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Within the framework of a simple analytical model, an expression has been obtained that allows to calculate
the work function near the tips of a nanostructured cathodes used in modern field emission devices. Numerical
evaluations performed for tungsten oxide W1sOus9 “nanopencils” show that taking into account the considered
decrease in the surface electron gas density near the nanotip leads to a decrease in the “bulk” value of the work
function (~4.55 eV) by approximately 10%. This effect must be taken into account when calculating the emission
current density according to the Fowler-Nordheim formula. It (as well as the electric field enhancement due to the
tip geometry) leads to an increase in the emission current density and a decrease in the emission turn-on field.
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The phenomenon of cold emission has extremely
important applications in modern vacuum technologies
(see, for example, monograph [1] and references therein).
The emission flux density from a metal surface is
determined by the Fowler-Nordheim formula (hereinafter
referred to as FN):

3 4./2m, @3/2
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Here e and m, are the charge and mass of a free
electron, # is the reduced Planck constant, and @ is the
work function. The field enhancement factor g is
determined by the geometry of the emission surface. It
determines the ratio of the intensity of the enhanced (due
to the geometry of the surface) local field Foc and the field
intensity between the anode and the cathode F =VI
(where V is the voltage at the anode, | is the distance
between the anode and the cathode) through the
expression;

Fioc = BF. 2
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As can be seen from (1), the work function @ is a basic
characteristic of the emitter, and today intensive efforts are
underway to obtain surfaces with the lowest possible work
function, which would allow obtaining high emission
currents at sufficiently low turn-on fields (see, for
example, review [2] and paper [3]). Another direction for
obtaining highly efficient emitters is the use of
nanostructured surfaces, which allow obtaining high
values of the field enhancement factor 3 (see, for example,
[4-7]).

However, in [7] attention was first drawn to an
essential circumstance: in all previous works, to describe
the experimental curves of the dependence of the emission
current on the applied voltage, the values of the work
function ® obtained for a flat surface of a bulk material
were substituted into the FN formula (1); this was done
even for nanostructured cathodes (see, for example, [5,
6]). At the same time, it is well known that @ is a
characteristic not so much of the material as of its specific
surface, and it is the difference of @ for different surfaces
with different densities of surface electron charge that the
principle of operation of electron and ion emission
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microscopes is based [8].

In this work, we will try to estimate the magnitude of
the change in the work function for a nanostructured
surface compared to the corresponding value for a flat
surface of a bulk material based on the phenomenological
model proposed in [9]. The initial assumptions of this
model are as follows:

The emitter atoms are considered as an ordered set of
spheres with classical radii R (ranging from 0.025 nm for
hydrogen to 0.26 nm for caesium). At the same time, a
layer of weakly bound electrons is associated with the
surface atoms, not involved in strong interatomic bonds of
the bulk; however, surface fields prevent them from
leaving the surface. Such electrons form a 2D gas with
Fermi energy [10]:

©)

where N is the number of electrons per m? , m is the
effective mass of the electron.

In his classic “Treatise on Electricity and Magnetism”
[11], James Clerk Maxwell solved the problem of the
interaction of a charge -e, located at a distance u from the
edge of a conducting sphere of radius R, with its image
+(q, located on the line connecting the centre of the sphere
with the charge, at a distance z from the centre of this
sphere. In particular, he showed that

eR

R2
- R+u; =

zZ = X
R+u

+q (4)

The distance between the charge and its image is

®)

and the force of attraction between them is (in the Sl units)

x=R+u-z

qe
4meo(R+u—2z)=2 "’

F(u) = (6)

where &, is the dielectric constant of the vacuum.

The output work function is calculated in [9] as an
integral over the distance u from the force (6) in the
interval from infinity (the energy @ corresponds to the
electron being carried to infinity) to a certain minimum
distance d, which is determined by quantum mechanical
considerations:

® = [ F(wdu. 7

Note that zero in the lower bound of integration (7),
due to the form of function (6), would lead to a divergence.
Therefore, the distance d was chosen as the lower bound
of integration in [9], which, when in product with the
momentum corresponding to the Fermi energy (3),
satisfies the uncertainty relation:

h

= 2,/2mEg ’

