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Algebras of symmetric functions on Banach spaces and their
applications in quantum physics

Sharyn S.V., Vasylyshyn T.V.

We investigate relations between the group of symmetries of a subspace of the symmetric tensor
product of a separable Hilbert space and a representation of the partition function of a quantum
entangled family of particles associated with this subspace. Consider a system of N noninteracting
identical bosons. In general, the system is described by the N-fold symmetric tensor product £V,
where £ is the Hilbert space that describes the one-particle system. In some cases, the system can
be described by some subspace of £“N. We consider the case in which this subspace is the closure
of the linear span of some subset of the eigenbasis of the Hamiltonian of the system. We describe
the group of symmetries S such that the partition function of the system is S-symmetric.
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Introduction

Let X be a complex Banach space and & be a group of operators on X. A function f: X — C
is &-symmetric (or just symmetric if & is fixed) if f(A(x)) = f(x) forall x € X, and A € &.
Symmetric polynomials on Banach spaces with respect to various groups have been exten-
sively studied in recent years by many authors (see [1,3-5,9] and references therein). Symmet-
ric polynomials and analytic functions have applications in different branches of mathematics,
informatics, and physics. In [13,14] it was observed that the canonical partition function of
a quantum ideal gas can be represented by a basis of symmetric polynomials, and relations
between different bases as Newton’s identity, have physical meanings. Using this observation,
in [6, 10] so-called supersymmetric polynomials on ¢, were applied for the description of the
grand canonical partition function of an ideal gas consisting of both bosons and fermions.

In this paper, we consider how to represent the canonical partition function of a finite col-
lection of entangled particles (bosons) by G-symmetric polynomials for some group &. The
main result of the paper asserts that for any kind of entanglement (which can be defined by a
subset of basis vectors in the symmetric tensor product of a Hilbert space) there exists a group
of symmetries & = S such that the partition function of the system is S-symmetric. Also, we
show that for some particular cases, the S-symmetric polynomials are block-symmetric (the
formal definitions are in the main part of the paper).
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For details on polynomials on Banach spaces, we refer the reader to [7]. Block-symmetric
polynomials were studied in [2,8,11, 15].

1 Results

Consider a system of N noninteracting identical bosons that can be entangled. Note that
the situation when entangled particles do not interact with each other quantum mechani-
cally is typical in quantum information: entangled noninteracting particles are key to quan-
tum teleportation, superdense coding, and quantum cryptography. By postulates of Quan-
tum Mechanics, the single-particle system is described by some complex Hilbert space &£, and
the state of the system is represented by a ray with norm 1 in &, i.e. by a set of the form
{e®x : 0 € [0,27)}, where x € £ is such that ||x|| = 1. Every physical observable corresponds
to a self-adjoint (Hermitian) operator on £ who's eigenvectors form a complete orthonormal
basis in £. Let H : £ — £ be the Hamiltonian (the operator that corresponds to the energy)
of the single-particle system. Let {¢; : j € A}, where A is some ordered index set, be the
orthonormal basis in £ consisting of eigenvectors of H, namely,

H(e]) = A]f?] (1)

for every j € A, where A; > 0.

Consider the N-fold tensor product &£ ®N (see [12, 1.4, p-49]). By [12, 114, Proposition 2,
p. 50]), the set {e; ® ---®¢;y, : (j1,-..,jn) € A} is an orthonormal basis in E¥N. Since
the particles in the system are bosons, it follows that the system is described by the N-fold
symmetric tensor product £ (see [12, IL.4, p.53]), which is the closed subspace of E¥N. Let
us describe an orthogonal basis in £V, First, let us introduce some notation. Let S(A) be
the group of all bijections on a set A. We will also denote by Sy the group S({1,..., N}). For
every o € Sy, letd: AN — AN be defined by

(G, iN)) = Goayr -1 Jo(Ny)s (2)
where (j,...,jn) € AN. For (j1,...,jn), (k1,..., kn) € AN let

(jl, .. -er) ~ (kl, .. .,kN) & do e SN : (kl, .. .,kN) = 5’((j1, .. ,]N)> (3)
Lemma 1. The relation “~” defined by (3) is an equivalence relation on AN.

Proof. Since the identity mapping on {1,..., N} belongs to Sy, it follows that the relation is
reflexive. Since for every element of Sy its inverse belongs to Sy, it follows that the relation is
symmetric.

