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The main method for obtaining effective thermoelectric materials is the creation of micro- and macrodefects 

to reduce the lattice thermal conductivity coefficient, as well as doping with electroactive impurities to achieve the 

optimal value of the chemical potential of charge carriers η and, accordingly, the optimal concentration of charge 

carriers n (or p). Since the dimensionless thermoelectric figure of merit ZT is a non-monotonic function of the 

chemical potential of carriers, determining the optimal doping level is a relatively complex problem, which in the 

case of its experimental solution requires significant resources. In this work, using a model of electrical conductivity 

that takes into account one dominant mechanism of charge carrier scattering and a model of thermal conductivity 

that takes into account phonon scattering on phonons, grain boundaries and nanodefects, the optimal values of the 

chemical potential of carriers and their concentrations at which the ZT (η) function reaches a maximum at a given 

temperature are determined. The calculation was performed for lead telluride of electron and hole conductivity 

types, taking into account two types of carriers (major and minor) and taking into account the bipolar component 

of the thermal conductivity coefficient. The average values of the thermoelectric figure of merit for functionally 

gradient materials of n and p conductivity types in the temperature range (400-800) K were calculated. 
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Introduction 

Thermoelectric converters are devices capable of 

converting thermal energy into electrical energy (and vice 

versa) and are characterized by a number of significant 

advantages over other sources of electrical energy. 

Foremost among these are their reliability and operational 

longevity [1-3], which make them particularly promising 

for use in autonomous systems and devices requiring no 

maintenance over extended periods. Lead telluride – a 

narrow-gap A4B6 semiconductor – is one of the best 

materials for producing thermoelectric generators 

operating in the 500–800 K temperature range. Despite 

extensive research into this material [4, 5], researchers 

regularly propose new methods for modifying its 

properties to enhance operational performance [6, 7, 8]. 

The operating efficiency of a thermoelectric converter 

is functionally determined by the numerical value of the 

material's dimensionless thermoelectric figure of merit [1–

4]: 

 𝑍𝑇 =
𝑆2𝜎

𝑘
𝑇  

 

where S - Seebeck coefficient, σ - electrical conductivity, 

and k - thermal conductivity, which can be decomposed 

into lattice (klat) and electronic (kel) components. For the 

semiconductor material in question, all these parameters 

(S, σ, k) are functions of the carrier chemical potential µ 

(or, more conveniently, the reduced chemical potential 

η = µ/k0T); varying this parameter allows one to influence 

the numerical values of the thermoelectric figure of merit. 

For this class of materials, controlling the chemical 

potential is relatively easily achieved through doping with 

electroactive impurities – donors or acceptors. 

It is known [9] that ZT(η) is a non-monotonic function 

of η, characterized by a maximum (ZTmax) in the vicinity 

of η ≈ 0. Determining the position of this maximum (that 

is, the optimal value of the chemical potential, ηopt) makes 

it possible to establish the optimal carrier concentration 

nopt (popt) and dopant concentration required to achieve the 
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maximum thermoelectric figure of merit. Thus, this 

problem is of significant practical importance for the 

development of efficient thermoelectric materials. 

Addressing it is relevant for materials with diverse 

structures, including single crystals and polycrystals [4, 

10], multiphase materials [11], superlattices [12], and low-

dimensional crystalline materials [13]. In doing so, 

researchers employ various approximations – such as 

degenerate versus non-degenerate statistics, parabolic 

versus non-parabolic bands, and others – which can 

sometimes substantially influence calculation results and 

the applicability of the findings to other materials. A 

detailed analytical review of studies investigating the 

extremum behavior of the ZT(η) dependence is provided 

in [14]. 

A convenient approach often employed in the analysis 

of ZT(η) involves expressing the thermoelectric figure of 

merit as ZT = f1(η)/[1/B + f2(η)], where f1(η) and f2(η) are 

functions depending solely on the carrier chemical 

potential, and B is a thermoelectric quality factor 

independent of the chemical potential; its numerical value 

is determined by the carrier density-of-states effective 

mass (md*), mobility (u), and the lattice thermal 

conductivity component (klat): B ~ (md*)3/2·u/klat. 

Subsequently, determining ZTmax often relies on 

empirically derived values for u/klat [15], which does not 

always allow for establishing a clear link between the 

extremum coordinates (ηopt) and the scattering 

mechanisms of charge carriers or phonons. This 

complicates the analysis of potential strategies for 

engineering thermoelectric materials with specific 

properties. In contrast, work [14], for instance, calculated 

carrier mobility – along with S, σ, and kel – analytically as 

a function of η when determining ZTmax. This enabled an 

analysis of how various potential carrier scattering 

mechanisms influence the ZTmax value for both n-type and 

p-type materials. A limitation of that study is that the 

calculations did not account for the contribution of 

minority carriers. Furthermore, the study assumed the 

lattice thermal conductivity component to be equal to that 

of single-crystal PbTe, whereas thermoelectric materials – 

including PbTe – are typically produced via powder 

pressing. Accordingly, it is necessary to take into account 

the influence of grain boundaries on heat transfer 

processes. 

