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Automorphisms of the endomorphism semigroup of a free
monogenic strict n-tuple semigroup

Zhuchok A.V.12

Free objects are fundamental in algebra and play a central role in B. Plotkin’s universal algebraic
geometry. A key approach, initiated by B. Plotkin and developed with collaborators, involves study-
ing automorphisms of the category of finitely generated free algebras. This problem is related to the
study of automorphisms of endomorphism semigroups of free finitely generated algebras. Algebras
of dimension one play a special role in examining properties of higher-dimensional algebras. Free
monogenic algebras form a natural class from which the study of automorphisms of endomorphism
semigroups of free algebras of arbitrary rank can naturally begin.

The concept of a strict n-tuple semigroup and a free strict n-tuple semigroup naturally arise in
several frameworks, including trialgebra and trioid theory, dialgebra and dimonoid theory, strong
doppelsemigroup theory, and n-tuple semigroup theory. The n-tuple semigroups are, in turn,
closely related to the notion of an n-tuple algebra of associative type which was introduced to pro-
vide an analogue of the Chevalley construction for modular Lie algebras of Cartan type. In every
strict n-tuple semigroup, any two semigroups are P-related, and free strict n-tuple semigroups are
determined by their endomorphism semigroups.

In this paper, we construct a semigroup isomorphic to the endomorphism semigroup of a free
monogenic strict n-tuple semigroup and establish that the automorphism group of the endomor-
phism semigroup of the free monogenic strict n-tuple semigroup is isomorphic to the direct product
of two symmetric groups.

Key words and phrases: strict n-tuple semigroup, free monogenic strict n-tuple semigroup, endo-
morphism semigroup, automorphism group.
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1 Introduction and preliminaries

Free objects are among the most fundamental concepts in algebra. Every variety contains
free objects, and understanding their structure is essential for addressing classical problems,
such as the word problem, as well as for studying the variety itself. Free objects provide a nat-
ural and powerful framework for exploring algebraic operations, morphisms, and identities.
Free objects in varieties also play a central role in B. Plotkin’s universal algebraic geometry. A
central question in universal algebraic geometry is when the geometries defined by different
algebras in a given variety coincide. A far-reaching approach, first proposed by B. Plotkin
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and further developed with his collaborators (see, e.g., [6,7, 10, 11]), involves the study of the
structure of automorphisms of the category of finitely generated free algebras. This question
is related to the study of automorphisms of endomorphism semigroups of free finitely gener-
ated algebras. The problem of investigating the automorphism group of the endomorphism
semigroup of a free algebra in a variety is highly nontrivial, quite interesting by itself, and has
been considered in many papers. For free (commutative) dimonoids and free commutative
g-dimonoids the automorphism groups of their endomorphism semigroups have been charac-
terized in [18-20], respectively. Automorphisms of endomorphism semigroups of free groups
and free semigroups have been considered in [1] and [8], respectively. Algebras of dimension
one play a special role in studying various properties of algebras of arbitrary dimension. For
example, free trioids of rank 1 were described in [5] and used for constructing free trialgebras,
while semigroups of cohomological dimension one appear naturally in algebraic topology [9].
Therefore, a natural starting point in the investigation of automorphisms of endomorphism
semigroups of free algebras is the case of free monogenic algebras; even in this setting, a de-
scription remains unknown, for example, for free monogenic trialgebras, dialgebras, and other
related structures.

The concept of a strict n-tuple semigroup (see definition below) and the construction of the
free strict n-tuple semigroup were introduced in [12]. Every semigroup can be regarded as
a particular case of a strict n-tuple semigroup. However, there exist many natural examples
of strict n-tuple semigroups that are not semigroups. The motivation for strict n-tuple semi-
groups arises from the observation that these algebras naturally appear in several algebraic
frameworks such as trialgebra and trioid theory [5,17], dialgebra and dimonoid theory [4, 15],
strong doppelsemigroup theory [14], and n-tuple semigroup theory [16]. The n-tuple semi-
groups are, in turn, closely related to the notion of an n-tuple algebra of associative type which
was introduced in [3] to provide an analogue of the Chevalley construction for modular Lie
algebras of Cartan type. Moreover, in every strict n-tuple semigroup, any two semigroups are
known to be P-related in the sense of Hewitt and Zuckerman [2]. In [13], it was established
that free strict n-tuple semigroups are determined by their endomorphism semigroups. More
general information on strict n-tuple semigroups can be found in [12].

