)| > Sp(r, A)/(1+ €(r)), where ¢(r) is a
given arbitrary function such that e(r) — +0as r — +oo.

Key words and phrases: entire function of several complex variables, directional derivative, poly-
linear domain.
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1 Introduction

The present paper is devoted to the analogues of the main relation of the Wiman-Valiron
theory for entire functions of several complex variables which are bounded in the half-spaces.
Let us first recall some facts from one-dimensional case, related to this topic.
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—+o00
Let f : C — C be an entire function of the form f(z) = fo + Y. fiz*. For r > 0 we denote
k=1

My (r) = max{|f(2)|: |z| = r}, ps(r) = max{|felr*: k > 0}, ve(r) = max{k: [fi|r* = ps(r)}
the maximum modulus, maximal term and central index, respectively.

The Wiman-Valiron theorem [18, 19,26, 38] states that for every entire function f, for small
17| in some sense and for any point z, |z| = r, such that |f(z)| = M((r), we have

k
f(zel) ~ er/vf(r)f(z), f(k) (z) - (Vf(r)> ) (1)

as |z| =r — +oo,r ¢ E, and E is some set of finite logarithmic measure (f.l.m. for short), that
is fEm[1,+<>0) dinr < +o0.

Denote K¢(r) = r(In My(r))’, where (In M¢(r))", is the righ-hand derivative. From the
theorem obtained in [27] for the entire Dirichlet series, it follows that for each entire function f
we have

Ke(r) ~vp(r), r— +oo, 1 & E,

where E = E(f) is some set of f.L.Lm. Various theorems about analogs of the second relation
in (1) for an entire Dirichlet series with a positive monotonically increasing to infinity sequence
of exponents can be found in [13,24, 26,27,32,34, 35], for absolutely convergent in a half-plane
Dirichlet series in [36]. Analogs of the first relation in (1) for an entire Dirichlet series we find
in [13, 24, 25], for entire functions of several complex variables in [15,33, 37] and for multiple
Dirichlet series in [22]. Also there are known first attempts [21] to deduce some results of this
theory for multiple Dirichlet series with arbitraty complex exponents.

This article is devoted to proving counterparts of the second relation in (1) for the direc-
tional derivative of an entire multiple Dirichlet series with arbitrary non-negative exponents.
We will obtain the relation as a consequence of the theorem on the behavior of the directional
derivative of an entire function F of several complex variables z = (z1, ..., zp) at the neighbor-
hood of a point w. This point w is chosen such that the value F(w) is close to the supremum
of its modulus on the topological boundary of polylinear domains. Similar results for entire
multiple Dirichlet series with positive monotonically increasing to infinity exponents were de-
duced in book [37].

2 Notations and lemmas

Let R? and C?, p € IN, be real and complex p-dimensional vector spaces, respectively;
Z, = NU{0}, Ry = (0,+c). Fora = (ay,...,ap) € R, b = (by,...,by) € RF we write
a<banda <pb,if aj < b]- and a; < b]- forall 1 <j < p, respectively. For z = (zl,...,zp) e C?r,
w = (wy,...,wp) € CF, we denote (z,w) = ziwy + ...+ zpwp, |lz]| = z1 + ...+ zp,
lzllo = z1 + 222+ ...+ pzp, Rez = (Rezy,...,Rezp), and for R = (rq,...,7r,) € RP we
denote ITg = {z € C": Rez < R}.

Let A = (Ay,...,Ap) € RP\ {0} be a fixed vector. We say that the system of domains
{G(r, A)}r>0, G(r, A) C CP, is an exhaustion of the space C? from the class %, if

a) U G(r,A) =CF;

r>0

b) G(r1,A) C G(r, A),0<r; <1y < +o0;
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c) ifz=(z1,...,2p) € G(r,A), then for every y = (y1,...,yp) € RV we get
z+iy = (z1+ vy, ..., 2p +iyp) € G(r, A);

d) ifz € G(r,A), then (z —rA) € G(0,A);
e) for given r > 0 there exist R,, R* € R? such that ITg, C G(r, A) C Ilg-.

We will denote the class of such exhaustions {G(r, A) },>0 by X.

This definition is worth comparing with the definition of the exhaustions by system of
A-like polylinear domains given in [37, p. 301], in which a similar concept is considered for
exhaustions defined by a vector A = (Ay,..., Ap) > 0.

The condition A > 0 in the definition from [37] ensures the equality C? = {J,>( G4 (r, A)
and the inclusion G4 (71, A) C G4 (ry, A), which in our definition of exhaustion are conditions
a) and b), that allows us to abandon the a priori restriction on the positivity of the components
of the vector A.