The objectives of this work are: 1) to calculate – using 

the approach described in [14] and additionally accounting 

for minority charge carriers – the optimal chemical 

potential values for PbTe and the corresponding free 

charge carrier concentrations that yield the maxima of the 

ZT(η) dependence within the 400–800 K temperature 

range; 2) to estimate, based on an analytical calculation of 

the lattice thermal conductivity component (accounting 

for various phonon scattering mechanisms), the 

effectiveness of reducing the material's thermal 

conductivity through the creation of defects of various 

sizes and dimensions in PbTe; and 3) to evaluate the 

effectiveness of using PbTe-based functionally graded 

materials. 

I. Calculation methodology 

By separating the thermal conductivity into lattice 

(klat) and electronic (kel) components, and using the 

Wiedemann-Franz law to determine kel (kel=L0T σ), the 

thermoelectric figure of merit ZT can be expressed as: 

 

 𝑍𝑇 =
𝑆2𝜎

𝑘𝑙𝑎𝑡+𝐿0𝑇∙𝜎
𝑇 =

𝑆2

𝑘𝑙𝑎𝑡/𝜎+𝐿0𝑇
𝑇  (1) 

 

Here, L0 is the Lorenz constant. It is worth noting in 

advance that the Seebeck coefficient and the Lorenz 

constant depend functionally only on Fermi integrals, 

whereas the calculation of klat and kel is more complex and 

requires knowledge of numerous material parameters. 

Within the two-band Kane model [16]: 

 

 𝑆 = −
𝑘0

𝑒0
[

𝐼𝑟+1,2
1 (𝜂,𝛽)

𝐼𝑟+1,2
0 (𝜂,𝛽)

− 𝜂]   (2) 

 

Here, r is a parameter characterizing the charge carrier 

scattering mechanism (r = 0 – scattering by the 

deformation potential of acoustic (DA) and optical (DO) 

phonons, as well as the short-range potential of defects 

(SP); r = 1 – scattering by the polarization potential of 

optical phonons (PO); r = 2 – scattering by the Coulomb 

potential of ionized defects (ID)), and 𝐼𝑛,k
𝑚 (𝜂, 𝛽) are Fermi 

integrals, which, according to [16], are defined as 

 

 𝐼𝑛,𝑘
m (𝜂, 𝛽) = ∫ (−

𝜕𝑓0

𝜕𝑥
)

𝑥𝑚(𝑥+𝛽𝑥2)
𝑛

𝑑𝑥

(1+2𝛽𝑥)𝑘

∞

0
  

 

In the presented expression, 𝑥 = 𝐸/𝑘0𝑇 is the reduced 

energy, 𝜂 = 𝜇/𝑘0𝑇 is the reduced chemical potential of 

the carriers (µ is the chemical potential of the carriers), 

𝛽 = 𝑘0𝑇/𝐸𝑔 is the band non-parabolicity parameter, Eg is 

the band gap, and 𝑓0 = (1 + 𝑒𝑥−𝜂)−1 is the Fermi-Dirac 

distribution function. 

The Lorenz number L0 for the two-band Kane model 

is expressed in terms of two-parameter Fermi integrals as 

follows [16]: 

 

 𝐿0(𝜂, 𝛽) = (
𝑘0

𝑒0
)

2

[
𝐼𝑟+1,2

2 (𝜂,𝛽)

𝐼𝑟+1,2
0 (𝜂,𝛽)

− (
𝐼𝑟+1,2

1 (𝜂,𝛽)

𝐼𝑟+1,2
0 (𝜂,𝛽)

)
2

]  (3) 

 

Specific electrical conductivity is defined as the 

product of carrier mobility, carrier concentration, and the 

elementary charge: 

 

 𝜎 = 𝑢𝑛𝑒     (4) 

 

For a non-parabolic band [16], the carrier concentration 

within it is determined by: 

 

 𝑛 =
(2𝑚𝑑,0

∗ 𝑘𝑇)
3
2

3𝜋2ħ3 𝐼3/2,0
0 (𝜂, 𝛽)   (5) 

 

Here 𝑚𝑑,0
∗  is the effective density-of-states mass at the 

band edge. Carrier mobility [16]: 

 

 𝑢 = 𝑒
𝜏0(𝑇)

𝑚𝑛,0
∗ ∙

𝐼𝑟+1,2
0 (𝜂,𝛽)

𝐼3/2,0
0 (𝜂,𝛽)

   (6) 
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Here 𝑚𝑛,0
∗  is the effective mass at the bottom of the band. 

Thus, the electrical conductivity is: 
 

 𝜎 = 𝑒2 ∙
(2𝑚𝑑,0

∗ 𝑘𝑇)
3
2

3𝜋2ħ3 ∙
𝜏0(𝑇)

𝑚𝑛,0
∙ 𝐼𝑟+1,2

0 (𝜂, 𝛽)   (7) 

 

Expressions for τ₀(T) for various possible scattering 

mechanisms are given in Appendix 1. In the case where 

several scattering mechanisms act simultaneously, 

mobility can be determined using Matthiessen's rule:  
 

 
1

𝑢
= ∑

1

𝑢𝑖
.  

 

The effective density-of-states masses of light holes 

and electrons were considered to be functions of 

temperature and were defined as: 
 

 𝑚𝑑,0
∗ = 𝑚0

∗ (
𝑇

𝑇0
)

𝛼

   (8) 

 

where T0 = 120 K, α = 0.4, 𝑚0
∗ = 0.142𝑚0 [17]. For heavy 

holes, since the band is parabolic, the density-of-states 

effective mass is constant and equals 1·m0 [17]. The 

effective mass at the band edges was determined from the 

equation 𝑚𝑑,0
∗ = 𝑁

2

3𝑚𝑛,0
∗ , where N is the number of band 

extrema in the Brillouin zone (for PbTe, N = 4 for 

electrons and light holes, and N = 12 for heavy holes [18]). 

