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In the model of effective masses and rectangular potentials for an electron and a hole, the influence of a uniform
electric field on the energy spectrum and wave functions of the exciton and the oscillator strengths of interband
quantum transitions in the semiconductor (GaAs/AlxGaixAs) quantum dot-quantum ring nanostructure is
theoretically investigated. The stationary Schrodinger equations for noninteracting quasiparticles in the presence
of an electric field cannot be solved analytically. For their approximate solution, the unknown wave functions are
sought in the form of an expansion over the complete set of cylindrically symmetric wave functions, and the electron
energy is found by solving the corresponding secular equation. The exciton binding energy is found using

perturbation theory.

The dependences of the energy spectra, the wave functions of an electron, hole, and exciton, and the intensity
of interband optical quantum transitions on the magnitude of the electric field strength are analyzed.
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Introduction

Currently, the experimental possibilities of creating
various semiconductor nanostructures allow scientists to
grow entire ordered arrays of concentric simple and
double quantum rings with axial symmetry and to study
the luminescence spectra in them [1-3].

The unique properties of quasiparticles (electrons,
holes, excitons, ...) in such nanostructures, which are
manifested during their interaction with each other and
external electric and magnetic fields, make it possible to
use them in modern nanoelectronics devices:
semiconductor lasers [4], photodetectors [5], elementary
qubits quantum computers [6].

Theoretical models for calculating spectra, wave
functions of basic quasiparticles and intensities of
intraband and interband optical quantum transitions in
such structures are also intensively developed and
improved.

In papers [7, 8], the authors investigated the
dependence of the energy spectrum of an electron in a
simple cylindrical semiconductor quantum ring on the
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intensity of a uniform electric field directed perpendicular
to the axial axis of the ring. They showed that these
dependencies are different for a certain range of changes
in the electric field strength and are determined by the ratio
between the inner and outer radii of the rings. In particular,
anticrossing of energy levels can be observed in the
corresponding dependencies.

In papers [9-12], the authors theoretically investigated
the influence of electric and magnetic fields on the energy
spectrum, wave functions and intensities of intraband
quantum electron transitions in double quantum nanorings
based on GaAs/AlkGaixAs semiconductors. The
stationary Schrodinger equation for a quasiparticle in the
presence of a magnetic field is solved analytically exactly,
and the wave function is obtained as a superposition of
confluent hypergeometric functions and generalized
Laguerre polynomials. In the case of an electric field, this
equation cannot be solved exactly. Therefore, the
spectrum of an electron interacting with an electric field
was found by the method of expanding the unknown wave
function of the electron by the complete orthonormal set
of wave functions of a quasiparticle in a nanosystem
without a field and solving the resulting secular equation.



The authors showed that the electron in all states can be I. Theory of the energy spectrum and
localized either in the inner or outer ring depending on the

value of the magnetic induction (B), the strength of the
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electric (F) fields, and the ratio between the thicknesses of quantum  dot

the nanorings. In this case, energy level anticrossings are

observed in the corresponding dependences of the energy

levels on F or B, and the maxima and minima of the
intensities of the corresponding transitions are clearly
pronounced in the dependence of the oscillator strengths.
The authors found that the reason for this behavior is a
change in the localization of an electron in the space of
two nanorings in different quantum states with a change in
the electric field strength or magnetic field induction.
Exciton and polaron effects in nanorings were studied
in papers [13, 14]. The calculations performed by the
authors showed that it is possible to purposefully control

the location of an electron in a system of double nanorings axis.

using electric and magnetic fields. The energy of the
ground state of the polaron decreases nonlinearly with
increasing electric field strength, and, in general, the
application of electric and magnetic fields leads to
strengthening of the electron-phonon interaction.

In this work, we will theoretically investigate the
influence of a uniform electric field on the energy
spectrum and wave functions of the exciton (taking into
account the energy of the electron-hole interaction), as

well as on the intensity of interband quantum transitions
in the quantum dot-quantum ring semiconductor

nanostructure.
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Fig. 1. Geometric and energy schemes of the nanostructure.

794

wave functions of an exciton
guantum
semiconductor nanostructure.

