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Energy spectrum, wave functions and binding energies of the electron to the donor impurity ion located in
the center of a multilayer spherical quantum dot (MSQD) consisting of a core (GaAs) and two spherical shells
(AlxGaixAs and GaAs) were studied within the effective mass approximation. Based on the exact wave functions
of the electron expressed in terms of Coulomb functions of the first and second kind, the spectral dependences of
the photoionization cross section of the impurity (PCS) and the intersubband optical absorption coefficient (OAC)
for various geometric dimensions of the nanostructure were calculated.

It is shown that the decrease in the width of the external potential well changes the localization of the
electron in the nanosystem which significantly affects the binding energy of the electron with the impurity,
photoionization cross section and interband absorption coefficient. The position of the PCS peak associated with
the quantum transition of an electron from the ground state to the 1p° state shifts to the region of higher energies,
and its height decreases. At the same time, the height of PCS peaks associated with quantum transitions to higher
excited states (2p°, 3p°) increases.

The presence of impurities and changes in the MSQD size significantly affect the intersubband absorption
coefficient. Decrease of the external potential well width in the absence of impurities leads to a monotonous
increase in OAC through the first excited state, and in the presence of a central impurity, absorption through
states with higher energy increases.

Obtained results enable prediction of the specifics of the effect of the magnetic field on the optical properties
of MSQD with two potential wells.
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Introduction It is well known that the optical properties of
semiconductor systems can be controlled by impurities,

Multilayer spherical quantum dots (MSQD) which external electric and mag_netic fiel_ds. The design_ of
consist of a core and several shells of semiconductor ~ Magneto- and electro-optical semiconductor devices
materials with different bandgap values are intensively necessitates theoretical _studle_s_of the optical properties of
studied due to the prospects of their use in various  MSQD, the effect of impurities and external fields on
nanoelectronics and nanophotonics devices. They can  heir energy spectrum, localization of charge carriers in
significantly improve existing and create fundamentally ~ the complex confinement potential.

new semiconductor devices such as white light sources, Most such studies are based on solutions of the one-
high-efficiency photovoltaic devices, fluorescent labels ~ Particle Schrodinger equation within the effective mass

with multimode radiation, various detectors, magneto- ~ @PProximation. Finding the energies of several lowest
optical devices and memory elements for novel states often employs different variational methods or the

computers [1-5]. method of perturbation theory [6-16], the potential
morphing method [17-19] or numerical finite element
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method [20-23]. Only for some problems one can find
exact solutions of the Schrodinger equation, which are
especially valuable because they can be used to calculate
the full energy spectrum and to solve more complex
problems. For example, the exact wave functions of an
electron in an MSQD with rectangular potential wells
and barriers are expressed by the linear combinations of
the Bessel functions and form an orthonormal basis. The
effect of charged impurities and external fields on the
optical properties of MSQD was investigated by the
matrix method using this basis [24-32]. In addition, the
obtained expansion coefficients of the electron wave
functions enable an estimate of the contribution of the
states of the undisturbed system to the formation of new
states of the quasiparticle.

The calculation of the energy spectrum and wave
functions (WF) of an electron in spherical nanosystems
with an impurity by the diagonalization method requires
consideration of a large number of terms due to the
presence of a singular potential. Diagonalization of such
matrices encounters technical problems of solution
stability.

For the case of a central impurity, this problem is
solved by using exact solutions of the Schrodinger
equation based on Mathieu and Whittaker functions,
degenerate hypergeometric or Coulomb wave functions
[33-37]. Their numerical calculation is more complicated
than the Bessel functions, but using an orthonormal basis
on Coulomb WFs decreases the size of the matrix
required for diagonalization when studying the effect of
electric or magnetic field on the impurity states in
MSQD. Thus, such an orthonormal basis is a good and
reliable tool for further theoretical research.

The authors of [38] used a similar orthonormal WF
basis to study the effect of the magnetic field on the
optical properties of spherical nanosystems of the
core/shell type (MSQD with a single potential well). The
use of exact solutions of the Schrodinger equation based
on degenerate hypergeometric functions to study the
binding energy of an electron and an impurity and the
oscillator force of quantum transitions of quasiparticles
in MSQD with two potential wells separated by potential
barrier was demonstrated in [37, 39]. It was shown that
the calculated binding energy agrees well with the results
obtained by other methods, and that the dipole moment
of quantum transitions depends significantly on the ratio
of MSQD potential well width as this affects the
distribution of the electron density in the nanosystem.

