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We investigate the influence of nonmagnetic impurities and pair-breaking effects on the magnetic properties
of tunnel superconducting junctions at temperatures close to the critical one. We show that as the transparency of
the dielectric layer increases, the current-phase relation (CPR) strongly deviates from the classical sinusoidal form.
An analytical expression for the magnetic field dependence of the critical current is derived, which is valid for an
arbitrary impurity concentration. We analyze the role of the electron mean free path (impurity concentration) in the
formation of the diffraction pattern. It is demonstrated that an increase in the barrier transparency and a change in
the junction purity parameter lead to pronounced CPR anharmonicity. This anharmonicity results in a significant
suppression of the side lobes in the magnetic diffraction pattern of the supercurrent. Asymptotic analysis confirms
that in the limit of low barrier transparency, the diffraction pattern reduces to the classical Fraunhofer distribution.
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Introduction

The study of equilibrium current states in
superconducting junctions of various geometries remains
a fundamental problem in the modern microscopic theory
of superconductivity. A special place among such systems
is occupied by SIS (superconductor-insulator-
superconductor) tunnel junctions, where the supercurrent
is carried by the coherent tunneling of Cooper pairs
through a potential barrier [1]. The stationary Josephson
effect in these junctions and their response to an external
magnetic field are well established for the case of a
sinusoidal current-phase relation (CPR) [2,3]. However,
as modern theoretical studies indicate [4-13], the standard
sinusoidal relation is merely an asymptotic approximation,
valid only for junctions with low barrier transparency.

In structures with arbitrary barrier transparency,
underlying physical mechanisms arise that cause a
substantial deviation of the CPR from a simple sinusoid
[4-6]. Moving away from the low-transparency limit, the
intense supercurrent flow induces pair-breaking processes
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near the junction plane, leading to nonlinear phase shifts
and pronounced anharmonicity. This anharmonicity plays
a crucial role in determining the macroscopic quantum
properties of tunnel junctions [4,14,15]. Therefore, a
rigorous analysis of SIS junctions in an external magnetic
field cannot rely on the sinusoidal approximation; instead,
it must employ a generalized nonsinusoidal CPR [8] that
consistently accounts for both pair-breaking and
nonmagnetic impurity scattering.

The presence of nonmagnetic impurities in the
superconducting banks introduces additional complexity
[5,8]. Impurities reduce the electron mean free path,
modifying the characteristic coherence length and altering
the electron transmission through the barrier. Particularly
in the dirty limit, where the mean free path is much smaller
than the pristine coherence length, an appropriate
mathematical formalism — namely, the Ginzburg-Landau
theory with renormalized coefficients — is required [1].

In this paper, we aim to theoretically investigate the
influence of pair-breaking effects on the magnetic
properties of SIS junctions with arbitrary concentrations
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of nonmagnetic impurities. Our goal is to derive an
analytical expression for the critical supercurrent as a
function of the magnetic flux, based on the microscopic
derivation of the CPR for a tunnel junction in the presence
of nonmagnetic impurities [5]. Particular attention is given
to analyzing how the interplay between impurity
concentration and barrier transparency affects the
junction’s sensitivity to an external magnetic field.

I. Model and main equations

The purity of the superconductor is characterized by the
dimensionless parameter A =1/§,, where &, is the
coherence length. In this notation, A < 1 corresponds to
the dirty limit, while 4 > 1 represents the clean limit.
Since we consider temperatures close to T, the theoretical
description is based on the Ginzburg-Landau equations.

