PHY SICS AND CHEMISTRY OF SOLID STATE
V. 19, Ne 3 (2018) P. 217-221
DOI: 10.15330/pcss.19.3.217-221

PACS: 621.315.592

OI3UKA I XIMIA TBEPAOI'O TUIA
T. 19, Ne 3 (2018) C. 217-221

ISSN 1729-4428

Ja.S. Budjak

A Set of Important Kinetic Properties of Crystalsand their General
Statistical Calculations

National University "Lviv Polytechnic", 12 Bandery st., Lviv, Ukraine, 79013, e-mail: jabudjak@ukr.net

In non-equilibrium thermodynamics, the generalized equations of electric conductivity and heat conductivity
are well known. They describe the response of the conductive medium to the effect of the drift fieldsin it and the
magnetic field. These equations include phenomenological tensors and coefficients that determine the whole set
of important kinetic properties of conducting crystals. Therefore, in order to find out the nature of crystal
properties, it is necessary to clarify the nature of the set of kinetic tensors and the coefficients included in the
genera equilibrium of eectrical conductivity and thermal conductivity. In this article, we will calculate the whole
complex of these important quantities for isotropic crystals by statistical physics methods for genera conditions
of observation. And show the effect of spatial quantization on kinetic propertiesin 2D and 1D crystals.

Keywor ds: Gibbs potential, entropy, electrical conductivity, thermal conductivity, algorithm, tensor.

Article acted received 02.04.2018; accepted for publication 15.09.2018.

I. Kinetic properties of crystals

In non-equilibrium thermodynamics, it isI well
known that when an dectric field with astrength E or a
temperature gradient N /T is created in a conducting

crystal (these perturbations in a crystal can exist
simultaneously), and next place this crystal in a magnetic

field with an induction vector B , then we can observe
transfer processes of electricity and heat. They are
described by thefirst and second laws of non-equilibrium

~dUg . rr ,
thermodynamics T =-divg+ JE, I- (the first law
of non-equilibrium
ds, _1adf 4RN;T o
—==C E-—FL =

d Té T 2 1 (the second law of non-
equilibrium thermodynamics) :

In these equations. §.d these are the eectric
current density vector and the heat flow vector, and,

thermodynamics),

respectively U..S. theintena energy and entropy of
the system.

In datigical physics it is shown that with the
increase of entropy in the thermodynamic system there
are phenomena of heat and electricity transfer (electrical
conductivity and heat conductivity), and, conversdy, if
there is a phenomenon of transfer of heat and eectricity
in the system, then its entropy isincreasing.
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In non-equilibrium thermodynamics it is shown that
the phenomena of electrica conductivity and thermal
conductivity of a crystal are respectively described by the
following generalized equations of eectric conductivity

and heat conductivity:
i =lsi (B)E- (bik(é))NFT 1)
4= (o3 B)E - (hy (BT @)

These equations describe the response of the
conductive medium to the action of the electric field, the
temperature gradient and the magnetic field. The
phenomenological constants included in these equations

(Sik(é)), (bik(é)), (gik(é)), (hik(é)) are tensors of

kinetic coefficients, which in a certain way characterize
many of the physical properties of the conducting
medium (crystal). They possess the following properties
of the Onzager symmetry:

I
(by (- 8]):

(Sik(é)) = (Ski ( é)) (bik(é))
©)

ok (8)) _ T (byi (- )

With linear transformation, taking into account
Onzager's symmetry properties (3) we can take equation
(1) and (2) to the following form:
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In these equations, sguare brackets indicate cross
product of corresponding vectors.

The physical meaning of the phenomenological
tensors and the coefficients of equations (4) - (5) can
easly be determined by means of various
phenomenol ogical laws of non-equilibrium
thermodynamics that describe the entire st of
galvanomagnetic and thermomagnetic phenomena in
semiconductor crystals.

Such an andysis shows that, in these equations,

(r ik)’(aik)’(pik)’(cik) - are the material tensors of:
the eectrical resigtivity, the effect of Zeebeck, the effect
of the Pdtier, and the heat conductivity of crystal;

R,N,P,S- thisis the Hall effect coefficient, Nerngt-
Ettinggshausen coefficient, Nernst and Rigi-Ledyuk
coefficients respectively.