Studies of MSQDs with two and three wells [30, 40]
show that a strong constant magnetic field reduces the

effective width of the outer potential well which leads to
changes in the electron localization in the ground and
excited states and thus affects the dipole moment and the
oscillator force of quantum transitions.

To increase the sensitivity of the optical properties of
the nanosystem to the magnetic field, it is necessary to fit
such MSQD core and shell size that the electron in the
ground state is localized in the outer shell but transits
into the inner shell upon a small decrease of the shell size
[41]. Similarly, the MSQD size can be selected to
increase the sensitivity of its optical characteristics to the
electric field [29].

The impurity photoionization cross-section and the
intersubband absorption coefficient are those optical
characteristics that were intensely studied for simple
spherical and cylindrical QDs and MSQDs with various
profiles of confinement potential [10-14, 16-19, 32]. The
effect of electric [32] and magnetic field [42] on the PCS
of the central and off-center donor impurity in the
spherical shell which forms a potential well of finite
depth was investigated by the diagonalization method
using an orthonormal basis of Bessel functions. The need
to take into account quantum transitions to higher excited
states was shown as their contribution increases with
increasing external perturbation. Similar effects for
MSQD with two wells were not studied although their
sensitivity to external fields should be greater.

Here, we report the effect of the outer potential well
width of the GaAs/AliGaixAs/GaAs MSQD with a
central donor impurity on the energy spectrum, wave
functions, binding energy, impurity photoionization
cross-section and intersubband optical absorption
coefficient.

I. Theory

The multilayer spherical quantum dot investigated in
this work consists of a spherical core (GaAs) and two
spherical shells (AlxGai_xAs and GaAs) placed in a wide-
gap medium. The MSQD core and the outer spherical
shell form two potential wells for the electron, and the
inner layer is a potential barrier which height V is
determined by its aluminium content x. The core radius is
ro, the thickness of the spherical layers are 4; and 4,. The
donor impurity is located in the center of the nanosystem
core. The scheme of the potential energy of the electron
in MSQD is shown in Fig. 1. The Schrédinger equation
for the electron has the form:

e 1 - _ . .
-——V—VY,  (r)+[U{r)——] ¥, .(F)=E_ ¥,.(F), 1
2 /l(l’) nlm( ) [U( ) g(l’)l’] nlm( ) nl nlm( ) ( )
where the coordinate dependences of the effective mass,
dielectric constant and potential energy are expressed as:
&y, M<ry, L <r<r,,
e(r) = )
My, I<ly, [R<I<n, &, Ih<r<n

m, R<r<n

u(r)= me{
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U(r) 0, r<rg, R<r<r,
u(r)=<V, rp<r<r, (3)
| — o, 20,

where me is the free electron mass.
A{ Ay Making Eq. (1) dimensionless by using the Rydberg

energy Ry =m.e*/2n” as a unit of energy and the Bohr

[}

1

1

1
nn

— r radius ag =%°/m,e? as a unit of length, and taking into

account the spherical symmetry of problem, the equation
for the radial part of the wave function is expressed as:

oy [

Fig. 1. Potential energy of the electron in
GaAs/AlGa;xAs/GaAs MSQD at Z = 1.
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The general solutions of Egs. (4) and (5) are expressed by a linear combination of degenerate hypergeometric
functions of the first and second kind F(a, b, z) and G(a, b, 2):

AoefforlzrgF (£+1_770’2€+2’ C_,Zor)n rSrO
Ro(1)={ A 20 [F (11, 2042, &)+ B G(+1ry, 2042 éﬂr)ﬂ fo<r=h, ©

Aze“fo”zrf[F (C+1=79, 20+2, E1)+B, G(L+1—19, 20+2, &)} h<r<T,y

2Zm . 2Zm
0, &M =2sign(V —Ep m (V —Ep,) oy =1 @)