The lattice component of the thermal conductivity 

coefficient was calculated using expression [19]: 
 

 𝑘𝑙𝑎𝑡 =
1

3
∫ 𝑐𝑣(𝜔)𝑣𝑠(𝜔)2𝜏(𝜔)𝑑𝜔

𝜔𝐷

0
    (9) 

 

Here, CV is the heat capacity per unit volume, vs is the 

speed of sound, τ(ω) is the relaxation time for phonon 

scattering processes, and ωD is the Debye frequency, 

calculated using the expression ωD = kθ / (h/2π), where θ 

is the Debye temperature (for PbTe, θ = 125 K [20]). In 

the case of high temperatures (T > θ), and also neglecting 

the difference between phase and group velocities [19]: 
 

 𝑐𝑣(𝜔) =
3𝑘𝜔2

2𝜋2𝑣𝑠
3     (10) 

 

The speed of sound in (9) and (10) is usually treated 

as a constant equal to an empirical value, while 

expressions for phonon relaxation times τ(ω) for various 

scattering mechanisms are given in Appendix 2. When 

multiple mechanisms act simultaneously – as is the case 

with charge carrier scattering – the total relaxation time is 

determined using Matthiessen's rule. 

The expressions given above allow for the calculation 

of the thermoelectric figure of merit in the case of unipolar 

conduction. In the presence of two types of carriers 

(electrons and holes) with comparable concentrations, the 

electrical conductivity of the material is determined as 

[15]: 
 

 𝜎 = 𝜎𝑛 + 𝜎𝑝 = |𝑒|(𝑢𝑛𝑛 + 𝑢𝑝𝑝)    (11) 

 

Seebeck coefficient: 
 

 𝑆 =
𝑆𝑛𝜎𝑛+𝑆𝑝𝜎𝑝

𝜎𝑛+𝜎𝑝
  (12) 

 

Electronic component of the thermal conductivity 

coefficient: 
 

 𝑘𝑒𝑙 = 𝑘𝑒𝑙,𝑛 + 𝑘𝑒𝑙,𝑝   (13) 

 

At the same time, the chemical potentials of electrons and 

holes are related by the following relationship: 
 

 𝜂𝑝 = −𝐸𝑔 − 𝜂𝑛   (14) 

 

In the case of two types of charge carriers, in addition to 

the lattice and electronic components of the thermal 

conductivity coefficient, it is also necessary to account for 

the contribution of bipolar thermal conductivity [15]: 
 

 𝑘𝑏𝑖𝑝 =
𝜎𝑛∙𝜎𝑝

𝜎𝑛+𝜎𝑝
(|𝑆𝑛| − |𝑆𝑝|)

2
𝑇   (15) 

II. Results and their analysis 

Mobility. A key component of the algorithm used to 

calculate ZT(η) is a model describing free charge carrier 

scattering processes in PbTe. For this semiconductor, the 

model is considered relatively well-developed [21] and is 

implemented within the relaxation-time approximation. 

The main limitations of this approximation stem from the 

difficulty of accounting for inelastic interactions and 

determining the energy characteristics of the interaction 

between carriers and scattering centers. Regarding the first 

limitation, the primary carrier scattering mechanisms are 

elastic within the temperature range where PbTe is 

practically applied in thermoelectric generators. As for the 

second, years of research have yielded a mutually 

consistent set of model parameters for most scattering 

mechanisms, enabling an adequate description of 

experimental data. However, in most cases, these values 

were obtained at temperatures T ≤ 300 K; thus, their 

application at high temperatures requires refinement. On 

the other hand, in many instances, this set of parameters 

successfully describes experimental data even at high 

temperatures [22]. 

Figures 1 and 2 present the calculated carrier 

mobilities as functions of carrier concentration and 

temperature. Based on these results, conclusions can be 

drawn regarding the dominance of various carrier 

scattering mechanisms under different conditions. In the 

calculations, the concentration of impurity ions was 

assumed to be NID = n/2. The concentration of centers with 

a short-range potential (NSP) was assumed to be the same. 

Furthermore, the energy parameters E1 and U0 (Appendix 

1) – characterizing the interaction of carriers with the 

deformation potential of acoustic phonons and the short-

range potential, respectively – were assumed to be 

identical for electrons and holes (although, in the general 

case, they may differ [16]). 