We note the factor 2 in the denominator of (8), which
corresponds to the exact modern writing of the uncertainty
ratio: it was omitted in [9]. For the real values of the Fermi

d
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191

energy and effective mass included in (8), the parameter d
is an order of magnitude smaller than the constant lattice.
Integration of (7) taking into account (4), (5), (6), (8) leads
to the result:
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Taking into account (3), we rewrite (9) as follows:
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Note that the surface concentration of electrons is
included in (10) only, and not their effective mass, which
is a consequence of the assumption of the 2D nature of the
surface electron gas. This surface concentration N can be
written in terms of the area of a unit cell of the surface
lattice A and the number of electrons n that such a cell
gives to the 2D gas:

Taking into account (11), we write (10) as follows:

o

(11)

0,1
Rn/A

d(eV) = 1,8 x 10‘9\/:;<1 + (12)

where the values of A and n are substituted in SI units.
When substituting the value of R = 0.132 nm for oxygen
into (12), we see that forN > 108x~2 (corresponding to
standard metal concentrations in volume), the last factor
of (12) is determined mainly by its first term

One of the most promising for the creation of modern
high-performance cathodes is the tungsten oxide structure
Wig0s9, the manufacturing process, structure, and
determination of its properties are described in [12]. Using
the thermal deposition method, structures in the form of
"pencils" were grown on a silicon substrate. The average
height of such "pencils", which are a combination of a rod
at the base and a cone at the top, is approximately 15 pm,
and the density of pencil nanostructures in the array is
approximately 107 per cm? Typically, the distance
between adjacent nanotips is approximately 5 pm.

Fig. 1 shows an image of the top of the "pencil”
obtained in [12] using a tunneling electron microscope. It
can be seen that the crystal was grown in the [010]
direction.

As is well known, tungsten oxide W1gOug is an n-type
semiconductor with a wide bandgap of 2.66 eV and a bulk
electron concentration under normal conditions of
about1,9 x 102°m=3 , due to the presence of a large
number of defects. It has a monoclinic structure with unit
cell parameters a = 18.28 A, b =3.775 A, ¢ = 16.98 A,
B = 115.14° [13] (Fig. 2). The area of such a cell in the
(010) plane is A = acsinp = 2,81 nm?. Based on these
data, the output performance can be estimated using the
above formulas.

Unfortunately, there is no single reliable method for
determining the number of electrons n that a unit cell gives
up to a 2D gas. The results of various model assumptions
are compared with the tabulated value of @ [9]. However,
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Fig. 1. TEM im:age of the top of llTlgsten (;cide "pencil"
(adapted from [12]).

Flg 2. PrO_]eCthIl of the 18049 structure onto the (010)
plane and the corresponding unit cell (adapted from [13]).

there are also significant differences here for W1gOag: from
the value of 5.6 eV [9] to the newer values of 4.55-4.57 eV
obtained by the approved methods [14]. Let us estimate
the second of these values as more reliable. When
substituting this value, formula (12) gives n = 27-28. Let's
try to compare the obtained value of the number of
electrons given up to a 2D surface gas by a unit cell with
the features of the band structure of tungsten oxide.

Tungsten oxide W1gOug is an ionic crystal [13]. The
grey octahedra WOs and the tetrahedra - pentagonal
bipyramids WO- in Fig. 2 contain tungsten atoms in the
+6 and +5 charge states, respectively. At the vertices of
these polyhedra are oxygen atoms in the -2 charge state,
where the 2p electron shell is filled with two additional
electrons transferred by tungsten atoms. The Coulomb
interaction between differently charged oxygen and
tungsten atoms forms a monoclinic crystal structure
characterised by the P2/m space group (see Fig. 2).

For oxygen atoms located in the vertices connecting
the two octahedra, the binding energy of the two additional
electrons is high enough that these atoms do not give up
electrons to the free 2D gas.

However, for those oxygen atoms located in the
vertices that protrude to the crystal surface and have
tungsten atoms only on one side of them, one of the
additional electrons can be transferred to a 2D gas of free
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surface electrons. Similarly, the binding energy for one of
the additional electrons of those oxygen atoms belonging
to two neighbouring octahedra and one decahedron is
reduced (they have 10 oxygen atoms in the -2 charge state
as their nearest neighbours, rather than 8 oxygen atoms in
the vertices between two octahedra).

There are 18 oxygen atoms in the "surface™ vertices of
octahedra and pyramids per cell (14 atoms inside the cell,
plus 8 at its edges, which belong to two neighbouring cells
at once, so the cell accounts for half of them, 4 - see
Fig. 2). The number of O atoms in the vertices belonging
to two octahedra and a pyramid at the same time is 10 per
cell (8 atoms inside the cell and 4 more atoms on its edges
belonging to two cells at the same time). Thus, based on
these simple assumptions, we obtain n = 28 and the value
of ® = 4.58 eV, which is a surprisingly good agreement
with the value obtained from formula (12), taking into
account the value of the work function of 4.55-4.57 eV
obtained experimentally [14].