&o =—2sign(Ey, )ymy (-Epy) » 1o =
& $o &8

where sign(x) is a sign function that provides a single

analytical form of WF for states with different signs of Based on the energy spectrum and wave functions,
electron energy. The coefficients Ao, A1, A2, B1, B2 and the binding energy of the electron and the impurity in the
the energy spectrum of the electron are determined from state (nl) and the effective photoionization cross-section
the Ben-Daniel-Duke boundary conditions [39] and the are calculated by the formulas:

normalization condition:

En =Ei " -Eq™ ©
r 2
j Rnf(rx r?dr=1. (8)
0
47° ( Fess ’ Z=0|,|pZ=1\| 2
o(no) =7~ Bes ho Y [(REORE™)|? (s - o), (10)
nr FO n
r polarization vector of the light wave coincides with the

where  S(E, —7w) , ho is the

direction of the OZ axis, the integral over the angular

variables gives the coefficient 1/+/3, and the selection

rule for intersubband quantum transitions for spherically
symmetric systems is A/=+1. The sum over the

- 2{[E, —ho]® +T}
photon energy, n; is the refraction index, frg = 1/237 is
the fine structure constant, the ratio Fy; /Fy =1, T =0.4
meV [32]. Eq. (10) takes into account that the
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quantum number n takes into account the transitions to
all possible p-states of the electron. The energy E5~°

and wave functions R5™ of the electron states in the
absence of impurities can be calculated by two methods:
by Egs. (6), (7) for Z = 0, or on the basis of the Bessel
functions of the first and second kind [41].

Absorption coefficient was calculated for the cases
of presence (Z = 1) and absence of impurities (Z = 0)
according to the formula [27]:

‘<Rn1|r|R10>‘ 2p heo AT,
En —Epo _ha’)z + (T )2 ,

a(ho) =A4nfes Y ( (11)

where p=1/V is the carrier density in MSQD,
I, =1/7y, where 17,=014ps is the relaxation
time [27].
Il. Results and discussion

The following physical parameters of

GaAs/AlGaixAs/GaAs MSQD were used in numerical
calculations: x = 0.3, mg = 0.067, m; = 0.067 + 0.083 X,

\

25

40
A, nm

92

g = 13.18, & = 13.18 - 3.12x [16], V = 0.6(1155 x +
370 x?) meV, ro =10 nm, r; =12 nm, r, = 10 - 20 nm.

The dependence of the energy spectrum of the
electron in MSQD (ro = 10 nm, A; = 2 nm) on Ay, the
size of the outer potential well, is shown in Fig. 2. In the
absence of impurities, at small values of A, < ry the
electron is localized in the core of the nanosystem as
shown by the horizontal region of the Eio (A2)
dependence, and at A, > rg the electron is located in the
outer potential well where its energy is less. The change
in the localization of the electron occurs in the region of
energy levels Eip and Exp anticrossing (A2 ~ 10 nm). The
width of the anticrossing region and its smoothness are
determined by the width of the potential barrier A;. The
Eiwo(A2) and Ex(A2) dependences in the anticrossing
region at A;= 3 nm are shown in the insert to Fig. 1b. In
the presence of a central donor impurity (Fig. 1a) the
region of the anticrossing is shifted to A, ~ 14 nm due to
the Coulomb attraction.

The radial distribution electron

of density

2
w(r) = Rn((rx r? in the ground and excited states that

participate in quantum transitions and determine the
optical properties of the nanosystem is presented in Fig.
3. The dimensions of the outer potential well which

Em, meV

10 15 A,nm

0 T T T
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b)

Fig. 2. Dependence of the electron energy spectrumon Az atrp=10nmand Az=2nm(@-zZ=1,b-2Z=0).
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Fig. 3. Distribution of electron density in 1s, 1p, 2p states: a— A2=12nm, Z=1;b-Ay=18nm, Z=1;c— A=12
nm,Z=0;d-A=18nm,Z=0.
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Fig. 4. Dependence of the binding energy Erﬁ’, (A2) in the
electron states 1s, 2s, 1p, 2p.

correspond to the beginning (A2 = 12 nm) and the end
(A2 = 18 nm) of the anticrossing region are selected for
the display. This illustrates the peculiarities of the
electron density redistribution in the anticrossing region.

A small perturbation can change the spatial
distribution of electron density in the anticrossing region
which should be reflected in various optical
characteristics. Therefore, MSQD of such sizes is the
most sensitive to influence of external fields.