Several important conclusions can be drawn from an 

analysis of the presented graphs. First, doping PbTe with 

donor or acceptor impurities to a concentration of a few 

atomic percent has practically no effect on the total 

mobility (100 at.% corresponds to 1.48∙10²² cm⁻³: this is 
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the concentration of anionic or cationic sublattice sites in 

PbTe, given a unit cell parameter of 6.461 Å [23] and 4 

anions (or cations) per cell). Second, for p-PbTe, the 

primary scattering mechanism in the investigated 

temperature range (400–800 K) is carrier scattering by the 

deformation potential of acoustic phonons. It should be 

noted that only heavy holes were considered for p-PbTe; 

at temperatures above 450 K, the heavy-hole band 

extremum lies above the light-hole band extremum, 

implying that heavy holes would dominate kinetic 

processes – specifically, their concentration would be 

higher and their mobility lower, making them the 

determining factor. According to [24], heavy holes can 

play a decisive role even at temperatures slightly below 

450 K. Given that the lower operating temperature limit 

for PbTe typically exceeds 400 K, we did not employ a 

two-hole-type model, although at ≈400 K, such a model 

would likely have resulted in only minor changes to the 

obtained u(n, T) dependencies. For n-PbTe, carrier 

scattering by the deformation potential of acoustic 

phonons is the dominant mechanism at temperatures 

above 400 K, whereas scattering by the polarization 

potential of optical phonons dominates at lower 

temperatures.  

Subsequently, the calculations of ZT(η) and the 

determination of ZTmax and ηopt relied on a model 

involving only a single dominant scattering mechanism: 

scattering by the deformation potential of acoustic 

phonons. However, judging by the results presented in 

Figs. 1 and 2, a more precise calculation for both n-PbTe 

and p-PbTe could also account for carrier scattering by the 

deformation potential of optical phonons. Although the 

contribution of this mechanism is smaller than that of 

acoustic phonon scattering (DA), it is of the same order of 

magnitude. 

 

   
a)                 b) 

   
c)            d) 

Fig. 1. Dependence of the total carrier mobility usum and its partial contributions due to various mechanisms (DA, 

DO – deformation potential of acoustic and optical phonons, respectively; PO – polarization potential of optical 

phonons; SP – short-range potential of point defects; ID – Coulomb potential of ionized point defects) in  

n-PbTe (a, b) and p-PbTe (c, d) at temperatures of 600 K and 800 K. 
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Thermal conductivity. In study [14], the algorithm 

of which is utilized here, the calculation of ZTmax assumed 

that the numerical value of the lattice component of 

thermal conductivity is determined solely by phonon-

phonon scattering. This study analyzes possible values of 

this parameter – specifically, klat – while accounting for 

other mechanisms present in materials with various types 

of structural disorder: phonon scattering by point defects, 

grain boundaries, and nanoscale defects. In Fig. 3, the 

solid curve represents klat(T) calculated considering only 

phonon-phonon scattering. The klat(T) calculation 

algorithm used here – which differs from that in [14] – 

yields lattice thermal conductivity values that are 

approximately 30% higher. For instance, at 300 K, a value 

of klat = 2.1 W/(m·K) was obtained, whereas study [14] 

reported 1.6 W/(m·K). The influence of various 

parameters on the calculated klat value is analyzed in study 

[25]. 

The use of materials with a high density of grain 

boundaries – that is, polycrystalline materials such as 

pressed ones - results in a reduction of lattice thermal 

conductivity. As shown in Fig. 3, for a grain size of 

200 µm, klat decreases by approximately 10%, whereas for 

25 µm, it decreases by approximately 30%. 

Introducing 10 at.% of impurity atoms into the crystal 

lattice - that is, forming a solid solution (for instance, the 

calculations for the data in Fig. 3 considered Sn-for-Pb 

substitutional atoms) - results in the same reduction in klat 

as using pressed materials with a grain size of d = 200 µm. 

Increasing the impurity content to 40 at.% leads to a 

reduction in klat comparable to that achieved by pressing 

impurity-free PbTe grains with a size of 25 µm. Forming 

solid solutions is a well-known, effective method for 

reducing lattice thermal conductivity. However, a 

   
a)                 b) 

    
c)              d) 

Fig. 2. Dependence of the total carrier mobility usum and its partial contributions due to various mechanisms (DA, 

DO – deformation potential of acoustic and optical phonons, respectively; PO – polarization potential of optical 

phonons; SP – short-range potential of point defects; ID – Coulomb potential of ionized point defects) in  

n-PbTe (a, b) and p-PbTe (c, d) for two different values of the reduced chemical potential: η = -2 та η = 1. 
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drawback is that significant changes to the base material's 

chemical composition also substantially alter other 

material properties – such as carrier effective mass and 

bandgap width - in addition to klat. Moreover, changes in 

these parameters do not always favor an increase in ZT. 

For example, in the formation of a PbSnTe solid solution, 

increasing the Sn content reduces the material's thermal 

conductivity [25, 23]; however, the bandgap width 

simultaneously decreases, leading to a significant impact 

of intrinsic carriers on thermoelectric parameters. 

Consequently, the gain in ZT is not as substantial as one 

might expect based solely on the reduction in klat. 

An effective method for reducing lattice thermal 

conductivity klat without significantly affecting other 

fundamental material properties is the introduction of 

nanoscale inclusions of additional phases (nanodefects). 

Well-known examples of such materials include PbTe-

SrTe [6] and PbTe-CdTe [8]. With a surface concentration 

of nanodefects of 1015 cm-2 and a radius of 30 nm, the 

thermal conductivity at room temperature can be reduced 

by one-third (Fig. 3). Controlling the stability of the defect 

subsystem in such materials is a complex yet solvable 

challenge [26]. 

Simultaneous crystal lattice disordering at both micro 

and macro levels makes it possible to reduce klat by more 

than half (Fig. 3). For instance, when using a pressed 

material with 25 μm grains and nanodefects of the 

aforementioned sizes and concentrations, the klat value is 

0.90 W/(m K) at 300 K and 0.50 W/(m K) at 800 K. These 

specific values were subsequently used to calculate ZT(η). 