In this paper, we construct a semigroup which is isomorphic to the endomorphism semi-
group of a free monogenic strict n-tuple semigroup and prove that the automorphism group
of the endomorphism semigroup of the free monogenic strict n-tuple semigroup is isomorphic
to the direct product of two symmetric groups.

Let IN denote the set of all positive integers, and let 7 stand for the set {1,2,...,n} of the
tirst n positive integers. Following [12], a nonempty set G equipped with n binary operations
denoted by[1],[2],... ,[n] is called a strict n-tuple semigroup if it satisfies the axioms

(xy)z:x<yz) forall x,y,z€ G and 7,s5i,j€mn.

The class of all strict n-tuple semigroups forms a variety. A strict n-tuple semigroup which
is free in the variety of strict n-tuple semigroups is called a free strict n-tuple semigroup.

Now we construct the singly generated free object in the variety of strict n-tuple semi-
groups. For this, we add n —1 (n > 1) arbitrary elements x ¢ IN to IN. Each added i-th
element is conveniently denoted by 2; and imagined as a copy of the number 2. Define n
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binary operations [1],[2],...,[n]on N U (U,{2i}) by
m*s:{zi' 1f>k:,m:s:17éz,

m—+s, otherwise,
m*2;=2;xm=m+22;*2 =4forallms € N,i,j €{2,...,n} and x € {,}

The algebra
(NU (U2, D). (@)
is denoted by IN*(n).

Corollary 1 ([12, Corollary 4]). For every n > 1, N¥(n) is the free strict n-tuple semigroup of
rank 1.

Let End(A), Aut(A), and P denote, respectively, the endomorphism semigroup, the auto-
morphism group of an algebraic system A, and the set of all prime numbers. Let further X be
a nonempty set. The symmetric group on X is denoted by S(X). For any mapping f : B — B’
and any nonempty subset C C B, we write f| c for the restriction of f to C.

2 The automorphism group of End(IN*(n)),n > 1

In this section, we present a semigroup which is isomorphic to the endomorphism semi-
group of a free monogenic strict n-tuple semigroup and prove that the automorphism group
of the endomorphism semigroup of the free monogenic strict n-tuple semigroup is isomorphic
to the direct product of two symmetric groups.

Define a binary operation L on N U (U?_,{2;}) by

2;, ifm=1,
mls=ms, 2;12;=4, ml2;=2;1m=
2m, if m#1
forallm,s € Nandi,je€ {2,...,n}.
Lemmal. (NU (U",{2;}), 1) is a commutative monoid.
Proof. The proof amounts to a routine verification, and we omit it. O

Theorem 1. Let N*(n), n > 1, be the free strict n-tuple semigroup of rank 1. Then
(i) End(N®(n)) = (N U (UL,{2:}), L);
(ii) Aut(End(N*(n))) = S(P) x S(7).
Proof. (i) For n > 1, note that IN*(n) is generated by the singleton {1}. Let ¢ be an endomor-

phism of IN*(1) and suppose that 1¢ = m for some m € N U (U"_,{2;}). Forany a2 € N and
i€{2,...,n}, wehave

ap = (}1 1/)(,1) zznm m/:aJ_m,
a a

2i¢p = (1il)¢ = 19{ifig = mlilm = 2, Lm.
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Conversely, for each m € INU (U",{2;}), the mapping ¢, defined by a¢,, = alm
for all a € N U (U",{2;}) is an endomorphism, that is, (a[rp)¢m = adu[r by for all
a,b € NU (U ,{2;}) and r € 7. Indeed, we have the following seven distinguished cases.

Case 1: a,b,m € N.

2, 1m, if a=b=1%#rv,
arlp =(arh)Llm=
@rp)pm = () {(a+b)J_m, otherwise
2, ifa=b=1#r,m=1,
=< 2m, ifa=b=1#r,m#1,

(a+b)m, otherwise

— (am)[)(bm) = (aLm)F)(bLmn) = apu[Ton.
Case2:a,b € N, m = 2;.