Consider the class H? of an entire functions in C?, that are bounded in an arbitrary do-
main I1g, R = (Ry,...,Rp) € lRi. For a function F € H? and x € R? it is obvious that

M(x, F) := sup{|F(x +iy)| : y € R"} < foo,

and also that if the analytic function F is bounded in a polylinear domain G, then for every x
such that {z € C": Rez; = x1,...,Rezy, = xp} C G one has M(x, F) < o0,
For a function F € H” and r > 0 we also denote

Sp(r, A) :=sup{|F(z)|: z € G(r,A)} = sup{|F(z)|: z € 9G(r, A) }.

We note that Sp(r, A) < +o0, Vr > 0, in the case, when F € ‘H?, and the exhaustion is such
that ITg, C G(r, A) C Ilg- for some R, < R*, i.e. condition e) is satisfied.

Lemma 1 ([33]). Let F € H? and {G(r,A)} € X. Then InSp(r, A) is a convex function in
variabler > 0.

Since In Sg(r, A) is a convex function, it has everywhere a right-hand derivative
/
Lp(r, A) == (InSp(r, A)),
which is a non-decreasing function. It is obvious that for every ry > 0 there exists

L+(1’0) = lim LF(T’,A)Z lim LF(T’,A).

r—rp+0 r—ro—0

Therefore, without loss of the generality, we can assume that the function Lg(r, A) is right
semi-continuous, that is Lr(rg, A) = L (rg) at every point rg > 0.

Let £ be the class of positive continuous functions which are increasing to +oo on [0; +0)
and L4 be the class of continuous positive non-decreasing on [0, +o0) functions 4 such that

h(x +0(1)) = O(h(x)), x — +oco.

Let £, be the class of continuous positive non-decreasing on [0; +o0) functions & such that

h<x + h(l—x)> =0O(h(x)), x— Hoo.
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Let & be a positive continuous non-decreasing function and E C [0; +o0) be a locally Lebesgue
measurable set of finite measure with meas E = [ dx < 4oc0. Then we define the asymptotic
h-density of E as
Dy(E) = lim h(R) -meas (E N [R, +o0)).
R—+o0

Remark, if a locally Lebesgue measurable set E such that h-meas (E) := [ h(r)dr < +oo,
E

then Dy (E) = 0.
We need the following statement about the relation, similar to the first one in (1).

Theorem 1 ([33]). Let F € H? and A € R? be such that Lg(r, A) 1 +oco,r — +o00,and ® € L,
h € L, be the functions such that

u(r) > o(r), r>ry, h(r)=o(d(r)), r— +oo. (2)

Then there exist a set E C R, of zero asymptotical h-density (i.e. Dy(E) = 0) and a function
d(u) T 400, u — +o0, such that for allr € Ry \ E and ally € C with || < §(r)/Lp(r, A), it
holds

F(w+ An) = (14 w(n))F (w)e 4,

where

()| < [nle(r)Le(r, A)/6(r), c(r) :=1+e(1+¢(r))
and the pointw € 0G(r, A) is chosen such that
[F(w)| = Sp(r, A)/ (1 +€(r)), ®)
and ¢(r) is a given function with e(r) — +0 asr — +oo.

In paper [33] (see also [24]) we find the following version of the Borel-Nevanlinna lemma.
This lemma was the main tool to prove Theorem 1. Its wording is given for the completeness
of the presentation of the paper.

Lemma 2 ([24,33]). Letu(r) be the right semi-continuous function which increases on [rg, +0),
and ® € L, h € L, be the functions such that

u(r) > o(r), r>ry, h(r)=o0(®(r)), r— +oo.

Then there exists a function §(u) 1 400, u — 400, such that the set

has zero asymptotic h-density, i.e. Dy(E) = 0. In other words, the inequality

E:{rzro:

> u(r)/cs(u(r))}

lu(r + 1) —u(r)| <u(r)/é(u(r))

holds forallr € (rg,+o0) \ Eand allT € R, |t]| < ¢(r) := 6(u(r))/u(r) and the set E has zero
asymptotic h-density.
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3 Main result

For a function F € H? and A € R?, let F;(w) denotes the derivative of F in the direction A

at the pointw € C; Flgk) (w) = (Flgk_l) (w))’y denotes the kth derivative in the direction A at the
pointw € C.