All tensors and coefficients, in accordance with the
Onzager's principle of symmetry for kinetic coefficients,
can be only even functions of magnetic induction vector.

These formulas make it possible to compare the
results of experimenta measurements with the
conclusions of the macroscopic theory of non-
equilibrium thermodynamics. They show that in the
presence of a magnetic field in a crystal, usually simple
phenomena of eectrica conductivity and heat
conductivity are complicating dramatically.

In this case, appear additional, so-caled,
galvanomagnetic and thermomagnetic effects. The firg
are due to the effect of the magnetic field on the ohmic
part of the eectric current, the second is on the thermal
part. According to the general equation of conductivity
(1), since the eectric current consists of an olhmic part,

which proportional eectric field strength E , and a
therma part, proportiona to the temperature gradient
N,T .

All tensors and coefficients included in these
equations have pragmatic values for modern solid-state
electronics, because they characterize different properties
of crystals used in the manufacturing of devices and
systems of solid-state electronics.

[l. Statistical calculations of kinetic

propertiesof crystals

As shown in [1, 2], all kinetic properties of a crystal
are calculated by statistical methods with the help of a
large canonical potentia of Gibbs

N

| asan+ Dmr -el 91
= - 2kT & Inj 1+ exp§
P ¥ ‘Zb
This potential is described in details in the quoted
works, in which are given cal culations of the whole set of
important kinetic properties of isotropic semiconductor

6
kT ©

=(r ®)i +rR®[B" 1]+ BRIT+NB)B NrT]
=pi®)i +P@[B 1]- (c) BNFT + BB N7
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(4)
(5)

3D, 2D and 1D crystals.

In modern literature, crystals with macroscopic
dimensions are marked with 3D, thin-film crystals of
microscopic thickness d denoted by 2D mark, and thread-
like crystals of thickness d denote 1D signs.

The given caculations show that the kinetic
properties of 3D crystals in a weak magnetic field. or in
his absence, are described by the following agorithmic
formulas:

(i )=+ 200m. D ™

en JOLm ,T)
R(mi ) =— J(O’O’JTQ’I::(OT’?ZM L
a (i T’-Sﬁ;gﬁe—ﬂ wg
e gD 2

p(m,T)=Ta(m ,T),(11)
P(m ,T)=TN(m T)

(12)
2
(i T = go T «J(ZlmT) Ej(llmﬂ u (13)
@ r(m T)e](leT) O1m T)ra
Uy (i T) = J02,m,T)
HY T S0m 1)
. JLm ,T)
U ,T = 14
p(m.T) J(0,0,m ,T) a4
n(m ,T)=J(0,0,m ,T), (15)

These formulas show that the anisotropy caused by
magnetic flield disappears if the vector of magnetic

induction B of thisfield correspondsto the condition of
a weak magnetic field ((U(e,T)Bg)2 <<1), or in case of
its absence.

In these formulas J(.1.m T) s the man
calculated functional. For an arbitrary isotropic law of
dispersion of current carriers.

2, 2,2 )
Px * Py * Pz p
2mm’ 2mm
this function has the following meaning:

- =E(e), (16)
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e
J@,j,m T)= 8&( = u(e, T) G(e)g

je

j ¥iiamE 0 j -
=U(r,T) NC(T)gx u(x) G(x)g-ggjx:U(r,T) NC(T)l(I,j,m ,T)

e dfy 0

J(0,0,m ,T) = oG(e)g— —je = og(e) fode =n(m ,T), G(e) = og(e)de

For an isotropic dispersion relation (16), which
corresponds to the symmetry conditions of a crystalline
lattice, a function E(e( is a first degree homogeneous

guantum-mechanical function of energy. For an isotropic
parabolic dispersion relation, or a Kane dispersion
relation, it hasthe following meanings, respectively:

2
e
E(e)=e, E(e) =e+E— . In addition, in this formula,
G

is mass of free eectron, m - relative effective
mass of current carrier in a crystal, Eg - is band gap of

the current carriersin the crystal.
For the given dispersion relation, the main calculated
functional  J(i,j,u T) is described by formula (17),

which uses the following notation: dimensionless
functional

m_

a1
U(r,T)=eh

= (UAd(O,r) +Uod(Lr))+U|d(2,

where UA, UO , UI are the dimensional constants of

the crystal, which depend on the nature of the crystal and
the nature of the mechanisms of dispersion of current

carriers on the defects of the crystal lattice, and o(m,n)
this is a known Kronecker delta, it has the following
vaues: o(mn)=1,if m=n, d(MN)=0,if m? n;