2,12, ifa=b=1#r,
(a+b)12;, otherwise

(ar )¢z, = (a[r]p) 12; = {

4, if a=b=1%#rv,
{Z(a +0b), otherwise

4, if a=b=1%#rv,
20b+1), if a=1b#1,
200+1), if aAlb=1,
2(a+0b), ifa#1,b#1
2/[r2;, ifa=b=1#r,
2[7)(2b), if a=1b#1,
(2a)[r P, if a#1,b=1,

L (2a)[r](2b), if a#1,b#1

— (@12)[F)(b12)) = aga [Tlog,

Case 3: a € N,b =2, m € IN.

a+2, if m=1,
am+2m, if m#1

{a.2k, if m=1,

2m), if m#1
= (am)[r](2xLm) = (aLm)[r](2xLm) = apu[r Ripm.

(a[r k) pm = (a[rRy)Lm = (a+2) L

Case4:a € N,b =2, m =2;.
(azk)(,sz = (llzk)J_Zj = (El + Z)J_Zj = 2(61 + 2) =2a+4
_ 6, ifazl,: 2[r}4, if a=1,
2a+4, if a#1 (2a)[r}y, if a#1
= (aL2))[r |t = (aL2))[7)(2L2}) = ago[r Rxgps;.
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Case5:a =2, b € N,m € NU (U'_,{2;}).

Using the commutativity of the operation |r] r € 71, and calculations in Cases 3 and 4, we
get

(Zkb)¢’m = (bk)¢’m = b¢m2k¢m = 2k¢mb¢m-
Case 6: a = 24,b = 2;,m e N.

4, if m=1,

dm, if m#1

. 2k2jr if m= 1,
(2m)[r](2m), if m#1

= (2 Lm)[r)(2jLm) = 2tpu[1Ripm.

(2 2))pm = (24[rRj) Lm =4 1m = {

Case 7:a =2y, b =2y, m = 2;.

(2 Ro)po; = (2{rR0) L2; = 412 =8 = 4 +4 = (2, 12))[r](2,L2)) = 2o [ Ry ¢po,-

Hence,
End(NF(n)) = {¢w : m € N U (U,{2:})}.

Define a mapping ® from End(N®(n)) into (N U (U",{2;}), L) by ¢® = m for all
¢m € End(IN*(n)). We now verify that ® is an isomorphism. For any ¢, ¢,,» € End(IN*(n))
we get

(¢m4)m’)q) = (¢mJ_m’)q) =mlm' = 4)mq)J_4)m/q),
since for alla € N U (U?_,{2;}), we have
apmPy = (alm) Llm' =al (mLlm') = ap,, .,

by Lemma 1. It is easy to see that @ is a bijection: different endomorphisms ¢, correspond
to different elements m, and for each m € IN U (U_,{2;}), there exists an endomorphism ¢y,.
Therefore, ® is an isomorphism of semigroups.

(ii) Let P = PU (U",{2;}) and P* = P\ {2}. The subset (N \ {1}) U (U",{2;}) is a
subsemigroup of the semigroup (N U (U"_,{2;}), L). This subsemigroup is generated by P,
and for p,q € (IN'\ {1}) U (U"_,{2;}), we have

plp=qlqg=plg ifandonlyif p,qe {2} U(U_,{2;}).
This implies that for every automorphism 7 of (N U (U"_,{2;}), L), we get
{2,2,..., 24}y =1{2,2,,...,2,} and P*y=P".
On the other hand, every permutation f : P — P such that
flazy,an € S22, 24})

uniquely determines an automorphism of (IN U (U?_,{2;}), L).
An immediate check shows that the mapping

£ Aut((IN U (UP,{2i1), 1)) = S(P*) x S({2,22,...,24})
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defined as

g‘: = (g P’ g‘{Z,ZZ,...,Zn})

for all g € Aut((NU (U",{2;}), L)) is an isomorphism. It is clear that S(P*) = S(P) and
S({2,2,...,24}) = S(7). By (i), End(IN*(n)) & (N U (U",{2;}), L), and therefore

Aut(End(N*(n))) = S(P) x S(7).

Corollary 2.

(i) End(N*(n)), n > 1, is a commutative monoid.

(ii) The operation L distributes over each operation|r|, wherer € 7.