The microscopic derivation of the CPR for such a
system, accounting for arbitrary impurity concentrations
and pair-breaking effects, was performed in Ref. [5]. The
resulting analytical expression for the current is:

Let us consider a planar superconducting junction I1(p) = XM 4 1 sing ' (1)
formed by two bulk superconductors occupying the half- 274w /2r2q§°+1 1-#6054’
spaces z > 0 and z < 0, separated by a thin dielectric T deott
layer at z = 0. The supercurrent flows along the 0z axis. . .
The dielectric film is modeled as a &-function potential In Eq. (1), we use the following relations:
barrier with an electron transmission coefficient D ranging 5 1 r
from 0 to 1. The model incorporates the effect of 12 = 7O 0l (1 - T—).
nonmagnetic impurities on the electron mean free path [. ’ ‘
_ 3@ 3 3)((1) 1 1o 2 2
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¢(3) is the Riemann zeta function, and
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D=2rece————2,S ——co
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In Eq. (2), the reflection and transmission coefficients
for electrons traversing the dielectric film are given by:

D(x) = R(x)=1—-D(x),

where x = cosf, 6 is the angle of incidence, and
2 = R(1)/D(1) is the ratio of reflection to transmission
for normal incidence.
Equation (1) reveals that the parameters governing the
CPR shape and its deviation from a sinusoid are T and q.
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As the product g, increases, the coefficient preceding
cos@ in the denominator decreases. In the limit of large
(T, the CPR asymptotically recovers a purely sinusoidal
form.

Figure 1 illustrates the evolution of the CPR under
varying system parameters. As seen in Fig. 1(a),
increasing the relative mean free path from the dirty limit
(A = 0.1) to the clean limit (1 > 1) enhances the critical
current amplitude by approximately an order of
magnitude. Concurrently, the CPR shape becomes
progressively more sinusoidal. Conversely, increasing the
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Fig. 1. The current-phase relation I(¢): (a) for different values of the mean free path A at a fixed transmission
coefficient; (b) for different values of the barrier transparency D at a fixed mean free path [5].
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barrier transparency (from D = 0.01 to D = 0.8) leads to
a sharp increase in the supercurrent amplitude (Fig. 1(b)).
Most importantly, the position of the maximum shifts
significantly toward lower phase values ¢, indicating
strong anharmonicity and a profound deviation from the
standard sinusoidal Josephson relation.

II. Critical current of the junction in a
magnetic field

We now consider the effect of an external magnetic
field on the critical current. Assuming the junction
dimensions are small compared to the Josephson

Xo@) 1

penetration depth, we can neglect the self-field of the
supercurrent. For a magnetic field H= (0,H,0) applied
parallel to the barrier plane, the spatial variation of the
phase difference along the Ox axis is strictly linear [2,8]:
@(x) = 2edHx + @,. 3)
The phase is uniform along the Oy axis. Here, d is the
effective magnetic thickness of the junction, and e is the
elementary charge.
This external field induces a spatially non-uniform

supercurrent distribution. Substituting Eq. (3) into Eq. (1),
the local current density becomes:

sin(2edHx+¢q)

I(H,x,¢0) =

27900

— . .
1——-=cos(2edHx+¢g)
/21’2 2 +1 0
oo 2712q%+1

“

By integrating Eq. (4) over the junction area (with length [ along Ox and unit width along Oy), we obtain the total
supercurrent as a function of the magnetic field and the integration constant ¢:

/Zrzqcz,o+1—1
In

1- cos(2edHl+@q)

_r
212q%,+1

l 1
I(H, 90) = [ydx [; dyl(H,x,90) = Xo(D) —r—m P S—— (5)
2712q%+1
To find the critical current, we maximize I (H, ¢,) with respect to ¢, by applying the extremum condition:
aI(H'¢O) — 0.
09o
This yields the trigonometric equation:
sin(2edHl + @) | 1 — 1- L cos(2edHl + o) |Singy =0 (6)

1
————05¢,
212q%+1
o0

By rearranging terms and utilizing basic trigonometric
identities, Eq. (6) simplifies to:

1

/212q§°+1

Selecting the physically relevant positive branch for
@0 € [0,2m], we find:

cos(edHl + @) = cos(edHl).

1 nd
——=CO0S (;)
212q% +1 0

Here, we have introduced the total magnetic flux ® =
dH! and the flux quantum @, = 1t /e, which gives edHl =
nd/D.