Dependence of the binding energy of the electron to
the impurity in s and p states are shown in Fig. 4. The
maximum values of the binding energy of the electron to
the impurity correspond to the case of localization of the
electron in the core of the nanosystem. In the
anticrossing regions of energy levels Eio and Ez, as well
as Ei1 and Ez, the corresponding binding energy
dependences are crossed. The binding energy in p states
is lower than that in s states because of the shift of the
electron density from nanosystem center due to the

centrifugal term in the Hamiltonian.

The spectral dependence of impurity PCS for various
values of A; is plotted in Fig. 5. The main contributor to
the PCS at A,=20 nm is the quantum transition 1s-1p°
which is confirmed by the overlap of the corresponding
WFs (Fig. 3 b, d). At the same time, the magnitude of the
dipole moment of the quantum transition 1s-2p° is much
smaller than that of 1s-1p° due to the sign alternation of

2p° WF (R%™°). As the size of the outer potential well

decreases, the electron in 1s and 2p° states is localized in
the core. Therefore the first PCS peak (1s-1p?) decreases
and the second PCS peak associated with the 1s-2p°
guantum transition increases. Additionally, upon
decreasing A; all PCS peaks are shifted to the region of
higher energies.

Dependence of the light absorption coefficient on the
photon energy for MSQD with impurity (solid lines) and
without impurity (dashed lines) for various A, values is
shown in Fig. 6. Unlike PCS, the expression for OAC
contains the dipole moment of the quantum transition
between states at Z = 1 (in the presence of impurity) or at
Z = 0 (in the absence of impurity). But the qualitative
behavior of absorption peaks with decreasing A, value is
somewhat similar to PCS, i.e. a shift of peaks to the
region of higher energies and an increase in the value of
peaks of higher excited states. But in the absence of
impurity, the first peak increases with the width of the
outer potential well, whereas in the presence of impurity
this absorption peak decreases and becomes smaller than
the peak associated with the transition to the second
excited state 2p.

Obtained changes in the spectral dependences
o(hw)and a(hiw) caused by the reduction of the outer

potential well allow us to predict the effect of the
external constant magnetic field on the MSQD optical
characteristics. Increasing the induction of the magnetic
field reduces the cyclotron radius of the electron

1s-1p° 1s-2p°

‘ ‘ 10
t T T 12
o, nm
15-1p° ‘ — 14
200
. g
150 - A, —A 16 "
1004 L
. - 18
50
1s-2p° 1s-3p°
% 20 0y & 20
ho, meV

Fig. 5. Impurity PCS as function of photon energy for various A, values.
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1s-2p

0,0

8‘0 160 20
o, meV

Fig. 6. Spectral dependence of the intersubband optical absorption coefficient of MSQD for various A; values
(Z =1 -solid lines, Z = 0 — dashed lines).

r, =+/2h/eB . If this becomes smaller than the MSQD

radius, the magnetic field will increase the confinement
and decrease the effective potential well width in the
direction perpendicular to the magnetic field. The change
of the electron localization under the selected MSQD
dimensions will require ~5-10T induction of the
magnetic field. The effect of the magnetic field on the
optical properties of GaAs/AlxGai-xAs/GaAs MSQD with
impurity will be investigated in the following study.

Conclusions

The exact solutions of the Schrédinger equation for
the electron in a GaAs/AlxGai;xAs/GaAs MSQD with
central impurity were obtained. The impurity
photoionization cross-section and the intersubband
absorption coefficient were investigated from the energy
spectrum and wave function of the electron for various
values of the size of the outer potential well. It was
shown that in the region of anticrossing of the energy
levels the nanosystem is most sensitive to the effect of
impurity and external fields on its optical characteristics.
A decrease of the size of the outer potential well of

MSQD leads to the shift of PCS and OAC peaks to the
high-energy region and to an increase in the contribution
of quantum transitions to higher excited states to the
optical characteristics. Absent of impurity in MSQD,
intersubband absorption occurs mainly through the
quantum transition 1s°~1p°, whereas in the presence of a
central impurity the greatest absorption occurs at higher
photon energy through the quantum transition 1s-2p.
Obtained research results enable predictions of the effect
of a strong magnetic field on the optical properties of
MSQD.
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Ilepepi3 ¢poroionizanii foMimkn Ta KoeiuieHT MIXKIII30HHOTO NMOTJINHAHHS
CBiT/Ia B 0araromapoBux cepuyHux
KBAaHTOBHUX TOY0KAX