The paper presents studies of a nanostructure
consisting of a cylindrical semiconductor quantum dot
(quantum well, GaAs medium), which is tunnel-connected
to a coaxial cylindrical nanoring (quantum well, GaAs
medium) through a finite potential barrier (AlxGaixAs
medium). The height of the nanostructure is L. The cross
section by the plane z = 0 and the scheme of the potential
energies of an electron and a hole of such a nanostructure
in the absence of an electric field are shown in Fig. 1. The
electric field intensity vector F is directed along the Ox

For reasons of symmetry, all further calculations will
be performed in a cylindrical coordinate system with the
Oz axis along the axial axis of the nanostructure.

Since the lattice constants and the permittivities of the
semiconductor elements of the nanostructure differ little
from each other, we will use the model of effective masses
and rectangular potentials to calculate the spectra and wave
functions of an electron and a hole. We will consider them
to be known in all areas of the investigated nanostructure:
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pEm () = { (eh) yzl<L/2 and 0<p<py, pr<p=<p, , )
©M zl > L/2 or |2l <L/2 and py < p < p1, p > ps
(e,n)
U(eh)(p) = {U » Po < P < P, P > P2, (2)
0, 0<p<py Pr<p=pz.

We will also assume that the exit of quasiparticles into

the |z| < L/2 region is impossible, since the electric field Heo (7, ) W (7, ) = Epy Wor (P, ) 4)

does not affect the energy spectrum of the electron and hole

(and therefore the exciton) when both quasiparticles move with the Hamiltonian

along the Oz axis.
Hex(?é' Fh) = Eg + He(Fe) + Hh(Fh) + U(l?e - 77zhl) (5)

o, |z|>L/2, 3)

0, lzl<L/2 Here, E4 is the band gap width of the nanosystem

quantum well material;

Uen () = {

In order to find the energy spectrum and wave functions
of the exciton in such a nanostructure, it is necessary to solve
the stationary Schrédinger equation

H#) = ——— S SR Wl | DR G i +UD@) F lelFp;cosp;, (i=e,h) (6)
Ti ZM(‘)(p) f’Piz pidp;  p}op? 2u®D (p;) 022 t L v ’

- the Hamiltonians of an electron and a hole in an electric

field that do not interact with each other; The method of solving equations (8) will be given on
the example of an electron, omitting the index i.

_ e? It can be seen from the form of the Hamiltonian (6) that

U(lr. =7l) = = eGorn) 7Tl ™ the variable z in the corresponding Schrodinger equations (8)

is separated, and it is advisable to look for the electron wave

- the potential energy of the interaction between an function in the form [13]
electron and a hole in a medium with permittivity (%, 7,).

The Schrédinger equation (4) with the Hamiltonian Y(#) = F(p, p)fn,(2) ©)
(5) cannot be solved exactly. We will seek its approximate Here
solution in the following way. Considering that the energy mn,
of interaction between an electron and a hole is two orders cos ( ) Mz
of magnitude less than the energy of their size quantization, f,,(2) = . .
we first find the last ones. At the same time, we will take into Sin (T Z) » My
account the effect of the electric field, and then we will find
the binding energy of both quasiparticles using the In the absence of an electric field, equation (8) also has
perturbation theory. exact solutions

So, further we will solve the stationary Schrodinger
equations for an electron and a hole that do not interact with
each other

=135, ..
(10)
=2,4,6, ...

B} m(p, @) = 7=Rn,m(p)e™? (11)

~ , with radial functions
H¥;(pi, 91, 2) = E¥:(p;, 0i,2;), (i=e,h) (8)

Riym(P) = A o’ OP) + B ) (p), - (1 = 0,1,23) (12)
() In(X,p), 1=1,3

T XP) = {, . (13)
m n(X,p), i=0,2

Kn(X,p) i=13

14

nd(xp) = {

Here n, and m are radial and magnetic quantum first and second kind; In, Kn are cylindrical modified
numbers; Jm, Nm are cylindrical Bessel functions of the Bessel functions of the first and second kind;
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Xo = J2t0 (Uo = ERm) /02 + moniL;

%= JZulE,epm/hz —nng/L;

By =0, AD, =0

npm

All the unknown coefficients A&f})m, in the wave

functions and electron energies Ej ,m are found from the

conditions of continuity of the radial functions (12)—(14) and
the probability density fluxes at the heteroboundaries of the
nanostructure and the normalization condition.