Theorem 2. Let F € HP and A € RP be such that Lp(r,A) T 400, r — +oo. If® € L,
h € L, satisfy conditions (2), then there exists a set E C R of zero asymptotic h-density (i.e.
Dy,(E) = 0) such that for each k € IN one has

FO(w) = (1+0(1)) LE(r, A) F(w) as r— +oo, re Ry \E, (4)

for every point w € dG(r, A) provided inequality (3) with a given function €(r) which is de-
creasing to +0 asr — +oo0.

Proof. Let a given point w € 0G(r, A) be such that condition (3) is satisfied. Consider the
function F( )
_ Flw+ An —yLp(r,A) _
w(n) = Fw) e 1
of the variable 7 € C, || < ¥(r), for fixed r € [0;+00) \ E, where E is the set from Theo-
rem 1. Let us denote again ¢(r) = 6(r)/Lg(r, A). From Theorem 1 for all 7, || < 9(r)/c(r),
r € [0;4+00) \ E one has |w()| < 1. Thus,

‘Me—m(nm

F(w) ‘ =[1+w(n)| >1—|w(y)| >0.

Hence, |F(w + An)| > 0forally, || < ¢(r)/c(r), r ¢ E. Therefore,

1 F(w+ AT)

f(n) = A m‘h— nLe(r,A), f(0) =0,

is an analytic function in the unit disc {7 : [n7| < ¢(r)/c(r)}; here F),(w + A7) is the derivative
of the function F in the direction A at the point w + At.
In addition, f'(0) = F);(w)/F(w) — Lg(r, A), and

Re f() = In ‘Wﬂmm)

=In|1+w(r)| <In(l+|w(y)]) <In (1 * [Z/JC((:D

forally, || <q < y(r)/c(r).
The statement of the following lemma was formulated in the solution of Problem 236 (see,
[23, Part 111, Ch. 5, § 2, 236, p.355]).

Lemma 3. Let f(z) = Z fnz" be an analytic function in the disk Dg = {z: |z| < R}, R > 0. If

Ref(z) < M forallz 6 IDR, then |f,|R" < 2(M — Re fy) forall z € Dg.

Applying Lemma 3 to the function f in the disc D, = {n: [n| < g}, 9 < ¢(r)/c(r), we
obtain

Fp(w)
F(w)

= Le(r, )| = 1f/(0)] = ] < 2max(Re £(1): gl =} <21 (1+ ) <.
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So,asr — +oo,r ¢ E, and for all w € dGr(r, A) satisfying |F(w)| > Sp(r, A)(1 +&(r)) !
one has
Fi(w) 1 2¢(r) _c(n)
F(w) L(r, A) = Le(r, A)y(r) — &(r)
As above, applying Lemma 3 to the function f in the disc D; = {7: |17| < q}, 9 < ¥(r)/c(r),
we obtain for fixed k € N

G 0] = 1Al < 2 max(Re f(): Iyl = q)

=o(1). (5)

() (6)
<277 FIn(1 +qe(r)/w(r)): = we(r) < 2‘7_“1@

for || < q < (r)/c(r). Continuing further, for || < g one has
Fa(w +1A) = F(w) exp{f(n) +yLe(r, A)}

! (w +oo (k)
= F(w) exp {?((w)) T ];2 ! kz(O) ”k} =: F(w)Fy(n), 7

where Fy(7) is an analytic function in the variable 7, Fy(0) = 1. We put
+oc0
Fo(n) =1+ ) Fer, |l <q. ®
k=1

Since for the function f1 (1) := f(n) +nLp(r, A) we have fl(k)( ) = f® (), k>2,s0

2 17)=1++f$(?(;) f(kk,(o)ﬁk> —1+ZS, (ioflk( )17"> .
s=1"" :

Therefore, the Taylor coefficients in (8) are formed by sums of the following form
93
KON 020
fi= L B UAO)T ( Bl ) < T
Xllo=

with finite quantities of the summands, where & = (&g, ..., ax) € Zﬁ is the multi- index and
(w) &
Ui

llallo == Z;-‘Zl jaj its weight, B, € C. From the Taylor expansion F(w + An) = ¥;,°% 25
and (7)—(8) it follows that

F(w) = F(w)k!F, k> 1.