.o L3l2
N (T)—LWQ (20)
s W 5

The agorithmic formulas (7)-(15) with the
functional (17) fully explain the nature of the whole set
of actual kinetic properties of crystals. In this regard,

¥ e|+(r )j+
I(,j,m,T)= ox® % %y
0
In this formula, the function
a |lowercase index

F[”(f-%)ﬁ%](m ) with
i +(r- 1)i+3]- is wel sudied in the kinetic

r

)g(m. )(r-5/2)T(r_1/2)

= gx u(ka T) G(ka)g jx =
: 17
(17, a)
( E(x ))(rj-j/2+3/2)
LG, j,m T)— . ]ZiX (18)
FIE() § o
& dx g
in this functional function
(- 1)
_ E(x) 72
uQKT, T) =U(r,T) IE() & IS cled the scattering
C— =
g d&X g

function. It describes the influence of scattering
mechanisms of current carriers on defects of a crystalline
lattice on the kinetic properties of crystals, and the
scattering coefficient r depends on the nature of the
crystal and the nature of the defects; U(r,T)- dimensional

temperature function in current carriers mobility units, it
is described by the following formula

)

they have practica applications in solid-state electronics
research  laboratories that  synthesize  various
semiconductor crystals and experimentally examine their
kinetic properties.

In this regard, let us consider the smple case: an
isotropic crystal with parabolic dispersion relation for

current carriers e=p—_, and the dimensionless

2mm
functional 1 (I, j,m ,T)- by formula (18) for a parabolic

dispersion relation is described by the following general
formula

ity 0

_LX
X ¢
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=F, ) a(m)
2 gH-(r- %) J+3/2§ , (21)

theory of crystals, Fermi integral. Formula (21) makes it
possible, with the help of Fermi integra, to calculate the
entire set of kinetic properties (7) - (15) for crystals with
an arbitrary level of degeneration of their current carriers.

For non-degenerate charge carriers (m' <-4), the
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Fermi integra has the following solution:

Flar- 15435 (M) =G+ - Wi +%)>e’“
where G(i +(r - }é)j +%) the gamma Euler's function.

S0 in this case we have:

RO AT A

In the case of strong degeneracy (m' >+4), the
Fermi integra (21) is well approximated by the

following formula:
: : §‘i+(r-}/)j+3/f,J
F. o u(m)@m f 27 /24
é‘|+(r- %)H%g @( ) @

therefore the dimensionless functiona (18) is equal to:

10,1m @217 ”

Formulas (22) and (24) make it possible to calculate
the kinetic properties of the crystal (7) - (15) with non-
degenerate or strongly degenerate current carriers with a
parabolic dispersion relation. According to these

[d,j,m,T)=

p(m,T)=Ta(m ,T), P(m ,T)=TN(m ,T), (29)

2
c(m,T) :gt—;g s(m,T)T(r+2)

, (30)
UpM =0y M2
0
24
0B + 32
M =upm-£20E 2o
o ? (Gr+2) (31)
G(;a%r+2
U, (M) =u(@,T)-=—=22
(M) =u(r )(G( 2)), (Lo
n(m , T)—Zé pmm ¢ xe™
o : (32)

b. for crystals with strongly degenerate charge
carriers.

s(m,T) =en(mUp(mT)

calculation agorithms, we have the following results of (33)
calculations: (mT) = 1
a. for crystals with non-degenerate charge carriers: zen(m) (34)
m
aa , (35)
R T)=— L Ry 2’3, (26) N =2 G, (T)?—T%el- &
zen(m ,T) (G(r +2)) g, (36)
K p(m,T)=Ta(m,T), P(m,T) —TN(rr,T) , (37)
a(m ,T):—[(r+2)- m']
€ ) (27) c(mT) __gl_(g s(mT)T
N(m ,T) :EUH(T)gé- r2 ; (38)
e €2 g, (29)
. \(r-5/2) (r- %)
Uy (mT) = ( Ad(O,r)+Uod(],r))+U|d(2,r)§(m )( )m %
Br : (39)
Uy (MmT)=Uy(mT) 13
T (93 Y, mT)=U, mT)= U, [m ) zme so the mobility
n@ﬂ:i?pm’; mg of current carriers has no temperature dependence
e 0 5 40)  U(r,T)~const