Let us show that the relation is transitive. Let (j1,...,jn), (ki,...,kn), (I, ..., IN) € AN be
such that (j1,...,jn) ~ (k1,..., kn) and (k1,...,kn) ~ (l1,...,In). By (3), there exist o, T € Sy
such that (kl, . -/kN) = (ja(l)l . ‘/jU(N)) and (llr . -/lN) = (kT(l)/ . .,kT(N)), ie. km = jO'(m)
and Iy = k() for every m € {1,...,N}. Therefore Iy = jo((m)) for every m € {1,...,N}.
Consequently, since 0o T € Sy, by (3), (j1,--.,jn) ~ (I1,...,In). This completes the proof. [

For (j1,...,jn) € AN let

1
e]'1®"'®e]'N:m Z eja(1)®.“®eja(l\])' (4)

ocESN
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Note that
e]'1®”.®e]‘N:ekl®'”®ekN (5)

for (jll' . .,jN), (kl,. . -/kN) € AN such that (jl,...,jN) ~ (k1r~~~/kN)- FOI‘Q’ c AN/N let
egzeh@...@e].N’ (6)

where (ji,...,jn) is an arbitrary element of {. By (5), ez does not depend on the representa-
tive (ji,...,jn) of the equivalence class ¢. It is known that the set {e; : ¢ € AN/ } isan
orthogonal basis in £N.

In some cases, the state of an N-particle system can be described by some proper subspace
of E9N. Suppose such the subspace for the N-particle system of bosons has the form

5N,M:W{e§: §€M},

where M is some nonempty subset of AN /.. Let us establish some symmetry properties of
Enm-Fors € S(A) lets: AN — AN be defined by

s(G, -+ in)) = (s(1), -+ s(in)), )
where (j,...,jn) € AV,
Lemma 2. Forevery s € S(A) the mapping s defined by (7) is a bijection.

Proof. Let us show that § is an injection. Let (ji,...,jn), (ki,...,kn) € AN be such
that (ji,...,jn) # (ki,...,kn). Then there exists m € {1,...,N} such that j, # kn.
Therefore, taking into account that s is injective, we get s(j,;) # s(ky, ). Consequently, we obtain
S((j1,---,jNn)) #S((k1,...,kn))- So, 5 is injective.

Let us show that 5 is a surjection. Let (I1,...,Iy) € AN Since s is a surjection, for every
m € {1,...,N} there exists j,, € A suchthats(j,) = Ijy. Therefores((j1,...,jn)) = (I, ..., In).
So, 5 is surjective. O

Note that
Sog=00% (8)

for every s € S(A) and ¢ € Sy, where ¢ and 5 are defined by (2) and (7), respectively.

Lemma 3. Let (jl,...,jN), (klr---/kN) € AN be such that (jl/---/jN) ~ (kll---/kN)- Then
5((j1,.--,jn)) =8((k1,...,kn)), wheres is defined by (7).

Proof. Since (j1,...,jN) ~ (ki,...,kn), thereis 0 € Sy such that (k1,..., kn) =0((j1,...,jN))-
Therefore

s((k1, ..., kn)) =5(0((r,- -/ JN))) - )
By (8), we get
s(@((1,---0n))) =0 (5((rs---,iN))) - (10)
By (9) and (10), we obtain

g/((kll---lkN» = ﬁ(g((jll' . /]N))) :

Therefore, by (3), we have s ((ky,...,kn)) ~5((j1,--.,jn)). This completes the proof. O
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For s € S(A), by Lemma 3, taking into account that, by Lemma 2, s is a bijection, the set
(%) belongs to AN/ ., for every & € AN /.. So, the mapping

S: e AN/ —35(E) eAN/L (11)
is well defined. Let
Sm(A) ={s € S(A): 5(¢) € Mforevery ¢ € M}. (12)
Lemma 4. The set Syi(A) defined by (12) is a subgroup of S(A).

Proof. Lets,t € Sy(A). Let us show thatsot € Sy(A),i.e. s 0 t(&) € M for every & € M. Let
¢ € M. By (11), we obtain

—_, .