Hence,

Flw) 1 (P 1\ k(£ 0)\"
F(w) L&(r, A) 1_<F(w) Lp(r,A)> L+ ) B”‘H ! ' ©)

Since ¢(r) = O(1) and 6(r)  +o0 asr — +oo, thus ¢(r)/6(r) = o(1) as r — o0. So, from
inequlity (5) we have

Flw 1 N\ | |Pw 1 & Fw 1 |
‘(Wu(m)) ‘1" Fw) L A4) | & Flw) L, A)

(10)
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asr — +oo,r ¢ E. We put
¥(r) 5(r)

_ _1 o
1= c(r)  2c(r)Lp(r,A)’

N| =

Using inequality (6), we get

K /D) gy\ Y S lal
B«H(fljfo)> < ¥ IBdaLet,a) (200

ok j=1 Jelo=+ ¥(r)
< < 11
= ) B (—Zc(r)>k =o0(1) "
el o(r)

asr — +oo,r & E. Applying relations (10) and (11), from equality (9) we obtain

@)1 ) o(1)
F(w) L’fE (r, A) B
asr — +oo, v ¢ E. Thus, asymptotic relation (4) is proved. O

Corollary 1. Let F € HP and A € R? be such that Lg(r, A) — 400 asr — +co. Then there
exists a set E C R, of finite Lebesgue measure such that for each k € IN asymptotic relation
(4) holds as r — +oo, r € Ry \ E, for every point w € 9G(r, A) satisfying the inequality
|F(w)| > Sp(r, A)/(1+¢(r)); heree(r) is a given function such thate(r) — +0 asr — +oo.

4 Corollaries: analytical solutions of directional differential equations

Here we present a scheme of application of Theorem 2 to partial differential equations
which contain directional derivatives.

There were deeply studied the growth, psevdo-convexity and psevdo-starlikness of entire
Dirichlet series in [30,31] as solutions of the equation

F(”)(Z) + < Xn: ’)’kekhZ>F(Z) — a7,
k=1

wheren > 3, h > 0, a # 0. M.M. Sheremeta [28,29] early considered similar problems in the
casen =2,a=0.
We consider the directional differential equation of the form (see also, for example, [7])

N-1
FV(w) + Y g (@) F{ (w) = gn(w), weC?, NeN, (12)
k=0

where g, g are some analytic functions from the class H?. Equation (12) was intensively stud-
ied by methods of theory of functions having bounded index in direction. Fot this equation
there are papers on its entire solutions [5], slice entire solutions [7], analytic solutions in the
unit ball [2, 6], slice holomorphic solutions in the unit ball [3]. These methods are based by
logarithmic criterion and analog of Hayman'’s theorem for various holomorphy domains [4].
The big advantage of these methods is possibility to estimate growth in such multidimen-
sional holomorphy domains as unit ball, unit polydisc and in arbitrary Reinhardt domain.
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Analogs of Wiman-Valiron’s theory for the specified domains are known only in the case of
unit disc [14] with some additional assumptions. However, the theory has advances in differ-
ence equations [20], meromorphic functions [8, 9], for a polynomial series based on the Wilson
operator [10,11], for random analytic functions [1,17], for fractional differentiation operator [12]
and non-power series approach to deduce main estimate [16]. In particular, they can be expo-
nential polynomials of the form

O () (wa®
r(w) = Z o elWhi’) e CP, meeZy, 0<k<N,
[[n]|=0

and g,gk) # 0 at least for one n € IN? with ||n|| = my, A,gk) € RP. In the case, the directional
differential equation may have solutions from the class H".

Example 1. Consider the following simple differential equation F,(w) = P(w)F(w), where
P € ‘HP. Then it easy to see, that the function F such that

F(w+ An) = exp { /011 P(w + AT)dT}, w e CP,
is a solution from the class HP. This function is also the solution to the following equation
F{(z) = P(2)F) (2) + P (2)E(2).
It is not difficult to verify that the function
F(w+ An) = exp { /0’7 P(w + At)dr} /O’7 (QUw+ Az)exp(~ /OZ P(w + AT)dr} )dz

is a solution of equation F),(w) = P(w)F(w) + Q(w) with P,Q € HP and also F € H?.

Therefore, the question of studying the properties of solutions from the class H” seems
natural.

Example 2. To simplify the reasoning, let us assume that G(0, A) = I1,, A > 0,a € R”. Then
G(r,A) =T1,4,4. Let us assume that Lp(R, A) — 400 as R — +o0 and also

o (N) < .
gn(w) = 3 giVelwM) — O<€(w’)\(m)>r gn-1(w) = (14 0(1))Bye@A ™),
[[n]|=0
& o)
ge@) = Y @) = o(gy-1(w)),
[[]|=0

asRew=a+rA — 4oo,r — +oo, forall k € {0,1,...,N — 2}, where
(A, AR = max{(w,A,gk)): g,gk) #0,0<|n|| <m}, ke{N-1N}.