Proof. Part (i) follows directly from Lemma 1 and the isomorphism ® of semigroups estab-
lished above. Part (i7) is a consequence of the calculations in Cases 1-7 of the proof of Theo-
rem 1 combined with the commutativity of the operation L. O

References

(1]

(2]

(3]

(4]

(5]
(6]

(7]

(8]

[9]

[10]
(1]

[13]

[14]

Formanek E. A question of B. Plotkin about the semigroup of endomorphisms of a free group. Proc. Amer. Math.
Soc. 2001, 130, 935-937. doi:10.1090/50002-9939-01-06155-X

Hewitt E., Zuckerman H.S. Ternary operations and semigroups. In: Folley K.W. (Ed.) Semigroups: Proceed-
ings, Wayne State U. Symposium on Semigroups, 1968. New York Academic Press, 1969, 55-83.

Koreshkov N.A. n-Tuple algebras of associative type. Russian Math. (Iz. VUZ) 2008, 52 (12), 28-35. doi:
10.3103 /51066369X08120050

Loday ].-L. Dialgebras. In: Dialgebras and related operads. Lect. Notes Math. Springer-Verlag, Berlin, 2001,
1763, 7-66. doi:10.1007 /b80864

Loday J.-L., Ronco M.O. Trialgebras and families of polytopes. Contemp. Math. 2004, 346, 369-398.

Mashevitsky G., Plotkin B., Plotkin E. Automorphisms of categories of free algebras of varieties. Electron. Res.
Ann. Amer. Math. Soc. 2002 , 8, 1-10. doi:10.1090/51079-6762-02-00099-9

Mashevitzky G., Plotkin B., Plotkin E. Automorphisms of the category of free Lie algebras. J. Algebra 2004, 282
(2), 490-512. doi:10.1016/j.jalgebra.2003.09.038

Mashevitzky G., Schein B.M. Automorphisms of the endomorphism semigroup of a free monoid or a free semigroup.
Proc. Amer. Math. Soc. 2003, 131 (6), 1655-1660. doi:10.1090/50002-9939-03-06923-5

Novikov B.V. Semigroups of cohomological dimension one. J. Algebra 1998, 204 (2), 386-393. doi:
10.1006/jabr.1997.7363

Plotkin B.I. Seven lectures on universal algebraic geometry. Contemp. Math. 2019 726, 143-215.

Plotkin B., Zhitomirski G. Aufomorphisms of categories of free algebras of some varieties. J. Algebra 2006, 306,
344-367. d0i:10.1016/j.jalgebra.2006.07.028

Zhuchok A.V. Free strict n-tuple semigroups. Semigroup Forum 2024, 109, 753-758. doi:10.1007/s00233-024-
10471-5

Zhuchok A.V. Free strict n-tuple semigroups are determined by their endomorphism semigroups. Algebra Univer-
salis 2025, 86 (4), article 27. d0i:10.1007 /s00012-025-00903-w

Zhuchok A.V. Structure of free strong doppelsemigroups. Commun. Algebra 2018, 46 (8), 3262-3279. doi:
10.1080/00927872.2017.1407422



Automorphisms of the endomorphism semigroup of a free monogenic strict n-tuple semigroup 35

[15] Zhuchok A.V. Structure of relatively free dimonoids. Commun. Algebra 2017, 45 (4), 1639-1656. doi:
10.1080/00927872.2016.1222404

[16] Zhuchok A.V. Structure of relatively free n-tuple semigroups. Algebra Discrete Math. 2023, 36 (1), 109-128.
doi:10.12958 /adm2173

[17] Zhuchok A.V. Structure of relatively free trioids. Algebra Discrete Math. 2021, 31 (1), 152-166. doi:
10.12958/adm1732

[18] Zhuchok Yu.V. Automorphisms of the category of free dimonoids. J. Algebra 2024, 657 (1), 883-895. doi:
10.1016/j jalgebra.2024.05.039

[19] Zhuchok Yu.V. Automorphisms of the endomorphism semigroup of a free commutative dimonoid. Commun. Algebra
2017, 45 (9), 3861-3871. doi:10.1080/00927872.2016.1248241

[20] Zhuchok Yu.V. Automorphisms of the endomorphism semigroup of a free commutative g-dimonoid. Algebra Discrete
Math. 2016, 21 (2), 309-324.