The behavior of the optimal initial phase ¢, as a
function of the normalized magnetic flux @/,
calculated according to Eq. (7), is illustrated in Fig. 2. It

()

TP
o = —— + arccos
Py
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can be observed that the evolution of ¢, exhibits a
nonlinear, step-like character, which is particularly
pronounced for junctions in the dirty limit A = 0.1. This
nonlinearity originates directly from the anharmonicity of
the underlying current-phase relation. The term inside the
arccosine function in Eq. (7) is scaled by the parameter
(21292 +1)7Y/2, which links the spatial phase
adjustment to the microscopic scattering processes. As the
purity parameter A increases toward the clean limit, these
sharp phase variations are gradually smoothed out. This
smoothing reflects the transition of the current-phase
relation back toward a more classical sinusoidal form.
Understanding this dynamic phase adjustment is crucial,
as it physically dictates the spatial configuration of the
supercurrent required to maximize the total measurable
critical current across the junction.

Substituting Eq. (7) back into Eq. (5) eliminates ¢,,
yielding the exact analytical expression for the critical
current diffraction pattern:
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< /2r2q§°+1—1> 2‘[2q§°+sin2(n3)+sin(n'i)
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0%, 12q% +sin (ncbo) Sln(ncpo)

This result is valid near T, for arbitrary nonmagnetic
impurity concentrations and a wide range of barrier
transparencies.
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Fig. 2. Dependence of the phase ¢, on the normalized
external magnetic flux ®/®, for different values of the
purity parameter A.

Figure 3 illustrates the magnetic field dependence of
the critical current I.(®). The curves exhibit the standard
oscillatory behavior inherent to macroscopic quantum
interference. In cleaner junctions (larger 1), the absolute
amplitude of the supercurrent is higher (Fig. 3(a)),
consistent with the underlying CPR. To compare the
shapes of the diffraction envelopes, Fig. 3(b) plots the
current normalized to its zero-field value, I.(0). It is
evident that as A decreases and the CPR deviates from a
sinusoid, the relative amplitude of the side lobes is
significantly suppressed.

Increasing the barrier transparency D from 0.01 to 0.5
dramatically enhances the absolute critical current (Fig.
4(a)) and simultaneously increases its sensitivity to the
magnetic flux. Specifically, at & = 0.5®,, the critical
current drops to 0.651.(0), 0.541.(0), and 0.31.(0) for
D = 0.01, 0.2, and 0.5, respectively. Figure 4(b) displays
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the corresponding normalized diffraction patterns. The
strong CPR anharmonicity associated with high
transparency leads to a pronounced suppression of the side
lobes. In the tunneling limit (D = 0.01), where the CPR is
nearly sinusoidal, the envelope perfectly recovers the
classical Fraunhofer pattern [2].

To formalize this limiting case, we consider the
regime where 7q,, >» 1. We set x = tq, and expand Eq.
(8) asymptotically. The prefactor simplifies to:

V2x2+1-1 -

D
41X 30
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@
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Expanding the square roots in the logarithmic

argument gives: \/ 2x? + sin? (1‘[ f) ~ x+/2, which leads

0
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By applying In(1 + €) = € for small €, the logarithmic
term becomes:
@ @
2)) = Zsin(r ).

Multiplying Egs. (9) and (10), we arrive at the
asymptotic critical current:

N
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In this limit, the magnetic diffraction strictly reduces
to the standard Fraunhofer pattern. The physical origin is
straightforward: for 7q, > 1, the CPR recovers a pure
sinusoidal shape with I1,(0) = (27q.,) "}, directly yielding
the classical spatial interference encapsulated by Eq. (11).
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Fig. 3. (a) Critical current /. versus normalized external magnetic flux @ /@, calculated via Eq. (8). (b) The same
dependencies normalized to the zero-field critical current I.(0), highlighting the deformation of the envelope.
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Fig. 4. (a) Absolute critical current I, versus normalized magnetic flux @ /@, for different barrier transparencies D
at a fixed purity parameter A = 1. (b) Normalized diffraction patterns demonstrating the suppression of side lobes at
high transparencies.