Let us now apply the Corollary 1 to equation (12). Sincew € dG(r,A) = Rew = a+rA
for w such that |F(w)| = (14 0(1))Sg(r, A), we obtain

A(N>)

F(w) (140 (W)LY (r, 4)) + (1 +0(1)gn-1 (@)LY ' (r, 4)) = (1+0(1)Bye™™) (13)
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asr — oo outside some set E of finite Lebesgue measure. Remark that R = o(InSp(R, A)) as
R — +oco. Then gn(w) = 0o(Sp(r, A)) as R — +oo, and (13) implies

(14+0(1)LY(r, A)) + (1 +0(1))gn_1(w)L¥ 1 (r, A) = o(1).
Hence, Lp(r,A) = (1+0(1))|gn-1(w)| asr — +oo, 1 ¢ E, thus,
InLp(r,A) = In|By|+ (a +rA,AN"Y), r 5 foo,r ¢ E.

Therefore,
InLe(r, A) = r(A,A) +O(1), A=AN-D, (14)

asr — +oo outside some set E of finite Lebesgue measure. Now, it is easy to see that for every
point ' € E there exists two points 11,1, ¢ E such thatry < r < rpandr = ry+o0(1) as
r — +oo,k € {1,2}. Hence, r(A,A) = r(A,A) +0(1), r — 400, k € {1,2}, and by relation (14)
we have

InLp(r, A) <InLp(r,A) <InLp(rp, A) =12(A,A) +0O(1) =7r(A, L) +0O(1),
InLp(r,A) > InLp(r1,A) =r1(AA) +0(1) =r(AA)+0(1), r— +oo.

From the last relations it follows that In Lg(r, A) = r(A,A) + O(1), r — +oo. If we now use
the equality In Sp(r, A) —InSg(rg, A) = frg Lr(t, A)dt , we get

InlnSp(r, A) =r(A,A) +0(1), r— 4oo.
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Hexait h — aoaatHa 3pocratoua Ha [0; +00) pyHKIIsS Taka, [0 h(x + ﬁx)) = 0(h(x)), x = +o0.

Anst BuMipHOi 3a AeGerom muOXMEM E C [0; +00) cximuennoi Mipu Aebera measE = [pdx mu
BM3HAYAEMO aCHMIITOTHYHY fi-IIiAbHICTE MHOXVHM E Ha 400 dpopMyA0r0

Dy(E) = Rl_i}Tr()()h(R) -meas(E N [R; +00)).

Posrasaemo kaac ‘HP miamx B CP dpyHKIIIN, SKi € 06MeXeHNMM B AOBIABHIN 06AACTi BUTASIAY
g = {z = (z1,...,2p) € CP: Rez; < R]-}, R =(Ry,...,Ry) € ]Ri Ta AASI KOXKHOTO ¢pikcoBaHO-
ro A € R ixoxuoror > 08 G(r,A) = G+ rA, ae G — oBHa OAiAiHIHa 06AACTb. AAST dpyHK-
uii F € HP ta A € RP nosHaummo F)(w) moxiany F y Hampsimcy A y Touni w € C. Toai

FI(AAk) (w) = (Flgk_l) (w))’, mosHauae k-Ty moxiaHy B HanpsiMky A y Toumi w € C. TTo3HaYMMO TaKoX

Se(r,A) :==sup {|F(z)| : z€ G(r,A)} = sup {|F(z)| : z € 9G(r, A)}, Lp(r,A) = (InSp(r, A))',.

Mu aoBoaMMO HacTymHe TBepaxeHHs. Hexait F € HP ta A € RP Taki, mo Lp(r,A) 1 +oo,
r — +oo. SIkimo ® — aoaarTHa 3pocTaroda Ha [0; +00) (PYHKIIST, AASI SIKOI BUKOHYIOTBCSI YMOBM
u(r) > ®(r), r > ro, rah(r) = o(d(r)), r — +oo, 10 icirye maOXuHa E C R 3 HyABOBOIO aCUMIITO-
TUYHOIO h-11iAbHICTIO (To6TO Dy (E) = 0) Taka, 1110 AAst KoxxHoro k € IN maemo

F(w) = (1+0(1)) Lk(r, A) F(w) mpu r — +oo,r € Ry \ E,

AAST KOXHOI Toukn w € 0G(r, A) Takoli, mo HepiBHicTs |F(w)| > Sp(r, A)/(1+ €(r)) BukoHyeTsCst 3
3aAQHOIO AOBIABHOIO (PYHKIIIEIO €(7) Takoto, mio £(r) — +0, ¥ — 4-o0.

Kontouosi cnosa i ppasu: 1ira yHKIIIST AeKiABKOX KOMIIAEKCHMX 3MiHHMX, TOAiAIHIVHa 06AACTB,
IIOXiAHA 3a HAIIPSIMKOM.