In the case of strong degeneration of current carriers,
their drift mobility U , and Hall mobility U, are same,
and the temperature function U(r,T), for scattering

current carriers on thermal fluctuations of the crystalline
lattice, can be characterized by scattering indices r =0,

1
or r=1 has such a vaue U(r,T) ~—. This is a
T
complex process of scattering.
For scattering of degenerated current carriers on an
ionized dopant in a crysadline lattice, which is
characterized by a scattering index r = 2, both mohility

U,(mT) and U,(mT) coincide. In this case
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In 2D and 1D crydtals, spatiad quantization of the
energy spectrum for crystal current carriers is observed.
That's why we can observe in such crystals, the
correlation of their kinetic properties with thickness d.
Indeed, in the cited literature it is shown that the main
kinetic functional J@, J,d,m ,T), and
J@, j,d,m,T),, those that determine the kinetic

properties of 2D and 1D crystals are described by the
following algorithmic formulas:

3G, 5.d.m Ty, =36, j.m Dexpl- Fd)n) (g

3G, j,dom Ty = 3G, Jm T ep(- F(d)) (49
In these formulas, the correlation functions F(d),,
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and F(d),p hasthefollowing value:

p(M¢

3\/_ Fﬁ1+(r %)J{Lg m)
8 .
e i3y

F(d)p =

o
RN

3p Pl 21 (M) gé ()6
F[i+(r—}é)j+%](m' e d

2 h? dvz
I o(T) = g
2pmkag

F(d)y =

. w o

(42)

and the function isthethermal de
Broglie wavelength; the functional J(i, j,m,T) is
described by the formula (17).

Detailed method for analyzing experimental data

F. . (m)
1 §rr-D)irLr T @)

0
Jp F asg(m) d 5_
g 1)+ o

(41)

about some of the kinetic properties of 3D crystals using
formulas (7)-(15), with Kane's disperson relation, is
given in the cited paper [2].
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MHOKHHA BaXKJIMBUX KiIHETHYHHUX BJIACTHBOCTE KPUCTAJIB TA IX 3arajbHi
CTATHCTHYHI PO3PaXyHKH
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B HepiBHOBaXkHIH TepMOIMHAMILII BiZIOMI y3araJbHEHi PiBHSIHHS €JIEKTPOIPOBIAHOCTI Ta TEILIONPOBIAHOCTI.
BoHu onucyIoTh BIATYK MPOBITHOTO CEpeIOBHINA Ha Jit0 Apei(oBUX MONIB B HBOMY Ta MarHitHOro mnomis. B mi

PIBHSIHHS

BXOIITH (DEHOMEHOJIOTIUHI TEH30pH Ta KOe]illieHTH, sSKi BH3HAYAIOTh BCIO MHOXKHY BaXKIIMBHX

KiHeTWYHUX BJIACTUBOCTEH MNpPOBIMHMX KpHUcTaiiB. OTXKe, Ml BHUSCHEHHS NPHPOIM BIIACTUBOCTEH KpHCTaja
HEOOXi/IHO BUACHUTH HPHPOLY MHOKMHHM KIHETMYHHMX TEH30pIiB i KoedillieHTIB, sIKi BXOIATH B y3arajbHEHi
PIBHSIHHS €JIEKTPOIPOBIIHOCTI Ta TEIUIONPOBIAHOCTI. B naHiif poOoTi BCs MHOXKHMHA X BayKJIMBHUX BEJIUYUH JUIS

I30TPOITHAX ~ KPHCTAJIB METOJAMH  CTaTUCTHYHOL

Gi3UKH  PO3PAaXOBYIOTBCA  IPH

3arajJJbHuxX ymMoBax

CIIOCTEPEIKECHHS, @ TAKOX I0KAa3aHO BILUIMB IIPOCTOPOBOI'O KBAaHTYBaHHsA Ha KiHeTuuHi BiactuocTi B 2D Ta 1D

KpucraJiax.

KirouoBi ci1oBa: norenuian [i66ca, eHTpOMis, €1eKTPOIPOBIAHICTE , TEIUIONPOBIIHICTE, AITOPUTM, TEH30P.
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