Note that the wave functions (11) together with (10)

B

()
npm

F oo
anm,n'pm’ = Enpmanp,n;,sm,m' + (5m’,m+1 + Sm’,m—l)e?fo Rnpm(p) Rn;,m’(p)pzdp .

Now, in order to find the energy spectrum of a
quasiparticle and its wave functions, it is necessary to find
the eigenvalues and eigenvectors of the obtained matrix.

Since the summation is based on the indices n, and m
in (15), the new quantum states of the electron (hole)
interacting with the electric field are now characterized by
only one quantum number n.

So now we know both the complete wave functions of the

electron ‘I’;’Zeng (7) (9) and its energy E;’Zeng. The wave

functions (¥, (#) ) and the hole energy (E" 1) are
n*nz n*ny
obtained in exactly the same way.
Then the exciton energy in the studied nanostructure is
obtained in the form

Eneng
n

E, +E° . +E% ,+AE""
o = B + Eneng + Eyny + A

n

(18)
Here, AE::ZEEI is the exciton binding energy, which,
due to its smallness, can be found according to the

perturbation theory

2
e Swh >
|l’Unen§ @ lpnhng @ |

neng — ﬁ 3> 32
AE s = 73 [ & [ &y, &(Te,Pp)Te—Thl 19)
The obtained energies and wave functions of the

electron and hole also make it possible to detect the intensity
of interband optical quantum transitions using the well-
known formula [15]

In“’né" ~
nhnlt —

2
|f Prens (0,0, ¥ (P, 0, 2)p dpd<pd2| (20)
The calculation and analysis of the exciton spectrum and
the intensities of interband quantum transitions was
performed by numerical methods for a nanostructure based
on GaAs/Al, ,GaycAs semiconductors.
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form a complete orthonormal set.

Then, in order to find the energy spectrum and wave
functions of an electron in a nanostructure at F # 0, we will
represent these functions in the form of an expansion of the
complete set of wave functions (11)

1 .
FE.(p, @) = \/T—H,an Xm Crrllpm Rnpm(p)e”mp- (15)

Substituting the expansion (15) into the Schrédinger
equation with Hamiltonian (6), it is easy to obtain the secular
equation

=0 (16)

- o) ’ ’
npmn,m nn, npmn, - mm

with matrix elements

(17

Il. Analysis and discussion of results.

The dependence of the electron, hole and exciton
spectrum and the intensities of interband optical quantum
transitions on the electric field strength (F) was studied
using the example of a GaAs/Al, ,Ga,¢As nanostructure
with the following physical parameters: Eq = 1424 meV,
g~ g = 13, MSZO.O% my, /.t‘i:0.063 my, Ug=297 meV,
ygl:O.Gl mo, u=0.51mg Uk=224 meV (mo s the electron
mass in vacuum); lattice constant of the medium
GaAs - aggus =5.65 A°.

Figures 2a, b, ¢, d shows the dependences of the
energies of the electron (Fig. 2a, b) and hole (Fig. 2c, d) on
the magnitude of the electric field strength (F) at L =5 nm,
h=17a44s» pPo =0, A= 21az,s (Fig. 2a, ¢) and
po = 18agaas, A= 3agqs (Fig. 2b, d).

That is, Figures 2a,c correspond to a simpler
nanostructure that contains only one nanoring (no quantum
dot) with thickness h = 17a;,s and inner radius
py =2lag,s, and Figures 2b,d correspond to a
nanostructure with a quantum dot and a nanoring of the
same geometric dimensions. On the left of all the figures,
the quantum numbers n,, m are given, which characterize
the corresponding energy levels in the absence of a field.