YYepuiseyvkuii nayionanvruii yuisepcumem imeni FOpis ®edvrosuua, Yepuisyi, Yrpaina, v.holovatsky@chnu.edu.ua
2Bonuncvkutl Hayionanvuuil ynieepcumem imeni Jleci Yxpainxu, JIyyok, Ypaina, yurchenko.oksana@vnu.edu.ua

VY pamkax HaOIMKeHHS e(eKTHBHOI MacH JOCIIDKEHO eHepreTHYHUH CHEKTp, XBUIBOBI (QYHKINT Ta eHeprii
3B’SI3Ky €JIEKTpOHA 3 iOHOM JOHOPHOI JOMILIKH, PO3MIIIEHHM B LEHTpi OaraTomapoBoi chepryHOi KBaHTOBOT
touku (BCKT), mo cknamaerses 3 siapa (GaAs) ta 1Box chepuunnx o6omonok (AlxGaixAs ta GaAs). Ha ocHosi
TOYHUX XBWJIbOBHX (PYHKIIH €NEKTpOHA, SKi BUPaXAIOTHCS depe3 KyJIOHIBChbKI (YHKLII MEpIIOro Ta APYroro
POy, pPO3paxOBaHO CIEKTpalbHI 3aleKHOCTI mepepidy ¢oroionizanii gomimku (IIDJ]) ta koedimienta
MixmigzonHoro nmornuHaaHg (KMIT) 3a pi3HEX reoOMeTpHYHHAX PO3MipiB HAHOCTPYKTYPH.

[Toka3zaHo, 110 BHACTIMIOK 3MCHIICHHS MIMPUHHU 30BHIIIHBOI MOTEHINAIBHOI MU 3MIHIOETBCS JIOKAJi3allis
€JICKTPOHAa B HAHOCHUCTEMi, 10 CYTTEBO BIUIMBAE HAa EHEPril0 3B’SI3Ky €JNEKTPOHA 3 JOMIIIKOIO, Iepepi3
¢doroioHizamii Ta koedilieHT MiXIiA30HHOTO MoriuHaHHs. [lonoxenns mika [1dDJ], moB’s3aHOTO 3 KBAHTOBHM
HepexoioM eNeKTPOHA 3 OCHOBHOTO CTaHy B cTaH 1pP, 3milryeTbcs B 06IacTh BUIIMX €HEPTil i 3MEHIIy€eThCs
ioro Bucorta. BomHouac 3pocrtae Bucorta mikiB [IDJ], mo moB’s3aHi 3 KBaHTOBUMH IEPEXOJaMH y OiJbII
30ymxeni cranu (2p°, 3p°).

HasBricts momimku Ta 3mina po3mipiB BCKT cyTreBo BruiBae Ha KoeillieHT MIKITiA30HHOTO TTOTIIMHAHHSL.
3MEHIIeHHS MUMPUHU 30BHIMHBOI moreHmianbHOi ssMu BCKT y BimCyTHOCTI JOMIMIKH TPUBOIUTH IO
MoHOTOHHOTO 30inbIneHHss KMII uepes nepinii 30ymkeHnit cTaH, a y BUIIaAKy HasSBHOCTI LEHTPAJIBHOI JOMIIIKH
3pOCTae MOTJMHAHHS Ye€pe3 CTaHU 3 OUIBIINMH CHEPTiIMH.

OTpuMaHi pe3yabTaTd AAIOTh MOXKJIMBICTh NepeadaduTH OCOOIMBOCTI BIUIMBY MarHiTHOTO MOJS Ha ONTHYHI
piactuBocti BCKT 3 1BoMa oTeHLiaIbHUMH SMaMHu.

KiouoBi cioBa: GaratomapoBa KBaHTOBa TOYKa, JOHOpPHA JOMIMIKa, mepepi3 (oToioHi3amii JOMIIIKH,
€HEepTis 3B’53Ky JOMIIIKH, ONITHYHUHA KOe(illieHT TTOTIIMHAHHSI.
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