 

 
Fig. 3. Temperature dependence of the thermal 

conductivity of PbTe calculated considering various 

combinations of possible phonon scattering mechanisms: 

U – phonon-phonon scattering; GB200μm, GB25μm – 

phonon scattering at grain boundaries with diameters of 

200 μm and 25 μm, respectively; PD0.1, U+PD0.4 – 

phonon scattering by SnPb substitutional atoms with 

atomic fractions of 0.1 and 0.4, respectively; nano 30/15 – 

phonon scattering by nanodefects with a radius of 30 nm 

and a surface concentration of 10¹⁵ cm⁻². 

 

Figure 3 also presents an estimate of the thermal 

conductivity coefficient of PbTe, assuming its 

hypothetical existence in an amorphous structure. This 

value, kglass, was calculated using the relationship from 

[27]: 

 

 𝑘𝑔𝑙𝑎𝑠𝑠 =
0.76

3
𝑘0𝑉−2/3(2𝑣𝑇 + 𝑣𝐿)     (16) 

 

where vL and vT are the longitudinal and transverse 

components of the speed of sound. This value of 

kglass = 0.35 W/(m K) can be considered an asymptote; 

actually achieving it while preserving the crystal structure 

and other fundamental parameters that determine the 

advantages of PbTe over other materials is highly 

unlikely. 

ZT(η). Using the previously described model to 

calculate the parameters S, σ, and k, we computed ZT(η) 

for temperatures ranging from 400 K to 800 K in 100 K 

increments. Figure 4 shows the dependencies obtained for 

temperatures of 600 K and 800 K. The two curves (solid 

and dashed) in each plot correspond to models that either 

account for (solid) or neglect (dashed) the presence of 

minority carriers. Additionally, the solid curve 

incorporates the contribution of bipolar thermal 

conductivity to the material's total thermal conductivity. 

The results indicate that at 800 K, the influence of 

minority carriers – manifesting as a reduction in the ZT(η) 

maximum – is quite significant, particularly in n-type 

material. This effect arises from a decrease in the total 

Seebeck coefficient and an increase in the total thermal 

conductivity. For instance, at 800 K, the thermal 

conductivity of n-PbTe at the ZT(η) maximum is 

1.08 W/(m K) (with klat = 0.48 W/(m K)), whereas for  

p-PbTe, it is 1.23 W/(m K) (with the same klat value). 

Notably, the bipolar contribution (kbip) is 0.15 W/(m K) 

for n-PbTe, compared to only 0.05 W/(m K) for p-PbTe. 

As the temperature decreases, the influence of minority 

carriers on ZT(η) diminishes. At 600 K, the reduction in 

the numerical value of ZTmax resulting from their inclusion 

is ≈ 10%, whereas at 400 K, it is less than 5%. 

The significant influence of minority carriers in  

n-type material results in a non-monotonic ZTmax(T) 

dependence (Fig. 5), with a maximum of ≈ 1.3 near 600 K. 

For p-type material, ZTmax(T) is a monotonically 

increasing function within the studied temperature range, 

reaching a maximum of ≈ 2.4 at 800 K. The average ZTave 

values calculated from the obtained data points for the 

400–800 K temperature range are shown in Fig. 5; they 

are 1.20 for n-PbTe and 2.07 for p-PbTe. Interestingly, 

despite the significant differences noted between n- and  

p-type materials and across the temperature ranges, the 

optimal values of the reduced chemical potential are very 

similar under all conditions: η ≈ -1 (Fig. 4). 

ZT(n). Figure 6 shows the dependence of ZT on n at 

various temperatures. For p-type material, nopt varies from 

≈ 1.5∙10¹⁹ cm⁻³ at 400 K to ≈ 3.8∙10¹⁹ cm⁻³ at 800 K - that 

is, by more than a factor of two. For n-type material, the 

numerical values of nopt range from ≈ 0.5∙10¹⁹ cm⁻³ at 

400 K to ≈ 1.8∙10¹⁹ cm⁻³ at 800 K. Thus, the optimal 

concentration is lower than that of the p-type material, and 

its variation with temperature is somewhat greater. 
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Fig. 5. Dependence of the maximum thermoelectric figure 

of merit ZTmax on temperature for n-PbTe and p-PbTe. 

 

The existence of the nopt(T) relationship highlights the 

potential of using functionally graded thermoelements – 

specifically, n- and p-type thermoelement legs where the 

carrier concentration varies along the sample, or more 

precisely, along the temperature gradient. However, 

calculation results indicate that if a p-type material with a 

constant carrier concentration of ≈2.4∙1019 cm-3 is used 

across the temperature range, its ZTave would be ≈1.99, this 

is only 0.07 units (or ≈3%) lower than the corresponding 

value for a thermoelement with a concentration gradient 

matching nopt. 

For n-type material, this difference is more 

significant. For example, at n ≈ 0.75∙10¹⁹ cm⁻³, ZTave ≈ 1.0, 

which is 0.2 units (or 20%) lower than the corresponding 

value for a thermoelectric element with a concentration 

gradient corresponding to nopt. 