SOHE) =50 H(©): (13)

Note that - -
SOHE) = {sot((j1, - jn)) t (ju,- - in) €E}. (14)

For every (j1,...,jn) € &, by (7), we get

sot((ji,- - in)) = (50 )(j1),- - ( () = (s(t(r)), - -, s(t(iN))) (15)
:g((t(]l), :< ON) ]1,.. /]N
By (14) and (15), we obtain
SoHE) = {(F0) ((ireeerin)) ¢ (rreeerjn) €8} (16)
Note that
{5 ((s---in) ¢ (a---vjn) € 8} = (FoF) (D). (17)
By (13), (16), and (17), we have
s0t(g) = (501) (§). (18)

Since t € Spy(A), it follows that () € M. Therefore, taking into account (11), £(&) € M.
Consequently, since s € Spi(A), it follows that 5(f(¢)) € M. Therefore, taking into account
(11), 5(£(¢)) € M, i.e. (3ot) (&) € M. Consequently, by (18), so t(&) € M. So,sot € Sm(A).
This completes the proof. O

Since we have the N-particle system of identical noninteracting bosons, the Hamiltonian of
the system has the form

HN —=H,+...+ Hy, (19)
where
H=1% ®I1HRI® ---®1 (20)
k—1 N—k

fork € {1,..., N}. Let us obtain the canonical partition function of the system:

ZI(\Z;)M([%) = trexp <—,3H@N>, (21)
where p > 0.Let{ € M and (jy, ..., jN) be an arbitrary element of ¢. By (6), we have

H@N(e§> — H@N (ejl ORERXO) ejN) . (22)
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By (4), we obtain
1
N N
H (e, © -+ ©¢j) = HY (ﬁ L Cioy © ®e];,<N)> : (23)
‘oeSy
By the linearity of HPN, we get
HN iZ:e- ®---Qe; —iZHEBN(e‘ Qe ) (24)
N! Jo(1) Jev) | T NI Jo(1) Jo(N) ) *
cESN ceSN
Using (19), we obtain
1 1 — —
ON (. . — .
N! Z H <e]a(1)®"'®e]a(w)) - N! Z (Hi+...+ Hy) <e](7(1)® "®ej, (N))
cESN cESN
L N (25)
- N! Y. Y He <e]- 0@ Ve (N))
ceSy k=1
From (20) it follows
Nl Z ZHk<]¢7 '®€'0(N>>
ceSN k=
N' Z Z e]a(l) "®e o(k-1) ® H < ) ® e]a(k+1) Q- ® e] (N)* (26)
ceSN k=1
By (1), we get
Z Z Co(1) ‘® Cjo(e—1) ® H (ejv(k)) ® Cjo(r1) Q- ® Cjo(n)
O'ESN k=
Nl Z Z)\Uk)ejﬂ .®ej0( ) Nl Z <Z)\Uk)>e]0 ®e]¢7 N)* (27)
cESN k= ceSy Vk=1
For every o € Sy, taking into account the definition of Sy, we have
N N
Z )“a(k) - Z Aji-
k=1 k=1
Therefore, taking into account (4) and (6), we obtain
(% Gr (o
Aj ) - R e; Aj >e- R Re;
o ]a Jo ] Jo Jo
Nl e — (k) Ny N! resy \iot k (1) (N)
N 1
- ( Z Ajy N1 Z Cipay @ D8y
N (28)
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By (22) - (28), we get
N
HEBN(Q,:) = < Z A]k>e§
k=1

So, e is an eigenvector of H®N and YN Aj, is the corresponding eigenvalue. Conse-
quently, for every ¢ € M, the element e; is an eigenvector of the operator exp (—fH®N) and

exp (— BYN | A]-k> is the corresponding eigenvalue, where (1, ..., jN) is an arbitrary element
of ¢. Note that YN ;| Aj, does not depend on the choice of (ji, ..., jn) € §. But to be specific, we
will work with the representative <]'§§), ceey ]1(\?) € ¢ such that jig) < ]'g”x) <...< ]I(\E;I) Thus,

N
trexp <—[3H@N> = Z exp < — ﬁkz: Aj@)). (29)
=1 'k

FeM
Evidently,

N N
exp < -BY. Aj@)) =[]exp < - ﬁ)\-@)- (30)
k=1 k=1 &
Let xj = exp ( — BA;) for every j € A. Then

N N
Flee (~o10) ~F1
k=1 k

@- (31)
k=1 'k

By (21), (29), (30), and (31), we get

Lemma 5. Lets € Sp(A). Then
L Inge) = D1
X (10) = X (0)- (32)
FEM k=1 S<7’< > feMk=1 '
Proof. Since s € Sp1(A), it follows that 5 defined by (11) is a bijection on M. Consequently,

N N
)3 Hx]-p =Y ITxce- (33)

FEM k=1 ceMi=1 k
Since <].§§(§))’___’].1(§(§))> € 5(¢), by (11), (jf(é)),...,jg@))> € 5(¢). Therefore there exists

(Ii,...,In) € ¢ such thats((L4,...,In)) = (]f(é)), . _,].1(5(5))>, i.e. taking into account (7), we
get

Consequently,
N N
IT X0 = T x00- (34)

Since (I1,...,In) € ¢, it follows that (I1,...,IN) ~ <j§§),...,j§§)), ie. <j§§),...,jl(§)> is a per-
mutation of (I1,...,Iy). Therefore
N

N
kr:Il Ys(le) = H X (]-]@)- (35)

k=1
The equalities (33), (34), and (35) imply the equality (32). This completes the proof. O
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Lemma 5 implies the following theorem.