Received 17.11.2025
Revised 31.12.2025

Kyuok A.B. Asmomopepismu nanisepynu eH0OMOpGi3mis 8i16HOI MOHO2EHHOT CIIP0O20T N-KPAMHOI HANi6-
epynu // KapmaTtceki MaTeM. my6a. — 2026. — T.18, Nel. — C. 29-35.

BiabHI 06'exTy MaloTh pyHAaMeHTaAbHe 3HAUEeHHsI B aATeOpi Ta BiAirpaloTh LIeHTpaAbHY POAb
B yHiBepcaabHiit aarebpaiuniit Teomerpii b. IlaorkiHa. Katowosmii miaxia, 3amouaTkoBaHWIL
b. ITAOTKiHMM i pO3BMHEHMII y CHIBABTOPCTBI 3 iHIIMMI AOCAIAHMKaMM, TIOASITAE Y BYBUEHHI aBTO-
Mopdi3MiB KaTeropil cKiHUeHHO TIOPOAXEHNMX BiABHMX aATebp. Ls 3aaaua MoB’s13aHa 3 AOCAiAXKeEH-
HSIM aBTOMOPi3MiB HamiBrpym eHAOMOPdi3MiB BiABHIX CKIHUEHHO IIOPOAXKEHNX aArebp. AArebpn
PO3MipHOCTI OAMH BiAirparoTh OCODAMBY POAb Y BMBUEHHI BAACTMBOCTEN aATebp BUIIMX PO3Mip-
HoCTelt. BiabHI MOHOTeHHI aATeb6py POPMYIOTh IPMPOAHIIA KAAC, 3 SIKOTO AOIIABHO IMOUMHATH AO-
CAiAXeHHST aBTOMOP(i3MiB HamiBrpyn eHEAOMOP(i3aMiB BIABHIMX aATeb6p AOBIABHOTO PaHTYy.

ITonaTTST CTPOroi 7-KpaTHOI HAMIBIPYIM Ta BiABHOI CTPOrOl #-KpaTHOI HAMiBIPyIy IPMPOAHO
BMHMKAIOTh Y KiABKOX TEOPeTMUHMX KOHTEKCTaX, 30KpeMa y Teopii Tpmaarebp i Tpioiais, Teopil
Alaarebp i AIMOHOIAIB, Teopii CHMABHIX AOTIEABHAIBIPYII Ta TeOpil n-KpaTHMX HAIBrpyIL. Y CBOIO
Jepry, n-KpaTHi HaIlrpym TiCHO TTOB’SI3aHi 3 IOHSTTSIM 1-KpaTHOI aATebpy acoIliaTMBHOTO THITY,
siKe 6YAO BBEACHO AASI OTPMMAaHHS aHaAora KOHCTpykwii IlleBaare AAsT MOAYAsipHMX aaTebp Al
Tty Kaprasa. Y K0XHIil cTporilt n-KpaTHiit HamiBrpyri 6yAb-siki ABi HamiBrpym € P-38"s3aHmMY,
a BiABHI CTpOTi n-KpaTHi HaIiBrpyIM BM3HAYAIOTHCS CBOIMM HaIliBrpyHaMy eHAOMOPdi3MiB.

Y @it cTaTTi MO6Y AOBaHO HAIIBrPyITy, i30oMOpdpHY HamiBrpyIi eHA0OMOPdi3MiB BiABHOI MOHOTEH-
HOI CTpOroi 11-KpaTHOI HaIliBrpyIH, i AOBEAEHO, 1110 TPyTIia aBTOMOPpi3MiB HamiBrpym eHA0MOpi-
3MiB BiABHOI MOHOTI€HHOI CTPOTroi 7-KpaTHOI HaIIBIPYIM € i30MOPCPHOIO IPSIMOMY AOOYTKY ABOX
CYMEeTPUYHMX TPYTL

Kortouosi cnosa i ppasu: cTpora n-xpaTHa HamiBrpyTa, BiAbHa MOHOT€HHA CTpora /1-KpaTHa HalliB-
rpyna, HalliBrpymna eHA0OMOpdi3MiB, rpyTa aBTOMOPdi3MiB.