This effect can be attributed to the distinct slopes of 

the ZT(n) dependencies for materials with different types 

of conductivity; this, in turn, stems from differences in 

parameters characterizing the majority 

carriers-specifically, density-of-states effective masses 

and the parabolic or non-parabolic nature of the majority-

carrier band. 

   
a)                         b) 

    
c)                d) 

Fig. 4. Dependence of the dimensionless thermoelectric figure of merit on the reduced chemical potential of carriers 

for n-PbTe (a, b) and p-PbTe (c, d) at temperatures of 600 K and 800 K. The solid curve represents the model 

accounting for minority carriers and the bipolar component of thermal conductivity; the dashed curve represents the 

model without accounting for them. 
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The values of nopt(T) and popt(T) shown in Fig. 7 allow 

for the estimation of the optimal dopant concentration, 

Nopt. Given that the dopant contributes one additional 

carrier and that the total concentration – for instance, the 

electron concentration nopt - is determined by the sum of 

the intrinsic and extrinsic carrier concentrations, it follows 

that Nopt = nopt -ni. The calculation of the optimal dopant 

concentration for p-type conductivity is performed in a 

similar manner. The intrinsic carrier concentration ni for 

PbTe is also presented in Fig. 7. 

 

 
Fig. 7. Dependence of the concentration of intrinsic 

carriers ni in PbTe, as well as the optimal concentration of 

electrons nopt and holes popt for n-PbTe and p-PbTe, 

respectively, on the inverse temperature. 

 

Such a calculation algorithm is valid if the impurity is 

ionized at all temperatures under consideration. One of the 

conditions for this state is εᵢ < kT, where εᵢ is the impurity 

ionization energy. This condition holds for most common 

impurities in PbTe, such as Na or I. Otherwise, to 

determine Nopt, it is necessary to solve the electroneutrality 

equation in the form (for donor and acceptor impurities, 

respectively): 

 

 𝑛𝑜𝑝𝑡 − 𝑛𝑖 = 𝑁𝑜𝑝𝑡 (1 −
1

1+𝑒
𝜀𝑖

∗−𝜂𝑛,𝑜𝑝𝑡
)   or  

 

 𝑝𝑜𝑝𝑡 − 𝑛𝑖 = 𝑁𝑜𝑝𝑡 (
1

1+𝑒
𝜀𝑖

∗−𝜂𝑝,𝑜𝑝𝑡
)     (17) 

 

Here, 𝜀𝑖
∗ = 𝜀𝑖/𝑘0𝑇 the function in parentheses, which 

depends on εᵢ, η, and T, determines the probability of an 

electron being present (for popt) or its absence (for nopt) at 

a localized energy level created by an impurity atom [16]. 

Equation (17) becomes more complicated if the 

impurity can donate more than one carrier to the zone, or 

the concentration of Nopt will be proportional to the 

concentration of intrinsic defects. Lead telluride is often 

obtained with a concentration of intrinsic defects in the 

vicinity of ≈ 10∙18 cm-3 [5], which is of the same order of 

magnitude as the obtained nopt values for n-PbTe. Also, 

certain complications may arise when using amphoteric 

impurities or double doping. However, with known values 

of the ionization energy of impurities and a given ηopt, this 

problem can be technically solved. 

Conclusions 

The optimal value of the carrier chemical potential in 

PbTe, at which the maximum dimensionless 

thermoelectric figure of merit is achieved in the 400–

    
a)                 b) 

Fig. 4. Dependence of the dimensionless thermoelectric figure of merit on the reduced chemical potential of carriers 

for n-PbTe (a, b) and p-PbTe (c, d) at temperatures of 600 K and 800 K. The solid curve represents the model 

accounting for minority carriers and the bipolar component of thermal conductivity; the dashed curve represents the 

model without accounting for them. 
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800 K temperature range, lies in the vicinity of ηopt ≈ -1 

for both n-type and p-type PbTe. The optimal carrier 

concentration nopt corresponding to ηopt increases with 

temperature for materials of both conductivity types: for 

p-PbTe, from ≈ 1.5∙10¹⁹ cm⁻³ at 400 K to ≈ 3.8∙10¹⁹ cm⁻³ 

at 800 K, and for n-PbTe, from ≈ 0.5∙10¹⁹ cm⁻³ at 400 K to 

≈ 1.8∙10¹⁹ cm⁻³ at 800 K. 

The calculated ZTave for a functionally gradient 

material with the parameters nopt(T) determined in the 

work is 2.07 for p-PbTe and 1.20 for n-PbTe. In the case 

of a fixed carrier concentration of ≈ 2.4∙1019 cm-3 in the  

p-type material, the conductivity ZTave will be 1.99, which 

is only 3% less than the corresponding value for a material 

with a concentration gradient. In the case of an n-type 

conductivity material, the use of functionally gradient 

thermocouples increases the average value of their 

thermoelectric figure of merit by 20%. Thus, for p-PbTe, 

the creation of functionally gradient thermoelements does 

not lead to a significant increase in the thermoelectric 

figure of merit of the materials. 

 

Appendix 1. Expressions for τ0 for various charge 

carrier scattering mechanisms. 

For the scattering of charge carriers by the 

deformation potential of acoustic phonons [16]: 

 

 𝜏0(𝑇) =
2𝜋ħ4𝜌𝑣𝑠

2

(2𝑚𝑛,0𝑘0𝑇)
3
2𝐸1

2
     (1a) 

 

where ρ = 8.24 g/cm3 [21], E1 = 15 eV [21], vs = 1.92 km/s 

[23]. 