Theorem 1. For every subgroup S of the group Syi(A\), the partition function ZI(\E;/)M (B) is an
S-symmetric polynomial with respect to variables x;.

Let us consider some cases in which the partition function is a so-called block-symmetric
polynomial. First, let us define the respective group of symmetry. Let m € IN. For T € S(IN),
let b; : N — IN be defined by

be(k) =m(t(j) —1) +s, (36)

wherek € N and (j,s) € N x {1,...,m} is the unique pair such thatk = (j — 1)m +s. In other
words, by permutes “blocks” (1,2,...,m),(m+1,m+2,...,2m),....

Let B;y(N) = {br : 7 € S(IN)}, where b is defined by (36).

A polynomial P(x1, x, .. .) is called block-symmetric if there exists m € IN such that

P(xs(l),xs(z), .. ) = P(xl,X2, .. )

for every s € B,,(IN). By Theorem 1, in the case A = IN the partition function ZI(\?)M(ﬁ) is

block-symmetric if there exists m € IN such that B, (IN) is a subgroup of the group Sy(A). Let
us consider some example.

Example 1. Consider the system of two noninteracting bosons such that the Hilbert space &,
that describes the states of the one-particle system, is infinite-dimensional and separable. So,
we have N = 2 and A = N. Let {e, : n € N} be the orthonormal basis in £ consisting of
eigenvectors of the Hamiltonian of the one-particle system. Then the set

{ej, ©ej, : j1,j2 € N such thatj; < jp}

is an orthogonal basis in the symmetric tensor product £°? that describes the two-particle
system. Suppose that the states of the system can take values only from the subspace

Eym = spanfe; @ej,e1 @ey,ep ey, e3Oes,e3 ey, es ey, ...}

In other words, if one of the bosons is in a state j; € {2k — 1,2k} for some k € IN, then the
other is in a state j, that also belongs to {2k — 1,2k}. Then the partition function has the form

b [e0) (e.9)
Zyu(B) = L3+ Y w17,
k=1 j=1
This function is B;(IN)-symmetric.
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Mpm AOCAIAXKY€EMO 3B’SI3KM MiX I'PYIIOI0 CMMETPill MAIIPOCTOPY CMMETPUYHOIO TeH30PHOIO AO-
byTKy cemapabeAbHOTO TiAb6ePTOBOTO IIPOCTOPY Ta MPEACTaBACHHIM (PYHKIIII CTaTUCTIIHOL CyMI
KBaHTOBO 3allAYTaHOI CiM'i YaCTMHOK, MOB’sI3aHOI 3 LIMM MIATIPOCTOPOM. PO3rasiHeMO cucTeMy, sSKa
cKAapaeThes i3 N iaeHTHIHNX 6030HIB, sIKi He B3a€MOAIIOTh MiX c06050. B 3araAbHOMY BUIIAAKY, CU-
cTema ormicyeTbest N-TMM cumeTpuuHuM TeHzopHum crenetem £V, ae € — riapbepris mpoctip,
SIKVIA BiAITOBiAA€ OAHOYACTMHKOBIN cucTeMi. B Aeskmx BummaAxkax cucTeMy MOXKHA OICATH 33 AO-
noMmororo Aestkoro mianpoctopy mpoctopy XN, B po6oTi posrasHyTO BUMTAAOK, Y SKOMY Taxuit
MiATIPOCTIp € 3aMMKaHHSIM AiHITHOT 060AOHKM AeSTKOI T AMHOXVHN 6a3sicy, CKAAA€HOTO i3 BAACHMX
BeKTOPiB raMmirbToHiaHa cucTemy. OmcaHo IPyITy CMMETpilt S TaKy, IO CTaTUCTUYHA CyMa CUCTeMU
€ S-CUMeTpUUHOIO (PYHKIIENO.

Koouosi ciosa i hpasu: cyMeTpUIHII IOAIHOM Ha 6aHaXOBOMY IIPOCTOPI, CMMeTPUIHIIL TEH30P-
HIIT AOBYTOK, KBAHTOBMIA CTaH, 3alIAYTaHICTh, CTATUCTUYHA CyMa.