Figures 2a, ¢ show that for both quasiparticles, in the
absence of a quantum dot in the nanostructure, levels
generated by the quantum number n, = 1 and different
values of the magnetic quantum number m are formed on
the quantum well energy scale. In the presence of a
quantum dot, "new" levels with different values of
guantum numbers n, appear in the energy spectra of both
quasiparticles at F = 0 (Fig. 2b, d). The energy of the
ground state of both the electron and the hole only
decreases with increasing electric field strength F.
However, the energy of excited states can increase with
increasing F and only then decrease. In the general case,
the increase or decrease of electron or hole energies with
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Puc.2. Dependences of the energies of the electron (Fig. 2a, b) and hole (Fig. 2c, d) on the magnitude of the electric
field strength (F) at L=5nm, h = 17a;44s, Po = 0, A= 21as4s ((Fig. 23, €) and py = 18445, A= 3agqs (Fig.
2b,d

increasing F is due to the region of the nanostructure in
which the quasiparticle is localized in the corresponding
states and the nature of the angular distribution of the
probability density with respect to the direction of the
electric field strength.

As can be seen from Figures 2a, b, the electron energy
weakly depends on the magnitude of the electric field
strength. Since the effective mass of the hole is almost an
order of magnitude greater than the mass of the electron, the
density of its energy levels in the quantum well energy scale
is significant, their dependence on F is sharply
nonmonotonic with pronounced level anticrossings (Fig.
2d). The cause of anticrossings is the change in the
localization of the quasiparticle between the quantum dot
and the outer ring in the corresponding quantum states with
an increase in the electric field strength [12]. Anticrossings
occur where levels of different symmetry at F = 0 should
have crossed. At this value of the strength at the anticrossing
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point, the probabilities of both quasiparticles being in the
region of the quantum dot and the nanoring are the same
and equal to 0.5.

Figures 3a, b shows the dependences of several lowest
exciton levels (Fig. 3a) and the corresponding intensities of
interband optical quantum transitions (Fig. 3b) on the
magnitude of the electric field strength (F) at L = 5 nm,
h =17agqs, po = 18agqaas, A= 3atgqs-

Figure 3a shows that the dependence of the exciton
levels on F nonmonotonically decreases with the
manifestations of exciton anticrossing. The exciton binding
energy calculated by formula (19) turns out to be two orders
of magnitude smaller than the sum of the size-quantized
energies of an electron and a hole. Therefore, the behavior
of exciton levels with a change in strength F is completely
determined by the peculiarities of the behavior of the
electron and hole energies and their common contribution
to (18).
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It can be seen from Figure 3b that in the range of
electric field strength change from 0 to 1 MV/m, only two
transitions have significant intensity: I} from F=0 to
F=0.4 MV/mand I} from F= 0.2 to F~ 0.7 MV/m. The
intensity of other transitions is low. The transition intensity

I} is maximum at F = 0, and with increasing F it only
decreases and is practically equal to zero at F = 0.4 MV/m.
This behavior of the intensity can be explained by the
following considerations.

Consider the evolution of the density of the

>
[3)
£ 0,9
‘e 2: :i
m . <
Ez "‘f_.gc
1540 0,6
) 2
\Q El
1530 T
E! 03
2 ]
1520 .
(@) .
1
2
1510 . T T T T 0,0 : = <, = — - 7
00 0.2 0.4 06 F,MV/m 10 0,0 0.2 04 06 F, MV/m 1,0

Fig. 3. Dependences of the exciton energies (Fig. 3a) and the intensities of interband optical quantum transitions
(Fig. 3b) on the magnitude of the electric field strength (F) at L =5 nm, h = 17a;4s, Po = 18gaas A= 3Agqas-
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Fig. 4. The evolution of the probability density of finding an electron and a hole in the ground states in a nanostructure
with a change in the electric field strengthat L =5 nm, h = 17a;45, po = 18Q¢qas: A= 3gas-
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probability of finding an electron and a hole in the ground
states in a nanostructure with an increase in the electric
field strength (Fig. 4). As can be seen from Figure 4, at F
=0, the electron and hole in the ground state are localized
in the quantum dot. In this case, the overlaps of the
corresponding wave functions in (20), and hence the
intensity of the transition, are significant. As the electric
field strength increases, the hole begins to tunnel into the
outer nanoring. At the same time, the overlap of the wave
functions of both quasiparticles and, consequently, the
intensity of the corresponding transition decreases. At
F =~ 0.4 MV/m, the hole is completely localized in the outer
ring, and the electron is in the quantum dot. The wave
functions in the corresponding states overlap weakly and
the intensity of such a transition turns out to be small.