When scattering on the deformation potential of 

optical phonons (for k0T>>ħω0) [16]: 

 

 𝜏0(𝑇) =
2

𝜋
(

ħ𝜔0

𝐸0
)

2 ħ2𝑎2𝜌

(2𝑚𝑛,0𝑘0𝑇)
3
2

     (2a) 

 

where ħω0 = 0.0136 eV [21], a = 6.461 A [23], E0 = 26 eV 

[21]. 

When scattering on the polarization potential of 

optical phonons (for k0T>>ħω0) [16]: 

 

 𝜏0(𝑇) =
ħ2

𝑒0
2√2𝑚𝑛𝑘0𝑇 (

1

𝜒∞
−

1

𝜒0
)
    (3a) 

 

where χ∞ = 32.6 [21], χ0 = 400 [21]. 

For scattering by the short-range potential of defects 

[16]: 

 

 𝜏0(𝑇) =
πħ4

𝑚𝑛,0(2𝑚𝑛,0𝑘0𝑇)
1
2𝑈0

2𝑁𝑆𝑃

    (4a) 

 

NSP – defect concentration, U0 = 3∙10⁻³⁴ erg/cm³ [21]. 

Upon scattering by the Coulomb potential of ionized 

impurity atoms[16]: 

 

 𝜏0(𝑇) =
𝜒0

2(2𝑚𝑛,0)
1
2(𝑘0𝑇)

3
2

πe4𝑁𝐼𝐷
     (5a) 

 

NID – concentration of ionized defects. 

When calculating ZT for all scattering mechanisms, 

corrections for the Bloch form of the wave functions (for 

carriers in a non-parabolic band) were taken into account 

in accordance with [16]; additionally, for polar optical 

phonons and ionized impurities, a correction for the 

screening of scattering centers by free charge carriers 

(regardless of band type) was applied. 

This correction for scattering by acoustic phonons is 

defined as: 

 

 𝐹𝑎𝑘(𝑘) = 1 −
10

3
𝐿 + [

191

60
+

11

60
(

𝑣𝐿

𝑣𝑇
)

2

] 𝐿2   (6a) 

 

where vL and vT are the longitudinal and transverse 

components of the speed of sound, defined as  

 

 𝑣𝐿 = [(𝐶11 + 2𝐶12 + 4𝐶44)/3𝜌]
1

2 ,   

 

 𝑣𝑇 = [(𝐶11 − 𝐶12 + 𝐶44)/3𝜌]
1

2,  

 

where Cij are the stiffness coefficients [28]. 

For scattering by a short-range potential and the 

deformation potential of optical phonons: 

 

 𝐹𝐾𝑃 = 1 −
8

3
𝐿 +

13

6
𝐿2   (7a) 

 

For scattering by the polarization potential of optical 

phonons: 

 

𝐹𝑃𝑂 = 1 −
2

𝜉
𝑙𝑛(1 + 𝜉) +

1

1+𝜉
−

1

2
(4𝐿 − 𝐿2)𝐵 + 𝐿2𝐶 (8a) 

 

where 𝜉 = (2𝑘𝑟0)2, k is the wave number and r0 is the 

screening radius. 

For scattering by an ionized impurity: 

 

 𝐹𝐼𝐷
′ = 𝑙𝑛(1 + 𝜉) −

𝜉

1+𝜉
− (4𝐿 − 𝐿2)𝐴 +

3

2
𝐿2𝐵      (9a) 

 

In the formulas provided:  

𝐿 =
𝐸

𝐸𝑔+2𝐸
,                 𝐴 = 1 +

1

1+𝜉
−

2

𝜉
ln(1 + 𝜉),  

𝐵 = 1 −
4

𝜉
−

2

𝜉(1+𝜉)
+

6

𝜉2 ln(1 + 𝜉),  

𝐶 = 1 −
3

𝜉
+

9

𝜉2 +
3

𝜉2(1+𝜉)
−

12

𝜉3 ln(1 + 𝜉). The shielding 

radius when calculating ξ was determined as 

 𝑟0
2 =

𝜒0𝑘0𝑇

6𝜋𝑒0
2𝑛

∙
𝐼3/2,0

0 (𝜂,𝛽)

𝐼3/2,−1
0 (𝜂,𝛽)

 and the wave number  

𝑘 = √
2𝑚𝑛,0

ħ2 𝐸̅ (1 +
𝐸̅

𝐸𝑔
). The average value of the energy 

included in this expression was determined as  

𝐸̅ =
1

𝑛
∫ 𝐸 ∙ 𝑔(𝐸) ∙ 𝑓0(𝐸, 𝜇)𝑑𝐸

∞

0
 and  

𝑛̅ = ∫ 𝑔(𝐸) ∙ 𝑓0(𝐸, 𝜇)𝑑𝐸
∞

0
. Density of states  

𝑔(𝐸) =
(2𝑚𝑛,0)

3
2

2𝜋2ħ3 𝐸
1

2 (1 +
𝐸

𝐸𝑔
)

1

2
(1 +

𝐸

𝐸𝑔
). 