Based on the considerations outlined above, let us
estimate the values of @ for the other two crystallographic
planes.

For the plane (100) we have: A 2D unit cell is a
rectangle with sides b and ¢ and an area of 0.64 nm?. The
5 oxygen atoms located in the vertices facing the surface
will give five electrons to the 2D electron gas. Another
electron will be given by an atom belonging to two
octahedra and a pyramid. In total, we get 6 electrons
assigned to the area of the cell. As aresult, using the above
formulas, we obtain @ =4.41 eV.

For the (001) plane, the unit cell is a rectangle with
sides a and b and an area of 0.69 nm2. The contribution to
the 2D electron gas here is made by 2 atoms from its left
and right edges, which belong simultaneously to two
neighbouring cells, 5 surface atoms, and one atom that
belongs simultaneously to octahedra and pyramids. Thus,
this cell gives up 7 electrons in total, and according to the
above formulas, we have @ =4.63 eV.

As we can see, the work function for these two faces
(100) and (001) is comparable to the known experimental
values. Since the plane (100) is less densely packed than
(010), the work function for it is also lower, which
correlates with the known results for different types of
surfaces [15]. On the contrary, plane (001) is denser, so
the value of @ for it is slightly higher.

Now let's try to use the previous considerations to
evaluate the work function from the nanostructured
surface. It should be noted that it is very difficult to
reproduce such a structure exactly. Therefore, we used the
simplest models to estimate the change in ® due to the
presence of nanostructured morphology. Fig. 1 shows that
the surface in the vicinity of the nanopoint tip is close to
spherical and has a certain asymmetry (which we will
neglect in the following). We approximate the positive
edge of the nanopoint by a set of steps and terraces. In this
structure, the definition of a unit cell and the distribution
of charges will modify. Now the total area of the unit cell
will consist of the area of the step S; and the terrace S
(Fig. 3).

Let's estimate the area of the step S; through a
parallelogram with sides a (1.828 nm) and d equal to
0.618 nm (this value is obtained as the hypotenuse of a
right triangle with the legs b and h, which is the projection
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of this hypotenuse onto the plane (010)). Then this area
will be 1.129 nm?,

<—
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Fig. 3. Modification of a unit cell when a terrace S; and a
step S appear.

Let us calculate the number of atoms from which this
inclined surface area will give up charge to the 2D fermion
gas: the two outermost atoms of the top layer,
simultaneously belonging to the adjacent top terrace and
to the S; region. Four electrons will be given by the
outermost atoms of the upper layer, which belong
exclusively to S;. Let us assume that electrons in a 2D gas
are donated only by those atoms of the lower layer of the
step that are almost on the surface of the inclined plane.
These include five surface atoms and three intermediate
atoms belonging to octahedra and tetrahedra
simultaneously. Thus, in total, the inclined area S; gives
up 12 electrons to the 2D gas.

The second area, the terrace Sy, is the usual tungsten
oxide unit cell considered earlier in the (010) plane (see
Fig. 2), from which the projection of the inclined area S;
onto this plane has been removed. Its area S, = 1.89 nm?,
Excluding from the calculation the atoms belonging to the
projection, as well as the last atom from the bottom edge,
which will belong to the inclined area located in the layer
below, we obtain that such a site will give up electrons to
2D gas from 12 atoms.

As a result, we have that the area with a total area of
S1+S; = 3.019 nm? accounts for 24 2D gas electrons.
Substitution into formula (12) will give a value of
® =4.01 eV, which is approximately 0.5 eV less than the
bulk value.

Now let us try to determine the area around the tip the
nanowire WgO49 from which the effective field emission
occurs. As is well known, the field enhancement actor,
defined by expression (2), is maximal on the axis of the
nanowire, where it is equal toB, . When deviating from
the top of the hemisphere by an angle 9, this coefficient
decreases according to the cosine law [16]:

B(6) = B,cosb. (14)

Let us assume that the effective emission is limited
to a region in the vicinity of the nanopoint axis, limited by
the value of6,, , for which the emission current
according to the FN formula (1) decreases by one half. The
value of the field enhancement factor can be estimated
using the simplest relationg, = h/R [17], which includes
the height of the nanopencil (h = 15 nm) and the radius of
the tip (R =5.7 nm). Hence, we obtain the valuef, ~2631.
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Let us take the value of the work function as 4.55 eV [14],
and the applied field of the turn-off order in [12]
F =3MV/m. Solving for the above values the trans-
cendental equation, which is a consequence of (1), (13):