The evolution of intensities with a change in electric
field strength for other quantum states of an electron and a
hole can be explained quite similarly.

Main results and conclusions

In the approximation of effective masses and
rectangular potentials, the dependence of the energy
spectrum of an electron, a hole, an exciton, and the
intensities of interband quantum transitions on the
magnitude of the electric field strength (F) in the quantum
dot-quantum ring nanostructure was investigated. The basis
of the nanostructure are GaAs and Aly,,GagcAs
semiconductors.

It has been established that the location of
quasiparticles in the nanostructure can be purposefully
controlled by changing the magnitude of the electric field
strength F. It is shown that when F changes in the range
from 0 to 0.4 MV/m, the electron still does not change its
localization, but the hole already tunnels through the finite
potential barrier into the outer nanoring.

The hole and exciton energies and the intensity of
interband quantum transitions as F varies from 0to 1 MV/m
depend nonmonotonically on the electric field strength. In
particular, energy level anticrossings are observed in the
dependences of the hole and exciton energies on F, and
maxima are clearly pronounced in the dependences of the
intensities of interband quantum transitions. The reason for
this behavior is a change in the localization of the hole in
the space of the nanostructure in different quantum states
with a change in the electric field strength.
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CrieKkTp eKCUTOHA B HWIIHAPUYHIN HANIBIPOBIAHUKOBIH HAHOCTPYKTYPi
KBAHTOBA TOYKA — KBAHTOBE Kijlblie B €JIEKTPUYHOMY IOJIi

Yepniseyvruil Hayionanvhuil yHisepcumem imeni I0pis @edvrosuua, Yepnisyi, Yxpaina, hnidko.ihor@chnu.edu.ua

VY Mopeni eeKTHBHHX Mac Ta IPSIMOKYTHUX IOTEHI[IJB I eJIeKTPOHA i IIPKH TEOPETUIHO TOCIIKEHO
BIUIUB OJIHOPIJJHOTO €JEKTPUYHOrO II0J HAa €HEPreTHYHUH CIIEKTP Ta XBWJIbOBI (YHKIii €KCHTOHAa Ta CHJIH
OCHWIATOPIB MDK30HHHX KBAaHTOBHX IIepexomiB y HamiBmpoBimHuKoBil (GaAs/AlxGaixAs) HaHOCTPYKTYpi
KBaHTOBA TOYKa — KBaHTOBe Kinbie. CrarionapHi piBHsHHS Llpeninrepa Juist HeB3aeMOAIIOUMX KBAa3iYaCTUHOK 3a
HagBHOCT] €JIEKTPHYHOTO TIOJIS aHAJITUYHO HE PO3B’s3yroThCsA. st iX HaOIMKeHOro pO3B 3Ky HEBILOMI XBHIILOBI
(YHKII MIyKafOTBCS y BUTIBIL pO3KIIAIy 32 HOBHIM HaOOPOM IMUIIHAPHYIHO - CHMETPHIHHX XBIIILOBHX (DYHKIIH, a
CHEprisl eJIEKTPOHA 3HAXOJMTHCS i3 PO3B’S3YBaHHS BiAINOBITHOTO CEKYJSIPHOrO piBHSHHS. EHepris 3B’s3Ky
eKCHTOHA 3HaXOANUTHCA 3 BUKOPHCTaHHAM Teopii 30ypeHb.

[poananizoBaHO 3aJI€KHOCTI EHEPIeTHYHUX CIIEKTPIB, XBUIBOBHX (DYHKIIIH €JIeKTpOHa, TipKH i eKCHTOHA Ta
IHTEHCHBHOCTEH MDK30HHHX ONTHYHUX KBAHTOBHX IEPEXO/IB BiJl BETHYMHH HAMIPYKEHOCTI eJICKTPUIHOTO MOJIS

Ku11040Bi cJI0Ba: KBaHTOBA TOYKa, HAHOKLJIBIIE, CKCUTOH, CHEPIeTHYHHII CIIEKTP, IHTCHCUBHICTb, CIICKTPUYHE
noie.
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