The correction was applied by dividing the 

corresponding values of τ0 by the correction factor. The 

adequacy of the calculation model was verified by 

comparing the calculated u(n) results with the results from 

[21] (Fig. 1a). 
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Fig. 1a. Dependence of the total carrier mobility usum and 

its partial contributions due to different mechanisms (DA, 

DO – deformation potential of acoustic and optical 

phonons, respectively; PO – polarization potential of 

optical phonons; SP – short-range potential of point 

defects, ID – Coulomb potential of ionized point defects) 

in n-PbTe at a temperature of 300 K.  

Experimental data – [21]. 

 

Appendix 2. Expressions τ(ω) for various phonon 

scattering mechanisms. 

The main mechanism of phonon scattering, which 

determines the order of magnitude of the lattice 

component of the thermal conductivity coefficient of 

single-crystal materials, is phonon-phonon scattering [29]. 

In the interaction of phonons, a distinction is made 

between U- (Umklapp) and N- (Normal) processes. The 

thermal conductivity coefficient is determined primarily 

by U-processes, as N-processes do not generate thermal 

resistance [29, 30]. Although N-processes can play a 

significant role in generating thermal resistance in certain 

materials, in the case of PbTe, a thermal conductivity 

model accounting only for U-processes accurately 

describes the known empirical data for single crystals; 

thus, the assertion that the contribution of U-processes 

outweighs that of N-processes is well-founded. The 

relaxation time for U-processes is [19]: 

 

 𝜏𝑈(𝜔) =
(6𝜋2)

1/3

2

𝑀𝑣𝑠
3

𝑘0𝑉1/3𝛾2𝜔2𝑇
    (1b) 

where M is the average atomic mass, vs is the speed of 

sound, V is the atomic volume (determined as a³/N, where 

N is the number of atoms in the unit cell and a is the unit 

cell parameter; for PbTe, N = 8 and a = 6.461 Å [23]), and 

γ is the Grüneisen parameter (for PbTe, γ = 1.96 [31]). 

For heavily doped materials and solid solutions, 

phonon scattering by substitutional atoms can also be 

significant. For this mechanism [19]: 

 

𝜏𝑃𝐷(𝜔) =
4𝜋𝑣𝑠

3

𝑉𝜔4 (∑ 𝑓𝑖𝑖 (1 −
𝑚𝑖

𝑚
)

2

+ ∑ 𝑓𝑖𝑖 (1 −
𝑟𝑖

𝑟
)

2

)
−1

(2b) 

 

where fi is the atomic fraction of impurity atoms, mi/m is 

the ratio of the atomic masses of the impurity and matrix 

atoms, and ri/r is the ratio of the atomic radii of the 

impurity and matrix atoms. The calculation was 

performed for the case of Pb atoms being replaced by Sn 

atoms. In this instance, mi/m = 118.7/207.2 and 

ri/r = 1.02/1.26 (ionic radii from [32] were used here). 

For phonon scattering at grain boundaries [33]: 

 

 𝜏𝐵(𝜔) =
𝐿

𝑣𝑠
𝑃𝐵   (3b) 

 

Here, L is the grain size, and PB is a coefficient 

accounting for the specific nature of the material's grain 

boundaries. For example, for InGaAs, PB = 1.3∙10⁻³ [33]. 

In [34], this value was used to calculate klat for cold-

pressed PbTe samples, and the calculation showed good 

agreement with experimental data. Therefore, this 

numerical value - PB = 1.3∙10⁻³ - is also used in the present 

work. 

During phonon scattering by nanoinclusions [33]: 

 

 𝜏𝐷(𝜔) =
𝑘3

𝜔4ħ3 ∙
4𝜃3

3𝑁𝑖𝑅2    (4b) 

 

Here, Ni is the surface concentration of nanoscale 

inclusions of an additional phase, R is their radius, and θ 

is the Debye temperature (θ = 125 K [20]). 
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Оптимізація концентрації носіїв заряду у PbTe для досягнення 

максимальної термоелектричної добротності 
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Основним методом отримання ефективних термоелектричних матеріалів є створення мікро та 

макродефектів для зменшення коефіцієнта граткової теплопровідності, а також легування 

електроактивними домішками для досягнення оптимального значення хімічного потенціалу носіїв заряду 

η та, відповідно, оптимальної концентрації носіїв заряду n (чи p). Оскільки безрозмірна термоелектрична 

добротність ZT є немонотонною функцією від хімічного потенціалу носіїв то визначення оптимального 

рівня легування є відносно складною задачею, що у випадку її експериментального способу вирішення, 

потребує значних ресурсів. У даній роботі, використовуючи модель електропровідності, що враховує один 

домінуючий механізм розсіювання носіїв заряду та модель теплопровідності, що враховує розсіювання 

фононів на фононах, границях зерен та нанодефектах визначено оптимальні значення хімічного потенціалу 

носіїв та їх концентрації при яких функція ZT (η) за заданої температури досягає максимуму. Розрахунок 

проведено для телуриду свинцю електронного та діркового типу провідності з врахуванням двох типів 

носіїв (основних та неосновних) та з врахуванням біполярної складової коефіцієнту теплопровідності. 

Розраховано середні значення термоелектричної добротності для функціонально градієнтних матеріалів n 

та р типів провідності в діапазоні температур (400-800) К. 

Ключові слова: телурид свинцю, термоелектрична добротність, легування. 
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