4w2m o!? 4+2m 0!’
c08(Bpnax) (ln(2cos(6max)2) + ?r:nﬁa_qJ = Se;" 72(15)

we obtain the solution8,,,, = ¥0.35 , or approximately
20°. Taking into account the form of the real nanotip
shown in Fig. 1, this means that all emission comes from
the highest one terrace oriented in the (010) plane, and
therefore we can substitute the value of 4.01 eV obtained
above into formula (1).

Let us also plot the dependence of the work function
@ on the radius of the nanotip R. Fig. 1 shows that a
change in R leads to a change in the number of terraces
and steps in the region that provides effective field
emission,f < 6,,,, . Repeating the reasoning above for the
number of terraces and steps corresponding to a certain
value of R leads to the values shown in Fig. 4.
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Fig. 4. The calculated dependence of the work function @
on the radius of the nanotip R.

As can be seen from Fig. 4, for R smaller than about
5.5 nm, the work function decreases sharply, due to the
above considerations, because of the decrease in the
surface density of the 2D electron gas. However, for R
larger than this value, the region near the axis has an
almost constant surface gas density, and the work function
thus reaches its "bulk" value.

Within the framework of a simple analytical model,
we have obtained an expression that allows us to calculate
the work function near the edges of a nanostructured
cathodes used in modern field emission devices.
Numerical estimates carried out for tungsten oxide W1gOag
"nanopencils” show that taking into account the
considered decrease in the density of the surface electron
gas near the nanowire axis leads to a decrease in the "bulk™
value of the work function (4.55 eV) by about 10%. This
effect must be taken into account when calculating the
emission current density using the Fowler-Nordheim
formula for metals (or the modified FN formula for
semiconductors [4, 5, 7]). It (as well as the electric field
amplification due to the geometry of the tip) leads to an
increase in the emission current density and a decrease in
the emission turn-off field.
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3HMKEeHHS POOOTH BUXOY B HAHOCTPYKTYPOBAHMX CYyYACHUX KATOAAX ISl
MoJILOBOI eMicii (Ha mpukJIaai «HaHoodiBIiB» okcuay BoJjbppamy WigOao)

Kuiscoxuii nayionanvnuii ynieepcumem im. Tapaca Ileguenxa,
gaxynemem paodioghizuxu, enekmponixu i komn romepHux cucmem, Kuis, Yxpaina;
2Incmumym ¢hisuxu nanienpogionuxie im. B.€. Jlawxapvosa HAH YVipainu, Kuis, Yxpaina, maksym_strikha@hotmail.com

VY pamkax mpocToi aHAIITHYHOI MOJENi OJep)KaHo BUpa3, KUl J03BOJSIE PO3paxyBaTH pOOOTY BHXOIY
mo0IM3y BICTPiB HAHOCTPYKTYPOBAHOTO KaTOAa, BUKOPHCTOBYBAaHOTO B CYYacHHX NPHCTPOSX MOJBOBOI eMicii.
UncnoBi OIIHKH, MPOBEIEHI U «HAHOOJIBLIBY OKcuay Bodbdpamy WisOsg, MOKa3yroTh, IO BpaxyBaHHSI
PO3IJITHYTOrO HaMU 3MEHIIEHHS I'YCTHHH MOBEPXHEBOTO EJIEKTPOHHOTO Ta3y MOOIN3y HAHOBICTPS MPU3BOAUTD 10
3MEHIICHHS «00’eMHOTO» 3Ha4eHHsA pobotu Buxoxy (~4,55 eB) mpubmmsno ma 10%. Le# edext morpiGHO
BpPaxOByBaTH IIpH OOYHCIICHHI T'YCTMHH eMiciiHoro crpymy 3a ¢opmynoo daynepa-Hopareiima. Bin (sx i
MiICHICHHS €JICKTPHUYHOTO MO 32 PaXyHOK T€OMETpii BICTPs) MPU3BOAUTH 0 301TBIICHHS TYCTHHHU eMiCiifHOTO
CTPYMy Ta 3MEHIICHHS 11011 BMUKAHHS eMicil.

KuarouoBi ciioBa: Po6oTta Buxo/y, N0JIBOBa eMicisi, HAHOCTPYKTYPOBaHi KaTOIH.
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