Conclusions

In summary, we have theoretically investigated the
impact of depairing effects and nonmagnetic impurities on
the magnetic properties of planar tunnel superconducting
junctions. Using a microscopic approach, we derived an
exact analytical expression for the magnetic diffraction
pattern of the critical current. This result holds near the
critical temperature for arbitrary concentrations of
nonmagnetic impurities and spanning the full range of

the standard sinusoidal Josephson relation. This
anharmonicity profoundly affects the junction’s
macroscopic magnetic properties. As A is varied and D
increases, the diffraction pattern deviates from the ideal
Fraunhofer behavior, evidenced by a marked suppression
of the relative amplitude of the side lobes.

Finally, our asymptotic analysis confirms that in the
low-transparency tunneling limit (or equivalently,
e — ), the CPR becomes purely sinusoidal, and the
spatial supercurrent distribution in an applied magnetic
field perfectly reproduces the classical Fraunhofer
diffraction pattern [2].

barrier transparencies.

We demonstrate that varying the system parameters —
namely, the electron mean free path (1) and the barrier
transparency (D) — significantly modifies the CPR.
Specifically, higher transparency shifts the maximum of
the supercurrent toward lower phase differences,
manifesting as strong anharmonicity and a breakdown of
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O.M. PomaHnuyk, B.€. CaxHiok

BnuiuB HeMATHITHMX JIOMIIIOK HA MATHITHI BJACTUBOCTI TYHEJIbHUX
HAANPOBIAHMX KOHTAKTIB i3 HECHHYCOITHOI CTPYM-()a30B0I0 32JI€/KHICTIO

Bonuncwvkuil nayionanvrutl ynisepcumem imeni Jleci Yxpainku, Sakhnyuk.Vasyl@vnu.edu.ua

JlociimKeHo BIUIMB HEMAaTrHITHHUX JOMIIIOK Ta e(peKTiB po3rnapoByBaHHS HA MarHiTHI BIACTHBOCTI TYHEIBHUX
HaJIPOBIAHUX KOHTAKTIB IPH TEMIIEpaTypax, ONU3bKHUX 10 KpUTu4HOI. [TokazaHo, 1o 3i 301/IbIICHHSM HPO30POCTi
TENEKTPUIHOTO MIApy 3aJIeXKHICTh CTPYMY BiJl (ha3u CYTTEBO BiIXHISETHCS BiJl KIIACHIHOI CHHYCOiTabHOT (POPMH.
OTpHuMaHO aHATITHYHUN BApPa3 JUIs 3aJIeXKHOCTI KPUTHYHOTO CTPYMY BiJl MAarHiTHOTO TIOJISL, SIKMH € CHIpaBeIJIMBUM
JUIsL TOBUNBHOI KOHIEHTpalii momimok. IIpoaHamizoBaHO poJb JOBXHMHHM BINBHOTO MPOOITY eJIeKTPOHIB
(xoHmeHTpamii foMimok) y popMyBanHi qudpakuiinoi kapruau. [IpogeMoHCcTpOBaHO, IO 3POCTAHHS IIPO30POCTL
Gap'epy Ta 3MiHa IIapaMeTpa YUCTOTH KOHTAKTY NMPUBOIATH 10 BUPAKEHOI aHTapMOHIHHOCTI B 3aJIGKHOCTI CTPyMy
Bin pi3HMIi ¢a3. Llg aHrapMOHIHHICTD CHOPUYMHIE CYTTEBE 3MEHIICHHS OIYHMX MaKCHMyMiB Ha MarHiTHii
JudpakifHil KapTHHI HAANPOBITHOTO CTPYMYy. ACHMITOTHYHHI aHaji3 MiATBEpIXKYE, IO y TPAaHUIHOMY
BHUIAAKY HH3bKOI IIpo30pocTi Oap'epy AudpakuiitHa KapTHHA 3BOAUTHCS [0 KIACHYHOTO po3noainy dpayHrodepa.

KurouoBi ciioBa: TyHenmpHHI HAAMPOBIAHUI KOHTAKT, CTpyM-(a30Ba 3aJekKHICTh, HEMArHiTHI JOMIIIKH,
MAarHiTHi BJIaCTUBOCTI, IPO30pPicTh Oap'epa, OCHUIIO0YA OBEIHKA.
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